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PREFACE. 
YOUNG Mathematician may be 
ſurpriſed to ſee the old objolete 

Elements of Euclid appear afreſh 
in Print; and that, too, after ſo many new 
Elements of Geometry as have been lately 
publiſhed ; eſpecially ' thoſe who gave us the 
Elements of Geometry, in a new Manner, 
would have us believe they have detected a 
great many Faults in Euclid. Theſe acute 
Philoſophers pretend to have diſcovered, that 
Euclid's Deęfinitionsare not perſpicuous enough; 
that his Demonſtrations are ſcarcely evident; 
that his whole Elements are ill-diſþos'd; and 
that they have found out innumerable Fal- 
ties in them, which had laid hid to their 
Times. 

But, by their Leave, I make bold to 
affirm, that they carp at Euclid undeſerv- 
edly : For his Definitions are diſtin and 
clear, as being taken from firft Principles, 
and our moſt eaſy and fimple Conceptions; 
and his Demonſtrations elegant, perſpicuous, 
and conciſe, carrying with them ſuch Evi- 
dence, and ſo much Strength of Reaſon, that I 
am eafily induced to believe, that the Obſcu- 
rity Scioliſts ſo often accuſe Euclid with, 7s 
rather to be attributed to their own per- 


A2 Plexed 
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plexed Ideas, than to the Demonſtrations 


themſekves. And, however fome may find 
Fault with the Diſpoſition and Order of his 
Elements, yet, notwithſtanding, I do not find 
any Method, in all the Writings of this Kind, 
more proper and eaſy for Learners than that 
of Euclid. 15 

It is not my Buſineſs here to anſwer, ſepa- 
rately, every one of theſe Cavillers ; but it 
will eafily appear to any one, moderately 
verſed in theſe Elements, that they rather 


ſhew their own Idleneſs, than any real Faults 


in Euclid. Nay, I dare venture to ſay, 
there is not one of thefe new Syſtems, wherein 
there are not more Faults, nay, groſſer Pa- 
ralogiſms, than they have been able even to 
imagine in Euclid, 

After ſo many unſucceſsful Endeavours 
in the Reformation of Geometry, ſome very 
good Geometricians, not daring to make new 
Elements, have deſervedly preferr'd Euclid 
to all others; and have accordingly made it 
their Buſineſs to publiſh thoſe of Euclid, 
But they, for what Reaſon I know not, have 
entirely omitted ſome Propofitions, and have 
altered the Demonſtrations of athers, for 
worſe, Among whom are chiefly Tacquet 
and Nechales, both of which have 5 100 
pily rejected ſome elegant Propgſitions in the 
Elements (which ought to have been re- 
tained), as imagining them trifling and uſe- 
leſs; fuch, for Example, as Prop. 27, 28, 
and 29, of the fixth Book, and ſome others, 
whoſe Uſes they might not know, Farther, 
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where-ever they uſe - Demonſtrations of their 
own, inſtead of Euclid's, in thoſe Demon- 
Arations, they are faulty in their Reaſoning, 
and deviate very much from the Conciſeneſs of 
the Antients, 

In the fifth Book, they have wholly re- 
Jefted Euclid's Demonſtrations, and have 
given a Definition of Proportion different 
from Euclid's, and which comprehends but 
one of the two Species of Proportion, taking 
in only commenſurable Quantities. Which 
great Fault, no Logician or Geometrician 
would ever have rdoned, had not thoſe 
Authors done laudable Things in their other 
Mathematical Writings. Indeed, this Fault 
7 theirs is common to all Modern Writers 

"SH who all ſplit on the ſame 

; and, to ſhew their Skill, blame Eu- 
I * * on the contrary, he ought 
to be commended ; I mean, the Definition of 
proportional Quantities, wherein he ſhews an 
eaſy Property of thoſe Quantities, taking in 
both commenſurable and incommenſurable ones, 
and from which all the other Properties of 
Proportionals do eafily follow. 

Some Geometricians, forſooth, want a De- 
monſtrution of this Property in Euclid ; 
and undertake to ſupply the Deficiency by 
one of their own. Here, again, they 
their Skill in Logic, in requiring @ Demon- 
firation for the Definition of a Term; that 
Definition of Euclid being ſuch as deter- 
mines thoſe Quantities Proportionals, which 


hove the Conditions ſpecified in the ſaid De- 
. A 3 . . nition, 


/ 
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Anition. And why might not the Author of 
the Elements give what Names he thought 
fit to Quantities, having fuch Requiſites ? 
Surely he might uſe his own Liberty, and ac- 
cordingly has called them Proportionals. 
Bil it may be proper here th examine the 
Method whereby they endeavour t6 demon- 
rate that Property: Which is by fin aſ- 
ſuming a certain Aﬀettion, agreeing only to 
one kind of Proportionals, viz. Commenſu- 
rables; and thence, by a long Circuit, and 
a perplexed Series of Conclufions, du deduce 
that uni verſal Property of Propurtionals 
which Euclid affirms; a Protedure foreign 
enough to the juſt Methods and Rules of 
Reafomng. They would certainly have done 
much better, 4 they had firſt laid down 
that univerſal Property by Euclid, #nd thence 
have deduced that particular Property agree- 
ing to bnly one Species of Proportionals. But, 
rejecting this Method, they have taken the 
Liberty of adding their Demonſtration to 
this Definition of the fifth Book. Thoſe wwho 
baue à mind to fee a farther Defence of 
Euclid, may confult the Mathematical Lec- 
tures of the learned Dr. Barrow. 

As I have happened to mention this great 
Geometrician, I muft not paſs by the Ele. 
ments publiſhed by him, wherein, generally, 
he has retained the Conſtructions and Demon- 
Atrations of Euclid himſelf, not having 
omitted fo much as one Propoſition. Hence, 
his Demonſtrations become more flrong and 
ner vous, his Confiruttions more neat and 
Westen . elegant, 


Dr. Keiiu's PREFACE, 
elegant, and the Genius of the antient Geo- 


metricians more conſpicuous, than is uſuall 
found in other Books of this kind. To this 
be has added ſeveral Corollaries and Scholia, 
which ſerve not only to ſhorten the Demon- 
tration of what follows, but are likewiſe 
of Uſe in other Matters. | 
Notwithflanding this, Barrow's Demon- 
firations are ſo very ſhort, and are involved 
in ſo many Notes and Symbols, that they are 
rendered obſcure and difficult to one not 
verſed in Geometry. There, many Propoſi- 
tions, which appear conſpicuous in readin 
Euclid himfelf, are made knotty, and Sarees 
intelligible. to Learners, by his Algebraical 
Way of Demonſtration ; as 1s, for Example, 
Prop. 13. Book I. And the onſtrations 
which he lays down in Book II. are ſtill more 
difficult : Euclid himſelf has done much bet- 
ter, in ſbewing their Evidence by the Con- 
templations of Figures, as in Geometry ſhould 
always be done. The Elements of all Sci- 
ences ought to be handled after the moſt fimple 
Method, and not to be involved in Symbols, 
Notes, or obſcure Principles, taken elſewhere. 
As Barrow's Elements are too ſhort, ſo 
are thoſe of Clavius too prolix, abounding 
in ſuperfluous Scholiums and Comments: 
For, in my Opinion, Euclid is not ſo obſcure 
as to want ſuch a Number of Notes, neither 
do I doubt, but a Learner will find Euclid 
much eafier than any of his Commentators. 
As too much Brevity in Geometrical Demon- 
A4 [trations 
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frations begets Obſeurity, ſo too much Pro- 
lixity produces Tediouſneſs and Confufion. 

On theſe Accounts, principally,” it was, 
that T undertook to publiſh the ff fox Books 
of Euclid, with * 11th and 12th, accord- 
ing to Commandinus's Edition; the reſt I 
forbore, becauſe thoſe, fir L mentioned are 

ſufficient for underſtanding of moſt Parts of 
the Mathematics now fludied. 

Farther, for the Uſe of thoſe who are 4K 
firous to apply the Elements of Geomet 
Uſes in Life, we have added a Compendium 
of Plane and Spherical Trigonometry; by 
means whereof, Geometrical Magnitudes are 
meaſured, and bar Dr men expreſſed i in 
Numbers, 


7 J. Kr ILL, 


Mr. C UV Ns 
PREFACE, 


S HE WING. 


The UsEFULNEss and EXCELLENCY 
e tis WORK 


R. KEIL L, in his Preface, hath 
ſufficiently declared how much 


eaſter, plainer, and more elegant, 
the Elements of Geometry written by Eu- 
clidare, than thoſe written by others ; and 
that the Elements themſelves are fitter for 
a Learner, than thoſe publiſhed by ſuch as 
have pretended to comment on, ſymbolize, 
or tranſpoſe, any of his Demonſtrations of 
ſuch Propoſitions as they intend to treat 
of. Then how muſt a Geometrician be 
amazed, when he meets with a Tract * of 
the 1ſt, ad, 3d, 4th, 5th, 6th, 11th, and 
12th, Books of the Elements, in which 
are omitted the Demonſtrations of all the 
Propoſitions of that moſt noble univerſal 
Matheſis, the 5th; on which the 6th, 11th, 
and 12th, ſo much depend, that the De- 
monſtration of not ſo much as one Pro 
fition, in them, can be obtained without 
thoſe in the fifth 


Nit the laſt Edition of the Engiih Tacquet 
855 a The 
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The 7th, Sth, and 9th Books, treat of 
ſuch e of Numbers which are ne- 
ceſſary for the Demonſtration of the 10th, 
which treats of Incommenſurables ; and the 
13th, 14th, and 15th, of the five Platonic 
Bodies. But though the Doctrine of Incom- 
menſurables, becauſe expounded in one and 
the ſame Plane, as the firſt ſix Elements 
were, claimed, by a Right Order, to be 
handled before Planes interſected by Planes, 
or the more compounded Doctrine of So- 
lids; and the Properties of Numbers were 
neceſſary to the Reaſoning about Incom- 
menſurables; yet, becauſe only one Pro- 
poſition of theſe four Books, viz. the iſt of 
the 1oth, is quoted in the 11th and 12th 
Books ; and that only twice, viz. in the 
Demonitration of the 2d and 16th of the 
12th ; and that 1ſt Propoſition of the 19th 
is ſupplied by a Lemma in the 12th; and 
becauſe the 7th, Sth, gth, 1oth, 13th, 14th, 
and I 5th Books have not been thought (by 
our greateſt Maſters) neceſſary to be read 
by ſuch as deſign to make Natural Philo- 
ſophy their Study, or by ſuch as would ap- 
ply Geometry to practical Affairs; Dr. 
Keill, in his Edition, gave us only theſe 
eight Books, vi. the firſt ſix, and tho Lith. 
and 12th. | 


And as he Grand them was wading 2 
Treatiſe of theſe Parts of the Elements, 
as 1 Yoy- were written by Euclid himſelf; 

he 
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he publiſhed his Edition without omitting 
any of Euchd's Demonſtrations, except 
two; one of which was a ſecond Demon- 
ſtration of the 9th Propoſition of the third 
Book; and the other a Demonſtration of 
that Property of Proportionals called Con- 
ver/ions (contained in a Corollary to the 19th 
Propoſition of the fifth Book) ; where, in- 
ſtead of Euclids Demonſtration, which is 
univerſal, moſt Authors have given us only 
particular ones of their own. The firſt of 
theſe, which was omitted, is here ſupplied: 
And that which was corrupted is here re- 
ſtored *. nf; | 


And fince ſeveral Perſons, to whom the 
Elements of Geometry are of vaſt Ute, 
either are not ſo ſufficiently ſkilled in, or 
perhaps have not Leiſure, or are not wil- 
ling to take the Trouble, to read the Latin; 
and fince this Treatiſe was not before 'in 
Engliſb, nor any other which may properly 
be ſaid to eontain the Demonſtrations laid 
down by Euclid himſelf; I do not doubt 
but the Publication of this Edition will be 
acceptable, as well as ſerviceable. | 


Such Errors, either typographical, or in 
the Schemes, which were taken Notice of 
in the Latin Edition, are corrected in this. 


* Vide Page 55. 107. of Euclid's Works, publiſhed 
by Dr. Gregory. | A 
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As to the Trigonometrical Tract, annexed 
to theſe Elements, I find our Author, as 
well as Dr. Harris, Mr. Cafwell, Mr. 
Heynes, and others of the Trigonometrical 
Writers, is miſtaken in ſome of the So- 
tutions. 


That the common Solution of the 1 2th 
Caſe of Oblique Spherics is falſe, I have 
demonſtrated, and given a true one. See 
Page 318. 


In the Solution of our 9th and roth 
Caſes, by our Authors called the. 1ſt and 
2d, where are given and ſought oppoſite 
Parts, not only the afore-mentioned Au- 
thors, but all others that I have met with, 
have told us, that the Solutions are ambi- 
guous ; which Doctrine is, indeed, ſome- 
times true, but ſometimes falſe : For ſome- 
times the Quæſitum is doubtful, and ſome- 
times not; and when it is not doubtful, 
it is ſometimes greater than go Degrees, 
and ſometimes leſs: And ſure I ſhall com- 
mit no Crime, if I affirm, that no Solution 
can be given without a juſt Diſtinction of 
theſe Varietics. For the Solution of theſe 
Caſes, ſee Pages 320, 321. PIES 


. In the Solution of our 3d and 7th Caſes, 
in other Authors reckoned the 3d and 4th, 
where there are given two Sides, and an 
Angle oppoſite to one of them, to find the 
3d Side, or the Angle oppoſite to it ; all the 

| Writers 
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Writers of Trigonometry that I have met 
with, who have undertaken the Solutions 
of theſe two, as well as the two following 
Caſes, by letting fall a Perpendicular, which 
is undoubtedly the ſhorteſt and beſt Me- 
thod for finding either of theſe Qucſita, 


Sum 
have told us, that the \ Difference of the 


Vertical Angles, or Baſes, ſhall be the 
ſought Angle or Side, according as the Per- 
pendicular falls trek s | which cannot 
be known, unleſs the Species of that un- 


known Angle, which is oppoſite to a Nn 
Side, be firſt known. 


Here thay leave us firſt to calculate that 
unknown Angle, before we ſhall know 
whether we are to take the Sum or the 
Difference of the vertical Angles or Baſes 
for the ſought Angle or Baſe: And in the 
Calculation of that Angle have left us in 
the dark as to its Species ; as appears by 
the Obſervations on the two preceding 
Caſes. © 


The Truth is, the Que/itum here, as 
well as in the two former Caſes, is ſome- 
times doubtful, and ſometimes not ; when 
doubtful, ſometimes each Anſwer is leſs 
than go Degrees, ſometimes each is greater; 
but ſometimes one leſs, and the other 
greater, as in the two laſt-mentioned 
Caſes, When it is not doubtful, the Quæ- 

fu 
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fitum is ſometimes greater than go Degrees, 
and ſometime leſs ; all which Diſtinctions 
may be made without another Qperation, 
or the Knowlege of the Species of that un- 
known Angle, oppoſite to a given Side; 
or, which is the ſame Thing, the Falling 
of the Perpendicular within or without, 
| For which, ſee Pages 323, 324. 


| In the the Solution of our 1ſt and 5th 
| 2 called in other Authors the 5th and 
| 6th ; where there are given two Angles, 
and a Side oppoſite to one of them, to find 
the third Angle, or the Side oppoſite to it ; 
they have told us, that the _ 
of the vertical Angles, or Baſes, according 
1 within, 
as the Perpendiculars fallsy , E ſhall 
be the ſought Angle or Side; and that it 
is known whether the Perpendicular falls 
within, or without, by the Aﬀection of the 
given Angles. 


Here they ſeem to have ſpoken as tho 
the Qucſitum was always determined, and 
never ambiguous ; for they have here de- 
termined whether the Perpendicular falls 
within or without, and thereby whether 
they are to take the Sum or the Difference 
of the vertical Angles or Baſes for the 
ſeught Angle or Side. 


Myr. Cunn's PREFACE. 


But, notwithſtanding theſe imaginary 
Determinations, I affirm, that the Quæ- 
fitum here, as in the two Caſes laſt-men- 
tioned, is ſometimes ambiguous, and ſome⸗ 
times not; and that too, whether the Per- 
pendicular falls within, or whether it falls 
without. See the Solutions of theſe: two 
Caſes in Page 322. 


The Determination of the 3d Caſe of 


Oblique Plane Triangles, ſee in Page 
224. | 


Sam, Cu. 


Adverxtiſement. 


IHE Reader is now preſented with a more cor- 
1 rect Edition of this Work, than any hitherto 
extant ; for, not only many T ypographical Errors had 
ees crept into it, but there were many Omiſ- 
fions and Miſtakes, even in the Firſt Edition, the 
greater Part of which have been conſtantly adhered 
to, in the Five ſubſequent ones. Upon the Application 
of the Proprietors for a Reviſion of this Work, the 
Reviſor was favoured, by Mr. Jobn Robertſon, F. R. 8. 
late Maſter of the Royal Mathematical School in Chriſt's 
Hoſpital, with an interleaved Copy of the firſt Edition 
thereof, in which are a great Number of Additjons 
and Corrections of Mr Cunn's own Hand-writing, 
deſigned (as may be ſuppoſed) to have been inſerted 
in a Second Edition; but probably, prevented from fo 
being, either by his Death. or ſome other Accident ; 
All theſe Alterations have been carefully made, in this 
Edition, and ſeveral more Errors, even in that Edi- 
tion which had eſcaped Mr, Cunn's Notice, and have 
been continued in the following Editions, are in this 
corrected. 

After theſe Amendments had been made, in the 
printed Copy of the Sixth Edition, the Reviſor care- 
fully peruſed the fame, and rectified great Numbers of 
falſe References to the Plates, and ſome Errors in the 
Plates themſelves: (for they are not the ſame with 
thoſe annexed to the Firſt Edition) : But the moſt 
flagrant Typographical Errors appeared in the Alge- 
braic Series, given in the Treatiſes on Trigonometry 
and Logarithms, and demonſtrated in the Appendix; 
for the greateſt Part of theſe were ſo badly diſpoſed, as 
to be unintelligible, even to thoſe who underſtand the 
Subject; theſe are here rendered intelligible, and the 
Whole now is (as the Reviſor apprehends) in ſuch a 
State, as the ſeveral Authors of the Work and Appen- 
dix would have choſe to have put it into, had they been 
alive fo to do, 
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DEFINITIONS. .- as 


t. 4 POINT is that which bath» ng Parts or 
Mag nitude. DR 
I. 4 Line is Ten, without Breadth. 
III. The Ends. (er Bounds) of a Line are 
Points. 
IV. A Right Lint is that which lieth tvenly be- 
tween its Points. 


v. A Superficies is that which hath only Length 
and Breadib. 


VI. The Bounds of a Super ficies are Lines. 


VII. A plane Superficies is that which lieth evenly 
between its Lines. 


VIII. A plane Angle is the Inclination of two 
Lines to one another in the ſame Plane, which 


touch each other, but do not both lie in the ſame 
Right Line. 


IX, If the Lines containing the Angle ve Right 
ones, than the Angle is called 4 Right-lined 
Angle. 

X. When one Right Line, flanding on. another 
Right Line, as Angles on either Side there- 
ix 2 | 
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Euclid's ELEMENTS. Book I. 


of, equal between themſelves, each of theſe equal 
Angles is a Right one; and that Right Line, 
which ſtands upon the other, is called a Perpen- 
dicular to that whereon it Hands. 

XI. An Obtuſe Angle is that which is * than 
a Rigbt one, 

XII. An Acute Angle is that which is 6 than a 
Rigbt one. 

XIII. 4 Term (or Bound) is that which is the 
Extreme of any bing. 

XIV A Figure is that which is aalen“ under 

one or more Terms. | 

XV. A Circle is a plain Fi gure, contained under 
one Line, called the Circumference; to which 
all Right Lines, drawn from à certain Point 
within the Figure, are equal. 

XVI. And that Point is called the Centre of the 
Gre. 

XVII. 4 Diameter of a Circle is a Right Line 
drawn through the Cenire, and terminated on 
Loth Sides by the Circumference, and divides the 
Circle into two equal Paris. 

XVIII. A Semicircle is 4 Figure contained under 
a Diameter, and that Part of the Circumfer- 
ence of a Circle cut off by that Diameter, 

XIX. A Segment of a Circle is a Figure contained 
under a right Line, and Part of the Circum- 
ference of the Circle [which is cut of by that 

» Right Line]. 

XX. Right-lined Figures are ſuch as are con- 
tained under Right Lines. | 

XXI. Three-/ided Figures are ſuch. as are con- 
contained under three Lines. 

XXII. Four-fided Figures are ſuch as are con- 
tained under four Lines. 


XXIII. Many ſided Figures are thoſe that are 


contained under more than four Right Lines. 
| | XXIV. Of 


V. 


Book I. Euclid's ELEMENTS. 3 
XXIV. Of three-fided Figures that is an Equi- 
lateral Triangle, which bath three equal Sides. 
XXV. That an 1 Ih ſceles, or Equicraral one, which 
halb only two Sides equal. 
XXVII. And a Scaltne one, tis thats which bath 
three unequal Sides. 
XXVII. Alſo of three-fided Figures," that is a 
* Right-angled T; wn which bath a Right 
Angle. : 
* II. That an Obtuſe-angled one which hath 
_— an Obtuſe Angle. 
XXIX. And has an Acute -angled one's which bath | 
| three Acute Angles: © _ 
| XXX. Of four: ſiled Figures, thut is 4 Heart, 
| whoſe Janne are equal, and. its Angles all 
Right ones. 
3 XXXI. That an Oblag. or Retrongls, which 
is longer than broad; but its oppoſite Sides are 
equal, _—_ all its Angles Right ones. 
|; XXXII. That 4 Rhombus, which hath fout 


\ 
hy 


; equal Sides, but not Right Angles. G 
XX XIII. That a Rhomboides, whoſe oppoſite Sides 
: and Angles only are equal. AE 
a XXXIV. All Nuadrilateral Figures, befides theſe, 
are called Trapezia. 
4 XXXV. Parallels are ſuch Right Lines, in the 
. ſame Plane, ' which, if infinitely R's both 
f ways, would never meet. 


= POSTULATES. - 


J. G RANT that a Right Line may be drawn 
| \ from any one Point to another. © 
II. That a finite Right Line may be continued di- 
rely forwards. 
III. And that a Circle may be deſcribed about any 
Centre with any Diſtance. 
f B 2 AXIOMS. 


A. 


4 Buclid's Ex.EMENTS. Book & 


AXIOMS. 


N | I. THINGS equal to one and the Jams Thing, 
$3 are equal to one another. 4 
II. If to equal Things are added equal Things, 
the Wholes will be equal. 


FH. If from equal Things equal Things be ta leb 
away, the Remainders will be equal. * 
5, 


IV. F equal Things be added to unequal Things 
the Wholes will be unequal, 


V. If equal Things be taken. from unequal Things, 
the Remainders will be unequal. 

VI. Things which are double to one and the ſame 
Thing, are equal between themſelves. | 

VII. Things which art half one and the fame 
Thing, are equal between themſelves. 

| VIII. Things which mutually agree een are 

þ - | equal to one another. 


IX. The Whole is greater than its Part. 

3 X. Two Right Lines do not contain a Space. 

| = All Right Angles are equal between them- 

{ elves. 

XII. If @ Right Line, falling upon two oller 
Right Lines, makes the inward Angles on the 
ſame Side thereof, both together, lefs than two 
Right Angles, thoſe two Right Lines, infinitely 
produc d, will meet each other on that Side 
where the Angles are leſs than Right ones. 


{A Note, When there are ſeveral Angles at one Point, 

* any one of them is expreſs d by three Letters, of 
which that at the Vertex of FR Angle is plac'd in 
the Middle. For Example; in the 1 igure of Prop, 
XIII. Lib. I. the Angle contain'd: under the. Right 
Lines AB, BC, is called the Angle ABC; — 
the Angle contained under the ne, Lines AB, 

* is called the Angle ABE. | 
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ene 
PROBLEM. 


To 22 an Equilateral Triangle upon @ gi ven 
finite Right Line. 


E T AB be the given finite Right Line, upon 
which it is required to deſcribe an equilateral 


Triangle 9 
About — on with the Diſtance AB, de- 5 * * 
ſcribe the Circle BC D*; and about the Centre B, * ; P. * 
with the ſame Diſtance BA, defcribe the Circle 
ACE“; and from the Point C, where the two 
Circles cut each other, draw the Right Lines eh 
C B t 11 Pe. 
Ihen becauſe A is the Centre of the Circle DBC, 
AC ſhall be equal to A BT. And becauſe B is the t x5 Dy. A 
Centre of the Circle CAE, BC ſhall be equal to 
BA: But CA hath been proved to be equal to AB; 
therefore both C A and CB are each equal to ws B. 
But Things equal to one and the ſame Thing, 
equal between themſel ves“, and conſequently A is * 1 Av, 
equal to CB; therefore the three Sides CA, AB, 
BC, are equal between themſelves. 
And ſo, the Triangle BAC is an E gail bas, 
and is deſcribed upon the given finite Righ Line A By ; 
which was to be . | 


PROPOSITION II. 


PROBLEM, 


At a given Point to put a Right Line qua 4 4 2 Yo 
I” We given. 8 
LET the Point given be A, and the given Right = 3:5, 
Line BC; it 8 required to put a Right Line t 
the Point A, equal to the given Right Line B G. FE 
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Draw the Right Line A C from the Point A to C&, 
upon it deſcribeF-the; Equilateral Triangle DAC; 
produce D A and D C directly forwards to E and Gt; 
about the Centre C, with the Diſtance B C, deſcribe 
the Circle BGH“; and about the Centre D, with 
the Diſtance D G, deſcribe the Circle K G L. 

Now becauſe the Point C is the Centre of the Circle 
BGH, BC will be equal toCG+; and becauſe D 
is the Centre of the Circle K GL, the Whole DL 
will be equal to the Whole D G, the Parts whereof 
DA and DC are equal; therefore the Remainders 
AL, CG, are alſo equal f. But it has been demon- 
ſtrated, that BC is equal to C G; wherefore both AL 
and BC are each of them equal to CG. But Things 
that are equal to one and the ſame Thing, are equal 
to one another *; and therefore likewiſe AL is equal 
to BC. | Fi» ' 

Whence, the Right Line AL ts put at the given 
Point A, equal to the given right Line BC; which 


| was to be done. 


PROPOSITION II. 
PROBLEM, 


Two unequfhRight Lines being given, to cut off a | 
Part from the greater, equal to the leſſer. 


L T AR and C be the two unequal Right Lines 


— given, the greater whereof is A B; it is required 
to cut ff a Line from the greater A B equal to the 
leſſer C. | 

Put“ a Right Line AD at the Point A, equal to the 
LineC; and about the Centre A, with the Diſtance 
AD, deſcribe a Circle DE F+. | 

Then becauſe A is the Centre of the Circle DE F, 
AE is equal to AD; and fo both AE and C are 
each equal to AD; whereof AE is likewiſe equal 


to Ct. 


N And ſo, *there is cut off am A B the greater of two 
given Right Lines AB and C, a Line AL equal to tbe 
leſſer Line C; which was to, be done. N 

7 FOES Fa PR O- 
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PROPOSITION IV. 


T HEOREM 


If there are two Triangles that have two Sides of 
the one equal to two Sides of the other, each to 
each, and the Angle contained by thoſe equal Sides 
in one Triangle equal to the Angle contained by 
the correſpondent Sides in the other Triangle; 
then the Baſe of one of the Triangles ſhall be 
equal to the Baſe of the other, the whole Triangle 
equal to the whole Triangle, and the remaining 
Angles of one equal to the remaining Angles of the 
other, each to each, which ſubtend the equal Sides. 


ET the two Triangles be ABC, DEF, which 
' have two Sides A B, AC, equal to two Sides 
DE, DF, each to each, that is, the Side AB equal 
to the Side D E, and the Side AC to DF; and the 
Angle BAC equal to the Angle EDF. I ſay, that 
the Baſe B C is equal to the Baſe EF, the Triangle 
ABC equal to the Triangle DEF, and the remain- 
ing Angles of the one equal to the remaining Angles 
of the other, each to its correipondent, ſubtending 
the equa] Sides; viz. the Angle ABC equal to the 
* and the Angle A CB equal to the An- 
le 6 | | 
: For the Triangle ABC being applied to DEF, fo 
as the Point A may co-incide with D, and the Right 
Line AB with DE, then the Point B will co-incide 
with the Point E, becauſe AB is equal to DE. And 
fince AB co-incides with D E, the Right Li. A C 
likewiſe will co-incide with the Right Line DF, be- 
cauſe the Angle BAC is equal to the Angle EDF. 7 
Wherefore alſo C will co-incide with F, becauſe the . 
Right Line AC is equal to the Right Line DF. But 
the Point B co-incides with E, and therefore the Baſe 
BC co-incides with the Baſe EF. For, if the Point 
B co-inciding with E, and C with F, the Baſe BC 5 
does not co-incide with the Baſe EF; then two Right 42 
Lines will contain a Space, which is impoſſible *. A. 10. 
Therefore, the Baſe BC co-incides with the Baſo E F, | 9 
and is equal thereta; and conſequently the "whole Tri= .= 
mo IP „ anęla * 


- 
_ * = 
«4 ? 
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angle ABC will co-incide with the whole Triangle 
DEF, and will be equal thereto; and the remaining 
Angles will co-incide with the remaining Angles +, and 


«will: be equal to them, viz. the Angle A BC equal to 


the Angie DEF, and the Angle ACB equal to the 
Angle DFE; which was to be demonſtrated. 


PROPOSITION V. 
Tais 


The Angles at the Baſe of an Iſoſceles Triangle 
are equal between themſebves : And, if the equal 
Sides be produced, the Angles under the Baſe 


f ſpall be equal between themſelves. 


LE T ABC be an Jſaſceles Triangle, having the 
— Side AB equal to the Side AC; and let the 
equal Sides AB, A C, be produced directly forwards 
to D and E. I fay, the Angle ABC is equal to the 
Angle ACB, and the Angle CB D equal to the Angle 


BCE. 
For aſſume any Point F in the Line BD, and from 


AE cut off the Line AG equal* to AF, and join 
FC, G B. : 2 


I Then, becauſe AF is equal to AG, and AB to AC, 


the two Right Lines FA, AC, are equal to the two 
Lines GA, AB, each to each, and contain the com- 
mon Angle FAG; therefore the Baſe F C is equal + 
to the Baſe G B, and the Triangle AFC equal to 
the Triangle A'G B, and the remaining Angles of 
the one equal to the remaining Angles of the other, 
each to each, ſubtending the equal Sides, viz. the An- 
gle AC F equal to the Angle ABG; and the Angle 
AFC, equal to the Angle AGB. And becauſe the 
Whole AF is equal to the Whole A G, and the Part 
AB equal to the Part A C, the Remainder BF is 
equal to the Remainder CG. But FC has been 
prove to be equal to G B; therefore the two Sides 

F,. F C, are equal to the two Sides CG, GB, 
each to each, and the Angle B FC equal to the Angle. 
CG B; but they have a common Baſe BC. There- 
fore alſo the Triangle BF C will be equal to the 
Triangle CG“, and the remaining Angles of the = 
* Lo 3 eq ua 
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equal to the remainin es of the other, each to 
each, which ſubtend t 1 Sides. And ſo the An- 
le FB C is equal to the Angle & ER and the Angle 
BC equal to the Angle C "BG ende becauſe 
the who Angle A B G has been proved equal to the 
whole Angle ACF, and the Part CBG equal to 
BCF, the remaining An 
the remaining Angle A CB; but theſe are the 
at the Baſe of the is le ABC. It hath likewwiſe 
been proved, that the Angles F BC, G CB, under the 
Baſe, are equal; therefore, the Angles at the Baſe of 
Iſoſcelet Triangles are equal betwetn themſelves; and 1 
the equal Right Lines be produced, the Angles under t 
Baſe will be alſo equal between themſelves ; ; which was 
to be demonſtrated. 


Carell. Hence every Equilateral Triangle is alſo Equi - 
angular, 


PROPOSITION. YI 


THEOREM. 


If iwo Angles of a T; riangle be equal, then ue 
Sides ſubtending the equal Angles will be equal 
wm themſelves. ; 


ET ABC be a Triangle, having the Age 
AB C equal to the Angle ACB. I ſay, the Side 
ABis likewife equal to the ide AC. 
For if AB be not equal to A C, let one of them, as, 
AB, be the greater, from which cut off B D equal to 


AC, and join DC. Then, becauſe BD is equal to . 3 of this, 


AC, and BC is common, DB, BC, will 7 9 
to AC, CB, _ to each, and the Angle D 
equal to the Angle ACB, from the Hypotheſis ;. 


therefore the Baſe D C is equal ſ to the Baſe AB, 17 t 4 of this, . 


the Triangle DB C equal to the Triangle A C B, 

Part to : Whole, which i is abſurd ; therefore ABi i 

not unequal to A C, and conſequently i is equal to it. 
Therefore, if two Angles of a Triangle be equal be- 


| 21 themſelves, the Sides ſubtending the equal Angle 


are likewiſe equal * . elves 3 which was to be 
demonſtrated. W N Croll. 


- 
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Caroll. Hence every Equiangular Triangle is alſo 
Equilateral. 


PROPOSITION VI. 
THEOREM. 


On the ſame Right Line cannot be conſtituted two 
Right Lines equal to two other Right Lines, 
each to each, at different Points, on the ſame 


Side, and having the ſame Ends which the firſt 
Right Lines have. 


OR, if it be poſſible, let two Right Lines AD, 

DB, equal to two others A C, C B, each to each, 
be conſtituted at different Points C and D, towards 
the ſame Part CD, and having the ſame Ends A and 
B, which the firſt Right Lines have, ſo that CA be 
equal to A D, having the ſame End A, which CA 
hath ; and CB equal to DB, having the ſame End B. 

Caſe 1. The Point D.cannot fall in the Line AC; 
for inſtance at F: For then (A D that is) AF would 
not be equal to A C. | 

Caſe 2. If it be ſaid, that D falls within the Triangle 
ABC; draw CD, and produce BD, BC, to F, and E. 
Now, ſince AD is affirmed to be equal to AC, the An- 
gle ADC is equal to the Angle AC D*; and conſe- 
quently the Angle AC is greater than FCD: More- 
over ECD is greater than ACD, therefore ECD is 
much greater than FDC. But it is alſo ſaid, that BD is 
equal to BC, and ſo the Angle ECD is equal to FDC® ; 
whereas it hath been proved to be much greater, which 
is 2 Therefore D doth not fall within the Tri- 
angle. 5 
i 14 \F Suppoſe D fell without the Triangle ABC; 
Join CD; 

Then, becauſe AC is equal to AD, the Angle 
ACD will be equal +to the Angle A BD, and con- 
ſequently the Angle ADC is greater than the Angle 
BCD; wherefore the Angle B D C will be much 
greater than the Angle BCD. Again, becauſe C B 
is equal to DB, the Angle B D C will be equal to the 
Angle BCD; but it has been proved to be much 


greater, which is impoſſible. Therefore, on Re 
| | ight 
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Right Line connot be conſtituted two Right Lines equal 
to two other Right Lines, each to each, at different 
Points, on the {one Side, and having the ſame Ends 
which the fir/l 
monſtrated. 


PRO POSITION VIII. 


ght Lines have; which was to be de- 


THEOREM. 


If two Triangles have two Sides of the one equal 
to two Sides of the other, each to each, and the 


Baſes equal, then the Angles contained under 


the equal Sides will be equal. 


ET the two Triangles be ABC, DEF, having 
two Sides, A B, AC, equal to two Sides D E, 
DF each to each, viz. AB equal to DE, and AC 


to DF; and let the Baſe BC be equal to the Baſe: 


46 I fay, the Angle BAC is equal to the Angle 
F. | 

For if the Triangle AB C be applied to the Tri- 
angle DEF, ſo that the Point B may co-incide with E, 
and the Right Line BC with EF, then the Point C 
will co-incide with F, becauſe BC is equal to E F. 
An ſo, fince BC co-incides with EF, BA and AC 
will likewiſe co-incide with ED and DF. For if 
the Baſe B C ſhould co-incide with EF, and at the 


ſame time the Sides B A, AC, ſhould not eo-incide 


with the Sides ED, DF, but change their Poſition, 
as E G, GF, then there would be conſtituted on the 


ſame Right Line two Right Lines, equal to two other 


Right Lines, each to each, at ſeveral Points, on the 
ſame Side, having the ſame Ends. But this is proved 


11 


to be otherwiſe +; therefore it is impoſſible for the f 7 


Sides BA, A C, not to co- incide with the Sides ED, 


DF, if the Baſe BC co-incides with the Baſe EF; 


wherefore they will co-incide, and conſequently the 


Angle BAC will co-incide with the Angle EDF, 
and will be equal to it. Therefore, if two Triangles 
have two' Sides of the one equal to two Sides of the other, 
each to each, and the Baſes equal, then the Angles con- 
tained under the equal Sides will be equal; which was 
to be demonſtrated, | | 


PRO-. 
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PROPOSITION. IX, 
PROBLEM. 


To cut a given Right-lin'd Angle into two equal 
Parts. h 


ET BAC be a given Right-lin'd Angle, which is 

* required to be cut into two equal Parts, 

- Aſſume any Point D in the Right Line A B, and 
cut off A E from the Line A C equal to AD+; join 
DE, and thereon make the Equilatera] Triangle 
DEF, and join AF. I ſay, the Angle BAC is cut 
into two equal Parts by the Line A F. 

For, becauſe A D is equal to A E, and AF is com- 
mon, the two Sides DA, AF, are equal to the 
two Sides AE, AF, and the Baſe DF is equal to 
the Baſe E F; therefore i the Angle DAF is equal to 
the Angle EAF. Wherefore, a given Right-lin'd Angle 
is cut into two equal Parts; which was to be done. 


PROPOSITION XA, 


PROBLEM. 


To cut a given finite Right Line into two equal 
| Parts. 


ET ABbe a given finite Right Line, required to 
be cut into two equal Parts. 

Upon it make * an Equilateral Triangle ABC, and 
biſect the Angle A CB by the Right Rine CD. I 
ſay, the Right Line A B is biſected in the Point D. 

For, becauſe A C is equal to C B, and C D is com- 
mon, the Right Lines AC, CD, are equal to the 
two Right Lines BC, CD, and the Angle ACD 
equal to the Angle BC D; therefore the Baſe AD 
is equal to the Baſe DB. And ſo, the Right Line AB 
is biſefied in the Point D; which was to be done. 


PR O- 
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PROPOSITION XI. 
PROBLEM, 

To draw a Right Line at Right Angles to a given 
Right Line, from a given Point in the ſame. 
LET AB be the given Right Line, and C the given 

Point. It is required to draw a Right Line from 
the Point C, at Right Angles to AB. 

Aſſume any Point D in AC, and make CE equal 
*to CD; and upon DE make + the Equilateral * 3 ch. 
Triangle FDE, and join FC. I fay, the Right f 7 
Line FC is drawn from the Point C. given in the 
Right Line AB, at Right Angles to AB. 

or, becauſe D C is equal to CE, and F C is com- 
mon, the two Lines DC, CF, are equal to the 
two Lines EC, CF; and the Baſe DF is equal to | 
the Baſe FE. Therefore & the Angle D CF is equal * 8 of thin 
to the Angle ECF; and' they are adjatent Angles. 
But when-a Right Line, ſtanding upon a Right Line, 
makes the adjacent Angles 1 each of the equal 
Angles is f a Right Angle; and conſequently DCF. t ic. 
FCE, are both Right Angles. Therefore, the Right 
LineF C is drawn from the Point C at Right Angles to 
AB; which was to be done, 


PROPOSITION XII. 


* 


PROBLEM. 


Todraw a Right Line perpendicular, upon a given 
infinite Right Line, from a Point given out of it. 


LET AB be the given infinite Line, and C the 

Point given out of it. It is requir'd to draw a 

Right Line perpendicular upon the given Right Line 

AB, from the Point C given out of it. 

Aſſume any Point D on the other Side of the Right 
Line AB; and about the Centre C, with the Diſtance | 
CD, deſcribe * a Circle E D G; biſet+EG in , * Pot. 3. 
and join CG, CH, CE. I fay, there is * 10 ebis, 
er- 


® Def. 10. 
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Perpendicular C H on the given infinite Right Line 
A B, from the Point C given out of it. 

For, becauſe GH is equal to HE, and H C is com- 
mon, GH and H C are each equal to E H and HC, 
and the Baſe CG is equal to the Baſe CE. Therefore 


the Angle CH G is equal to the Angle CHE; and 


they are adjacent Angles. But when a Right Line, 
ſtanding upon another Right Line, makes the Angles 
equal between themſelves, each of the equal Angles 
is a Right one “, and the ſaid ſtanding Right Line is 
call'd a Perpendicular to that which it ſtands on. 
Therefore, CH 7s drawn perpendicular, upon a given 
infinite Right Line, from à given Point out of it; 
which was to be done. | 


PROPOSITION xIII. 


THEOREM. 


IWhen a Right Line, ſtanding upon a Right Line, 
makes Angles, theſe ſhall be either two Right 
Angles, or together equal to two Right Angles. 


OR let a Right Line A B, ſtanding upon the Right 

Line CD, make the Angles CBA, ABD. I ſay, 

the Angles CBA, ABD, are either two Right Angles, 
or both together equal to two Right Angles, 

For if CBA be equal to ABD, they are * each of 
them Right Angles: But if not, draw + BE from the 
Point B, at Right Angles to CD. Therefore the 
Angles C BE, FB D, are two Right Angles: And 
becauſe CBE is equal to both 'the Angles CBA, ABE, 
add the Angle EBD, which is common; and the two 
Angles CBE, EBD, togethea, are ꝓ equal to the 
three Angles CBA, ABE, EBD, together. Again, 
becauſe the Angle DB A is equal to the two Angles 
DBE, EBA, together, add the common Angle 
ABC, and the two Angles DBA, ABC, are equal 
to the three Angles DB E, E BA, ABC, together. 
But it has been proved, that the two Angles CBE; 
E BD, together, are likewiſe equal to theſe three An- 
gles : But Things that are equal to one and the fame; 


are * equal between themſelves. Therefore likewiſe 
the Angles CBE, E BD, together, are equa] to the 
Angles 
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Angles DBA, ABC, together; but CBE, EBD, 
are two Right Angles. "Therefore the Angles DBA, 
ABC, are both together equal to two Right Angles, 
Wherefore, when a Right Line, ſtanding upon another 
Right Line, makes Angles theſe ſhall be either two 
Right Angles, or together equal to two Right Angles ; 
which was to be demonſtrated. 


PROPOSITION XIV. 


Euclid's ELEMENTS. 
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THEOREM. 


If to any Right Line, and Point therein, two 
Right Lines be drawn from contrary Parts, 
making the adjacent Angles, both together, equal 
to two Right Angles, the ſaid two Right Lines 
will make but one ſtrait Line. | 


F OR let two Right Lines B C, B D, drawn from 


contrary Parts to the Point B, in any 


Right Line 


A B, make the adjacent Angles ABC, AB D, both 
together equal to two Right Angles. I ſay, BC, 
BD, make but one Right Line. 0 

For if BD, CB, do not make one ftrait Line, let 
CB and BE make one. 

Then, becauſe the Right Line A B ſtands upon the 
Vght Line CBE, the Angles ABC, ABE, together, 
Wi 


will be equal * to two Right Angles. 
ABC, ABD, together, are alſo equal to two Right 


But the Angles * 13 Fe 


Angles. Now taking away the common Angle ABC, 
the remaining Angle ABE is equal to the remain- 
ing Angle ABD, the leſs to the greater, which is 
impoſſible, 


Line. 


Therefore BE, BC, are not one ftrait 


And in the ſame manner it is demonſtrated, 
that no other Line but BD is in a ftrait Line with 
CB; wherefore CB, BD, ſhall be in one ſtrait Line. 
Therefore, if te any Right Line, and Point therein, 
two Right Lines be drawn from contrary Parts, making 
the adjacent Angles, both together, equal to two Kight 
Angles, the ſaid two Right Lines will make but one 
firait Line; which was to be demonſtrated, 
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” PROPOSITION XV. 


s 13 of this, 


THEOREM. 


If two Right Lines mutually cut each other, the 
oppoſite Angles are equal. 


LE T the two Right Lines AB, C PD, mutually cut 

each other in the Point E. I ſay, the Angle AEC 
is equal to the Angle DE B; and the Angle CEB 
equal to the Angle AE D. 

For, becauſe the Right Line AE, ſtanding on the 

Right Line C D, makes the Angles CEA, AED; 
theſe both together ſhall be equal“ to two Right 
Angles. Again, becauſe the Right Line D E, ſtanding 
upon the Right Line A B, makes the Angles AED, 
DEB; theſe Angles together are * equal to two Right 
Angles. But it has been proved, that the Angles CEA, 
AED, are likewiſe together equal to two Right An- 
gles. Therefore the Angles CEA, AED, are equal 
to the Angles AED, DEB. Take away the common 
Angle AED, and the Angle remaining CEA is + 
equal to the Angle remaining BE D. For the ſame 
Reaſon, the Angle CE B ſhall be equal to the Angle 
DEA. Therefore, F tuo Right Lines mutually cut 
each other, the oppoſite Angles are equal; which was 
to be demonſtrated, | 


Coroll. 1. From hence it is manifeſt, that two Right 

Lines, mutually cutting each other, make Angles at 

the Section equal to four Right Angles. 

Coroll. 2. All the Angles, conſtituted about the ſame 
Poiat, are equal to four Right Angles. 
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PROPOSITION XVI. 
THEOREM. 


If one Side of any Triangle be produced, the out- 
ward Angle is greater than either of the inward 
oppoſite Angles. 


ET ABC bea N and one of its Sides 
B C be produced to D. I ſay, the outward 
Angle ACD is greater than either of the inward 
Angles CBA, or BAC. 
or biſect AC in Ex, ns Jon B E, which pro- * 10 of thits 
duce to F, and make E F equal to BE +. Moreover, + zo «biz. 
join FC, and produce A C to G. 
Then, becauſe AE is equal to EC, and BE to 
EF, the two Sides AE, E B, are equal to the two , 
Sides CE, EF, each to each, and the Angle AEB 
+ equal to the Angle FEC; for they are oppoſite + 15 ibis. 
Angles. Therefore the Baſe AB is 1 equal to the f 4  *tins 
Baſe FC; and the Triangle A E B equal to the Tri- 
angle FEC; and the remaing Angles of the one 
equal to the remaining Angles of the other, each to 
each, ſubtending the equal Sides. Wherefore the 
Angle BAE is equal to the Angle ECF; but the 
Angle ECD is greater than the Angle ECF; there- 
fore the Angle ACD is greater than the Angle BAE. 
After the manner, if the Right Line BC be 
biſected, we demonſtrate that the Angle BCG, and 
conſequently its _ the Angle AC D“, is greater 15 of chin 
than the Angle A B C. Therefore, one Side of any Tri- | 
angle being produced, the outward Angle is greater than 
either of the inward oppoſite Angles; which was to be 
demonſtrated. 


PROPOSITION XVIL 


T HEOREM. - a 


Two Angles of any Triangle together, howſoev 
taten, are leſs than two Right Angles. * 
LET ABC be a Triangle. I ſay, two Angles of 
it together, howſoever taken, are leſs than two 
t Angles, | 1 For 


wa. 


4 
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For produce BC to D). 
Then becauſe the outward Angle A CD of the 


#16 of this, Triangle A BC is greater“ than the inward oppoſite 
Angle ABC; if the common Angle ACB be added, 
the Angles A CD, AC B, together, will be greater 
than the Angles ABC, ACB, together, will be greater 

| than the Angles ABC, ACP, together: But ACD, 
® 1; % this, ACB, are + equal to two Right Angles. Therefore 
ABC, BCA, are leſs than two Right Angles. In 

the ſame manner we demonſtrate, that the Angles 

BAC, ACB, as alſo CAB, ABC, are leſs than two 

Right Age. Therefore, two we of any Triangle 


together, howſoever taken, are leſs than two Right 
Angles; which was to be demonſtrated, 


PROPOSITION XVII. 


t THEOREM. 


The greater Side of every Triangle ſubtends the 
- greater Angle. 


LET ABC bea Tring having the Side: A C 
> greater than the fide AB. I ſay the Angle ABC 
is greater than the Angle BCA. 

| For, becauſe AC is greater than AB, AD may be 
t; Vb. made equal to A Bj, and BD be joined. 

Then, becauſe ADB is an outward Angle of the 
® 16 of this. Triangle BDC, it will be“ greater than the inward 
t 5 2febis, oppoſite Angle DCB. But ADB is + equal to 
Az; becaule the Side AB is equal to the Side AD. 

Therefore the Angle ABD is likewiſe greater than 
the Angle A CB ;yand conſequently ABC fhall be 
much greater than AC B. Wherefore, the greater Side 

„ every Triangle ſubtends the greater Angle; which 
was to be demonſtrated, Y 3-0 
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PROPOSITION XIX. 
THEOREM, 


The greater Angle of every Triangle ſubtends the 
| greater Side. 


LE T ABC be a Triangle, having the Angle ABC 
greater than the Angle BCA. I ſay, the Side 

AC is greater than the Side AB. | 

For, if it be not greater, AC is either equal to AB, 
or leſs than it, It is not equal to it, becauſe then the 
Angle ABC would be equal“ to the Angle ACB; 5 bit. 
but it is not: Therefore AC is not equal to AB. 
Neither will it be leſs; for then the Angle ABC would 
be + leſs than the Angle AC B; but it is not. "There- Þ 15 bin 
fore AC is not leſs than AB, But likewiſe it has 
been proved not to be equal to it : Wherefore AC is 
greater than AB. Therefore, the greater Angle of 
every Triangle ſubtends the greater Side, which was to 
be demonſtrated. 


PROPOSITION XX. 


THEOREM. 


Two Sides of any Triangle, bowſoever taken, are 
together greater than the Third Side. 


LE T ABC be a Triangle: I ſay, two Sides there- 
of, howſoever taken, are together greater than 
the thitd Side; viz. the Sides B A, AC, are greater 
than the Side BC; and the Sides A B, B C, greater 
than the Side AC; and the Sides BC, CA, greater 
than the Side A B, gi x 
For produce B A to the Point D, fo that AD be 
equal to AG; and join DC. 3 lis, 
Then, becauſe DA is equal to AC, the Angle ADC 
ſhall be equal + to the Angle A CD. But the Angle 15 tis, 
BCD is greater than the Angle AC D. Wherefore © 
the Angle BCD is greater than the Angle ADC; 
and becauſe DCB is a Triangle, having the Angle 
B CD greater than the Angle BD C, and thegreater 
OI I C2 Angle 


26 
119 of this, 


® 20 of this, 
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Angle ſubtends t the greater Side; the Side DB will 
be greater than the Side B C. But DB. is equal to 
BA and AC together. Wherefore the Sides B A, 
AC, together, are greater than the Side B C. In the 
ſame manner we Lada, that the Sides A B, 
BC, together, are greater than the Side C A; and 
the Sides BC, CA, together, are greater than the Side 
AB. Therefore, two Sides of any Triangle, howſoever 
taken, are t1gether greater than the third Side; which 
was to be demonſtrated, 


PROPOSITION XXI. 
THEOREM. 


If two Right Lines be drawn from the extreme 
Points of one Side of a Triangle to any Point 
within the ſame, theſe two Lines ſhall be leſs. 
than the other two Sides of the Triangle, but 
contain a greater Angle. 


F OR let two Right Lines B D, D C, be drawn 
from the Extremes B, C, of the Side B C of the 
Triangle ABC, to the Point D within the ſame. I ſay, 
BD, DC, are leſs than BA, AC, the other two Sides 
of the Triangle, but contain an Angle BDC greater 
than the Angle BAC. 

For produce BD to E. | 

Then, becauſe two Sides of every Triangle together 
are * preater than the third, BA, AE the two Sides 
of the Triangle ABE, are greater than the Side BE. 
Now, add EF C, which is common, and the Sides 
BA, AC, will be + greater than B E, EC. 

Again, becauſe CE, ED, the two Sides of the Tri- 
angle CE D, are greater than the Side CD, add DB, 


which is common, and the Sides CE, E B, will be 


11% of ebis, 


greaier than C D, DB. But it has been proved, that 
BA, AC, are greater than BE, EC: Wherefore BA, 
AC, are much greater than B D, DC. Again becauſe 
the outward Angle of every Triangle is | greater than 
the inward and oppoſite one; BDC, the outward 
Angle of the Triangle CDE, ſhall be greater than the 
Angle CED. For the ſame Reaſon, CED, the out- 
ward Angle of the Triangle ABE, is likewiſe greater 

| | : ED than 


* 
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than the Angle BAC ; but the Angle BDC has been 


proved to be greater than the Angle CE D. Where- 


fore the Angle BD C ſhall be much greater than the 
Angle BAC. And fo, if two Right Lines be drawn 

om the extreme Points of one Side of a Triangle to any 
Point within the ſame, theſe two Lines ſhall be leſs than 
the other two Sides of the Triangle, but contain a greater 
Angle; which was to be demonſtrated. 


PROPOSITION XXI. 
PROBLEM. 


To deſcribe a Triangle of three Right Lines, which 
are equal to three others given: But it is requi- 
fite, that any two of the Right Lines taken to- 
gether be greater than the third; becauſe two 
Sides of a Triangle, howſoever taken, are toge- 
ther greater than the third Side. : 


LE T A, B, C, be three Right Lines given, two of 

which, any ways taken, are greater than the third; 
viz, A and B together greater than C; A and C greater 
than B; and B and C greater than A. Now it is re- 
quired to make a Triangle of three Right Lines equal 
to A, B, C: Let there be one Right Line D E, termi- 


nated at D, but infinite towards E; and take 1 DF t 3 Vb 


equal to A, F G equal to B, and GH equal to C; 
and about the Centre F, with the Diſtance F D, de- 


ſcribe a Circle DEL + and about the Centre G, with f 3 P# 


the Diftance G H, deſcribe another Circle K LH, 
and join KF, KG. I ſay, the Triangle K F G is 
made of three Right Lines, equal to A, B, C; far, be- 
cauſe the Point F is the Centre of the Circle DKL, FE 
ſhall be equal to F t: But F Das equal to A; there- 
fore FK is alſo equal to A. Again, becauſe the Point 
G is the Centre, of the Circle L 
equal to G H: But G H is equal to C; therefore ſhall 
G K be alſo equal to C: But F G is likewiſe equal to 
B; and conſequently the three Right Lines K F, FG, 
K G, are equal to the three Right Lines A, B, C. 
Wherefore, the Triangle K F G is made 'of three Right 
Lines K F, FG, GK, equal to the three given Lines 
A, B, C, which was to be done. | 
C3 PR O- 


K H, G K will be 1 D, 15. 


—ä — — —— 4 


22 | Euclid's ELEMENTS. 


Book I. 
PROPOSITION XXIII. 
| PROBLEM. 


With a given Right Line, and at a given Point 
init, to make a Right-lin'd Angle equal to a 
Right-lin'd Angle given. | 


E T the given Right Line be AB, and the Point 
given therein A, and the given Right-lin'd Angle 
DCE. It is required to make a Right-lin'd Ange 
at the given Point A, with the given Right Line A B, 
equal to the given Right-lin'd Angle D CE. 
Aſſume the Points D and E at Pleaſure in the Lines 
CD, CE, and draw DE; then, of three Rigbt Lines 
equal to CD, DE, EC, make f a Triangle A F G. 
22 of this. ſo 3 be equal to CD, AG to CE, and FG 
to DE. 
Then, becauſe the two Sides DC, CE, are equal to 
the two Sides FA, AG, each to each, and the Baſe 
DE equal to the Baſe FG; the Angle D CE ſhall be 
+8 of this, + equal to the Angle FAG, Therefore, the Right- 
lined Angle FA G tis made, at the given Point A, in the 
given Right Line AB, equal to the given Right-lined 
Angle DCE; which was to be done. vt 


PROPOSITION XXIV, 


THEOREM. 


If two Triangles have two Sides of the one equal 

to two Sides of the other, each to each, and the 

\ Angle of the one contained under the equal 

Right Lines, greater than the correſpondent 

Angle of the other; then the Baſe of the one 
will be greater than the Baſe of the other. 


ET there be two Triangles ABC, DEF, having 

*- two Sides AB, A C, equal to the two Sides DE, 

DF, each to each, viz. the Side A B equal to the 

Side D E, and the Side A equal to D F; and let the 

Angle BAC be greater than the Angle EDF. I ſay, 
tae Baſe BC is greater than the Baſe EF. 

For, 
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For becauſe the Angle BAC is greater than the 
Angle EDF; make an 4 Angle E D G at the Point f 23 71. 
D in the Right Line DE, equal to the Angle BAC; 
and make t D G equal to either AC or DF, and + ; NV 
join EG, FG. | N 

Caſe 1, When EG falls above E F ; then, becauſe 
AB is equal to DE, and A C to DG, the two Sides 
BA, AC, are each equal to the two Sides ED, DG, 
and the Angle BAC equal to the Are EDG: 'There- 
fore the Bale B C is equal ſ to the Baſe EG. Again, 1 4 /i. 
becauſe D G is equal to D F, the Angle DF G is 4 | 5 9 thin. 
equal to the Angle DG F; and ſo the Angle DFG is 
greater than the Angle EG F: And conſequently the 
Angle EF G is much greater than the Angle EG F. 

And becauſe E F G is a Triangle, having the Angle 
EF G greater than the Angle EG F; and the great- 
eſt Angle ſubtends || the greateſt Side, the Side E G || 29 VJ 
ſhall be greater than the Side EF. But the Side EG 
is equal to- the Side BC: Whence BC is likewiſe 
greater than E F. | 

Caſe 2. When EG falls upon Ar EG is 
greater than E F: And conſequen is greater 
than E F. e's af 

Caſe 3. When EG falls below EF; then D G, 

EG, are ſ together greater than DF and EF together, 21 A. 
and by taking away the equals D G, D F, there re- 

mains EG greater than EF f. Therefore BC, . 5. 
which is equal to EG, will be alſo greater than EF. 
Therefore, if two Triangles have two Sides of the one 

equal to two Sides of the other, each to each, and the Angle 

of the one contained under the equal Right Lines, greater 

than the correſpondent Angle of the other ; then the Baſe 

of the one will be greater than the Baſe of the other; 

which was to be demonſtrated. | 


C4 ERO- 
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PROPOSITION MVV. 


THzrOREM. | 
If two Triangles have two Sides of the one equal to 
two Sides of the other, each ta each, and the 
Baſe of the one greater than the Baſe of the 
other ;, they ſhall alſo have the Angles contain- 
ed by the equal Sides, the one greater than the 
other; 


E T there be two Triangles ABC, DEF, having 


two Sides A B, AC, each equal to two Sides. 


DE, DF, viz. the Side A B equal to the Side D E, 
and the Side A C to the Side DF ; but the Baſe B C 
greater than the Baſe EF; I fay, the Angle BAC 
is alſo greater than the Angle E DF. | 
For if it be not greater, it will be either equal or 
leſs. But the Angle BAC is not equal to the Angle 
T EDF; for if it was, the Baſe B C would be t equal 


to the Baſe E F; but it is not: Therefore the Angle 


BAC is not equal to the Angle E DF, neither will it 
+ 24 of tlie. be leſſer; for if it ſhould, the Baſe B C would be + leſs 


than the baſe E F; but it is not: Therefore the Angle 


BAC is not leſs than the Angle ED; but it has 
likewiſe been proved not to be equal to it. Where- 
fore the Angle BAC is neceſlarily greater than the 
Angle E DF. If, therefore, two Triangles have two 
Sides of the one equal to two Sides of the other, each to 
each, and the Baſe of the one greater than the Baſe of 
ihe other; they ſhall alſo have the Angles contained by 
the equal Sides, the ene greater than the ather ; which 
was to be demonſtrated, 


P RO- 
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PROPOSITION XXVI. 


THEOREM. 


If two Triangles have two Angles of the one equal 
' to two Angles of the other, each to each, and 
one Side of the one equal to one Side of the otber, 
either the Side lying between the equal Angles, 
or which ſubtends one of the equal Angles ;, the 
remaining Sides of the one Triangle ſhall be 
alſo equal to the remaining Sides of the other, 
each to his coreſpondent Side; and the remain- 
ing Angle of the one equal to the remaining 
Angle of the other. 


E T there be two Triangles ABC, DEF, hay- 

ing two Angles A BC, BCA, of the one, equal 
to two Angles DEF, E FD, of the other, each to 
each, that is, the Angle ABC equal to the Angle 
DEF, and the Angle BCA equal to the Angle EFD. 
And let one Side of the one be equal to one Side of 
the other, which firſt let be the Side lying between 
the equal Angles, viz. the Side B C equal to the 


Side EF, I ſay, the remaining Sides of the one Tri- 


angle will be equal to the remaining Sides of the 
other, each to each, that is, the Side A B equal to 
the Side D E, and the Side AC equal to the Side 
DF, and the remaining Angle B A C equal to the re- 
maining Angle E DF. 

For if the Side AB be not equal to the Side DE, 
one. of them will be the greater, which let be AB, 
make GB equal to D E, and join GC. 

Then, becauſe BG is equal to D E, and BC to EF, 
the two Sides GB, B C, are equal to the two Sides 


DE, E F, each to each; and the Angle & B Cequal 
T4 of this, 


to the Angle DEF. The Baſe G is f equal to the 
Baſe DF, and the Triangle G BCto the Triangle 
DEF, and the remaining Angles equal to the remain- 
ing Angles, each to each, which ſubtend the equal 
Sides. Therefore the Angle GCB is equal to the 


Angle D FE. But the Angle D FE, by the Hypo- 
| theſis 


25 
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the remaining Angles, each to eac 
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theſis, is equal to the Angle BCA; and ſo the Angle 
B C G is likewiſe equal to the e BCA, the leſs to 
the greater, which cannot be. Therefore AB is not 
unequal to DE, and conſequently is equal to it. And 
ſo the two Sides AB, BC, are equal to the two Sides 
DE, EF, and. the Angle ABC equal to the Angle 
DEF: And conſequently the Baſe A C is equal to 
the Baſe DF, and the remaining Angle B A C equal 
to the remaining Angle EDF. | 

Secondly, Let the Sides that are ſubtended by the 
equal Angles be equal, as A B equal to DE. I ſay, 
the remaining Sides of the one "I riangle are equal to 
the remaining Sides of the other, viz. AC to D F, 
and BCtoEF ; and alſo the remaining Angle BAC, 
to the remaining Angle B D F. 

For if B C be unequal to E F, one of them is the 
greater, which let be B C, if poſſible, and make B H 
equal to E F, and join A H. 

Now, becauſe BH is equal to EF, and AB to DE, 
the two Sides A B, B H, are equal to the two Sides 
DE, EF, each to each, and they contain equal Angles: 
Therefore the Baſe AH is t equal to the Baſe 
DF; and the Triangle A BH ſhall be equal to the 
Triangle DE F, and the N Angles equal to 

which ſabtend 
the equal Sides: and ſo the Angle B H A is equal to 
the Angle EF D. But EF is + equal to the Angle 
BCA; and conſequently the Angle BHA is equal to 
the Angle BCA: Therefore the outward Angle 
B HA of the Triangle A H C, is equal to the inward 
and oppoſite Angle BCA; which is impoſſible: 
Whence BC is not unequal to EF; therefore it is 
equal to it. But A Bis alſo equal to DE. Where- 
fore the two Sides A B, BC, are equal to the two 
SideDE, E F, each to each; and they contain equal 
Angles, And fo the Baſe AC is equal to the Baſe 
DF, the Triangle BA C to the Triangle DEF, and 
the remaining Angle BA C equal to the remaining 
Angle EDF. //, therefore, two Triangles have two 
Angles equal, each to each, and one Side of the one equal 
to one Side of the other, either the Side lying between the 
equal Angles, or which ſubtends one of the equal Angles ; 
the remaining Sides of the one Triangle ſhall be alſo equal 
to the remaining Sides of the other, each to its coreſpond- 
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ent Side, and the remaining Angle of the one equal to the 
_— Angle of the otber; which was to be demon- 
ſtrated. 


PROPOSITION XxXVIL | 


If a Right Line, falling upon two Right Lines, 
makes the alternate „ between them- 
ſelves, the two Right Lines fhall be parallel. 


LET the Right Line E F, falling upon two Right 
Lines AB, CD, make the alternate Angles AEF, 
EF D, equal between themſelves. I fay, the Right 
Line A B is parallel to C D. 
For if it be not parallel, A B and CD, produced 
towards B and D, or towards A and C, will meet : 
Now let them be produced towards B and D, and 
meet in the Point G. 
Then the outward Angle AE F of the Triangle 
GEFis ; greater than the inward and oppoſite An- x 16 of ie 
le EF G, and alſo equal + to it; which is abſurd, + Pen te 
Therefore AB and C D, produced towards B and D, Hyp. 
will not meet each other. By the ſame way of Rea- 
ſoning, neither will they meet, being produced towards _ 
C and A. But Lines that meet each other on neither 
Side, are 4 parallel between themſelves. Therefore t Def. 35. 
AB is parallel to CD. Therefore, if a Right Line, * 7 3 
falling upon two Right Lines, makes the alternate Angles ' 
equal between themſelues, the two Right Lines ſball be 
parallel ; which was to be demonſtrated, 
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PROPOSITION XVII. 
THEOREM. 


If a Right Line, falling upon two Right Lines, 
makes the outward Angle with the one Line 
equal io the inward and oppoſite. Angle with the 
other on the ſame Side, or the inward Angles 
on the ſame Side together equal to two Right 
Angles, the two Right Lines ſhall be parallel 
between themſelves. © 


E T the Right Line EF falling upon two Right 
Lines AB, CD, make the outward le EGB 
equal to the inward and oppoſite Angle GHD ; or 
the inward ** B GH, GHD, - the ſame Side 
together equal to two Right Angles. 1 fay, the Right 
* Line A is parallel to the Right Line C D. 
ol . For, becauſe the Angle EGB is t equal to the Angle 
25 thi, G H D, and the Angle EGB + equal to the Angle 
A GH, the Angle A G H ſhall be equal to the Angle 
5. HD; but theſe are alternate Angles. Therefore 
17 bin AB js t parallel to C D. 
| Again, becauſe the Angles BGH, GHD, are equal 
: t 23 bi to two Right Angles, and A G H, B G H, are + equal 
Wo to two Right ones, the Angles A GH, B GH, will 
IE be equal to the Angles BG H, GHD; and if the 
common Angle B G H be taken from both, there will 
remain the Angle A G H equal to the Angle GHD; 
but theſe are alternate Angles. Therefore AB is paral- 
Jel to CD. V, therefore, a Right Line, falling npon 
two Right Lines, makes the outward Angle with the 
one Line equal to the inward and oppoſite Angle with the 
other on the ſame Side, or the inward Angles on the 2 5 
Side together equal to two Right Angles, the two Right 
Lines ſhall be parallel between themſelves ; which was to 
be demonſtrated, | 


PR O- 
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PROPOSITION XXIX. 


TH EORE M. 


Tf a Rigbi Line falls upon two Parallels, it will 
| make the alternate Angles equal between them- 
felves ; the outward Angle equal to the imward 


and oppoſite Angle, on the ſame Side; and the. 


inward Angles on the ſame Side together equal 
to two Right Angles. 


LET the Right Line EF fall upon 
Lines AB, CD. Ifa alternate Angles 
AGH, GH D, are equal ore themſelves ; the 
— Angle EGB is equal to the inward one GHD, 
on the ſame Side; and the two inward ones, BGH, 
GHD, on the ſame Side, are together equal to two 
Right Angles. 
F or if AGH be unequal to GHD, one of them will 
be the greater. Let this be. AGH; then becauſe the 
Angle AGH is greater than the Angle GHD, add the 
common Angle BG H to both: And fo the Angles 


AG H, BG , 6 A are greater than the Angles 


BGH, GHD, » toge er. But the Angles AGH, BGH, 


are equal to two 
are leſs than two Right Angles. And ſo the Lines AB, 
CD, infinitely produced + will meet each other; but 


becauſe they are parallel they will not meet. There- t 


fore the Als AGH is 2 unequal to the Angle 
G HD. Wherefore it is neceſſarily equal to it. 
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the parallel Right 


= 
= 
* Q 7 8 
» 
* 
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ight ones 1. Therefore BGH, GHD, tis ef this 


Ar. 1. 


But the Angle AGH is t equal to the Angle EGB: 's of this, 


Therefore E G B is alſo equal to G HD. 
Now add the cating Angle BGH; and then 
EGB, BGH, together, are equal to BGH, GHD, to- 
gether ; but EG „and BGH, are 
Angles. Therefore alſo BGH. and GHD ſhall be 
equal to two Right Angles. Wherefore, i if a Right 
Line falls upon two Parallels, it will make the alternate 
Angles e = between them ſelves; ; the outward Angle 
equal to t 
and the inward Angles on the ſame Side tog 


equal to 


#100 * 9 3 which was to be 0 0. 


equal to two Right | 


inward and os Angle, on t * 227 a 
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PROPOSITION XXX. 


THEOREM. 


Right Lines,. parallel to one and the ſame Right 
Line, are alſo parallel between themſelves. 


ET AB and CD be Right Lines, each of which 
is parallel to the Right Line EF. Ifay AB is 
alſo parallel to CD. For let the Right Line GK fall 
upon them, | | . 

Then, becauſe the Right Line G K falls upon the 
129 of ebix, parallel Right Lines A B, E F, the Angle A Gt H is 1 
equal to the Angle GHF; and becauſe the Right Line 
GK falls upon the parallel Right Lines EF, CD, the 
Angle GH is equal to the Angle G K D*. But it 
has been proved that the Angle AGE. is alſo equal to 
the Angle GH F. Therefore AGE is equal to G KD, 
and they are alternate Angles ;, whence AB is parallel 
Þ+ 27 ef this, to CD f. And fo, Right Lines, parallel to one and the 
fame Right Line, are parallel between themſelves; which 
was to be demonſtrated.» 


PROPOSITION XXXI. 


PROBLEM. 


To draw a Right Line tbro' a given Point Pa- 
rallel to a given Right Line. 


E T A be a Point given, and BC a Right Line 
— given. It is required to draw a Right Line thro 
the Point A, parallel to the Right Line B C. 
Aſſume any Point D in B C, and join AD; then 
123 of this, make an Angle DA E, at the Point A, with the 
Line D A, equal to the Angle ADC, and produce 
E A ſtrait forwards to F. | 
Then, becauſe the Right Line AD, falling on two 
Right Lines BC, EF, makes. the alternate Angles 
EAD, ADC, equal between themſelves, EF ſhall be 
+ 27 of bir, + parallel to Therefore, the Right Line E A F 
is drawn thro the given Point A, parallel to the given 
Right Line BC; which was to be done, >BO 


- 


* 
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PRO POSITION XXXII. 
THEOREM. 


If onie Side of any Triangle be produced, the out- 
ward Angle is equal to both the inward and op- 
poſite Angles; and the three inward Angles of a 
Triangle are equal to two Right Angles. 


LE T ABC be a Triangle, one of whoſe Sides BC 
is produced to D. I ſay, the outward Angle ACD 
is equal to the two inward and oppoſite Angles CAB, 
ABC; and the three inward Angles of the Triangle, 
viz. ABC, BCA, CAB, are equal to two Right 
Angles. - 
For let CE be drawn þ thro? the Point C, parallel f 3 F is. 
to the Right Line AB. Then, becauſe AB is parallel 
to CE, and AC falls upon them, the alternate Angles 
BAC, ACE are + equal between themſelves. Again, f 29 of #bis 
becauſe A B is parallel to CE, and the Right Line 
B D falls upon them, the outward Angle ECD is + 
equal to the inward and oppoſite one ABC; but it 
has been proved, that the Angle ACE is equal to 
the Angle BAC. Wherefore the whole outward 
Angle A C D is equal to both the inward and oppoſite 
j Angles BAC, ABC. And if the Angle ACB, which 
is common, be added, the two Angles ACD, ACB, 
are equal to the three Angles ABC, BAC, ACB; but 
the Angles AC D, AC B, are t equal to two Right { 1207 ebb 
Angles, Therefore alſo ſhall the Angles ACB, CBA, * 7 
CAB, be equal to two Right Angles. Wherefore, if 
one Side of any Triangle be produced, the outward Angle 
is equal to both the inward and oppoſite Angles, and the 
three inward Angles of a Triangle are equal to two Right 
Angles ; which was to be demonſtrated. 


_ = — — 


_ — 


Coroll. 1. All the three Angles of any one Triangle, 
taken together, are equal to all the three Angles of 
wy other Triangle, taken together. | | 

Coroll. 2. If two Angles of any one Triangle, either 
ſeparately, or taken together, be equal to two Angles 
of any other Triangle; then the remaining * 


. 3 
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of the one Triangle will be equal to the remaining 
Angle of the other. 


Coroll. 3. If one Angle of a Triangle be a Right 
22 the other two Angles together make one 


ht Angle. 
| Gr 4. If "the Angle included between the equal 
Legs of an Iſoſceles Triangle be a Right one, each 
- oh other Angles at the Baſe will be half a Right 
ngle. 

Corelle Any Angle in an Equilateral Triangle i is 

! to 4 Third of two Right Angles, or two 
Thirds of one Right Angle. 

Coroll. 6. Hence it appears, that if one Angle of any 
Triangle be equal to the other two, that is a Right 
one ; — that the Angle adjacent to this Right 
one, is equal to the other two. But when adjacent 
Angles are equal, they are neceſſarily Right ones, 


— ee rr OI 
P 7 — 
1 


TRHREOREM I. 


All the inward Angles of any Right-lin'd Fi- 
gure, whatſoever, make twice as many Right 
Sa. abating four, as the Figure has 

des. 


Fo R any Right-lin'd Figure may be reſolved into as 
many Triangles, abating two, as it hath Sides. 


pe WO e ea, Ge ences 
4 - p 4 : 


9 | For Example, if a Figure has four ,ng it may be 
|| | reſalued into tiuo Triangles: If a 2 hath five Sides, 
| it may be reſolved into 101 Triangles; if fix, into 
four ; * fo on. Wherefore (by Prop. X Il.) the 
Angles of ail theſe Triangles are equal to twice as many 
Right Angles as there are Tri les. But the Angles 
1 of al the Triangles are equal to inward Angles 4 
1 the Figure. Therefore all the fra Angles of t 
Figure are equal to twice as many Right Angles as 
there are Triangles, that is, twice as many Rig 
Angles, 3 away four, as the Figure hath Sides 


—_ 7 — 
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3 TrHrOREM U. 


All the outward Angles of any Right-lin'd Fi- 
gure, together, make four Right Angles, 


7 R the outward Angles, together with the inward 
' ones, make twice as many Right Angles as the Fi- 
gure has Sides; but from the laft Theorem, all the in- = 
ward Angles, together, make twice as many Right An- ; 
gles, abating four, as the Figure hath Sides. Wherefore | 
the outward Angles are, all together, equal to four Right 


Angles, W. W. D 
PROPOSITION XXX. 
THEOREM. 


Two Right Lines, which join two equal and pa- 
rallel Right Lines, towards the ſame Parts, 
are alſo equal and parallel. i 


E T the parallel and equal 1 Lines AB, CD, 
be joined, towards the ſame Parts, by the Right 
Lines AC, BD. I ſay, AC, BD, are equal and parallel. 
For draw BC. | 
Then, becauſe AB is parallel to CD, and BC falls 
upon them, the alternate Angles ABC, BCD, are » 2g it, 
* equal. Again, becauſe AB is equal to CD, and 
< is common; the two Sides AB, B C, are equal 
to the two Sides BC, CD ; but the ling # ABC is 
alſo equal to the Angle BCD; therefore the Baſe AC 
is + equal to the Baſe BD : And the Triangle ABC + , Vu. 
equal to the Triangle BCD; and the remaining An- 
gles equal to the remaining Angles, each to each, which 
ſubtend the equal Sides. Wherefore the Angle ACB 
is equal to the Angle CBD. And becauſe the Right 
Line BC, falling upon two Right Lines A C, BD, 
makes the alternate Angles ACB, BCD, equal be- 
tween themſelves; AC is 1 parallel to B D. But it t 29 of this. 
has been proved alſo to be equal to it. Therefore, two 
Right Lines, which join two equal and parallel Right 
Lines, towards the ſame Parts, are alſo equal and pa- 


rallel; which was to be demonſtrated, 
; D Defin. 


1 of ' 
o 
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Defin. A Parallelogram is a Quadrilateral Figure, each 
of whoſe oppoſite Sides are parallel. 
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PROPOSITION XXXIV. 
THEOREM. 1 


Tb. oppoſite Sides and oppoſite Angles of am Pa- 
rallelogram are equal ; and the Diameter di- 
viaes the ſame into two equal Parts. 


LE T ABCD be a Parallelogram, whoſe Diameter 

is BC. I ſay the oppolite vides and oppoſite An- 
gles are equal between themſelves, and the Diameter 
BC biſects the Parallelogram. EI 

For, becauſe AB is parallel to CD, and the Right 

Line BC falls on them, the alternate Angles A BC, 
® 29 of thin. BCD, are * equal. between themſelves; again, be- 
cauſe AC is parallel to BD, and BC falls upon them, 
the alternate Angles ACB, and CB D, are equal to 
one another. Wherefore ABC, CBD, are two Tri- 
angles, having two Angles ABC, B CA, of the one, 
equal to two Angles BCD, CBD, of the other, each 
to each ; and likewiſe one Side of the one equal to one 
Side of the other, viz, the Side BC between the equal 
Angles, which is common. T herefore the remaining 
+ 26 bin. Sides ſhall be + equal to the remaining Sides, each to 
each, and the remaining Angle to the remaining Angle. 
And ſo the Side AB is equal to the Side CD, the Side 
AC to BD, and the Angle BAC to the Angle BDC, 
And becauſe the Angle ABC is equal to the Angle 
BCD, and the Angle CBD to the Angle ACB; 
therefore the whole Angle ABD is equal to the whole 
Angle ACD: But it has been proved, that the Angle 
BAC is alſo equal to the Angle BDC. 

Wherefore, the oppoſite Sides and Angles of any Pa- 
rallelogram are equal between themſelves. 

I ſay, moreoyer, that the Diameter biſects it. For 
becauſe A B is equal to CD, and BC is common, 
the two Sides AB, B C, are each equal to the two 

Sides DC, CB; and the Angle ABC is alſo equal 
to the Angle D CB, Therefore the Baſe AC is 


t 4 of 45is, T equal to Baſe DB; and the Triangle * 


, 


2 


eee? 
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equal to the Triangle B C D. Wherefore, the Dia- 
meter BC biſects the Parallelogram AC DB; which 
was to be demonſtrated. 


PROPOSITION XXXV. 


THEOREM. 


Parallelograms conſtituted upon the ſame Baſe, 
and between the ſame Parallels, are equal be- 
tween themſelves. 


LET ABCD, EB CF, be Parallelograms con- 
ſtituted upon the ſame Baſe B C, and between 
8 ſame * AF ny. BC. * ſay, 3 Paral- 
am ABCD is to the Parall m 

EBCF. A "i 

For, becauſe ABCD is a Parallellogram, AD is 
* equal to BC; and for the ſame Reaſon EF is equal, "y 
to BC; wherefore A D ſhall be + equal to EF; but N 
DE is common. Therefore the Whole A E is equal 1 > 
to the whole DF. But AB is equal to DC; where- $. 
fore EA, AB, the two Sides of the Triangle ABE, 
are equal to the two Sides F D, DC, each to each; 
and the Angle FDC “ equal to the Angle EAB, the 
outward one to the inward one. Therefore the Baſe 
EB is 4 equal to the Baſe CF, and the Triangle EAB 
to the Triangle FDC. If the common Triangle 
DGE be taken from both, there will remain the 
Trapezium ABGD, equal to the Trapezium FCGE; 
and if the Triangle G B C, which is common, be 
added, the Parrallelogram A BC D will be equal to 
the Parallelogram EBCF. Therefore, Parallelograms 
conſlituted upon the ſame Baſe, and between the ſame 
Parallels, are equal between themſelves ; which was to 
be demonſtrated. 


* 29 of this, 
+ + of this, 
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PROPOSITION XXXVI. 


T HEOREM. 


Parallelograms conſtituted upon equal Baſes, and 
bettween the ſame Parallels, are equal between 
themſelves. 


ET the Parallelograms ABCD, EFGH, be 
— conſtituted upon the equal Baſes BC, F G, and 
between the fame Parallels AH, BG. I ſay, the 
Parallelogram ABCD is equal to the Parallelogram 
EFGH. | | | 
For join BE, CH. Then becauſe BC is “ equal 
to FG, and FG to EH; BC will be likewiſe equal 
to EH ; and A1 parallel, and BE, CH, join them. 
But two Right Lines joining Right Lines, which are 
equal and parallel, towards the ſame Parts, are + equal 
and parallel: Wherefore EBCH is a Parallelogram, and 
is t equal to the Parallelogram ; for it has the 
fame Baſe BC, and is conſtituted between the ſame 
Parallels BC, AH. For the ſame Reaſon, the Pa- 
rallelogram EFGH is equal to the fame Parallelogram 
EBCH. Therefore the Parallelogram AB CD ſhall 
be equal to the Parallelogram EFGH. And fo Paral- 
lelograms conflituted upon equal Baſes, and between the 


fame Parallels, are equal between themſelves ; which 


was to be demonſtrated. 


PROPOSITION XXXVIL 


THEOREM. 


Triangles conſtituted upon the ſame Baſe, and 
between the ſame Parallels, are equal between 
themſelves. 15 


E T the Triangles ABC, D BC, be conſtituted 
upon the ſame Baſe B C, and between the ſame 
Parallels AD, BC. I fay the Triangle ABC is 
equal to the Triangle DBC. 
For produce A D both- ways to the Points E and 
F; and through B draw * BE parallel to CA; and 

through C, CF, parallel to BD. | 
Where 


N 
75 
| 
1 
( 
* 
3 
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Wherefore both E B CA, DBC F, are Parallelo- | 
” grams ; and the Parallelogram EB CA is “ equal to * 4; of «ir, 
che Parallelogram DBCF ; for they ſtand upon the 
” ſame Baſe BC, and between the ſame Parallels BC, 
E F. But the Triangle ABC is + one half of the Pa- + 34 of cbir. 
” rallelogram EBCA, becauſe the Diameter AB biſects 

it; andthe Triangle DBC is one half of the Parallelo- 

S | m DBCF; for the Diameter D C biſects it. But 
Things that are the Halves of equal Things, are f t A. 7. 
2 
1 


equal between themſelves. Therefore the Triangle 
ABC is equal to the Triangle DB C. Wherefore, 
Triangles conſtituted upon the ſame Baſe, and between- 
the ſame Parallels, are equal between themſelves ; which 
was to be demonſtrated, 


PROPOSITION XXXVII. 


THEOREM. 


| Triangles conſtituted upon equal Baſes, and be- 
| tepeen the ſame Parallels, are equal between 
themſelves. 


LE T the Triangles ABC, DCE, be conſtituted 
upon the equal Baſes BC, CE, and between the 
| ſame Parallels BE, AD. I ſay the Triangle ABC 
is equal to Triangle DCE. | 
For, produce AD both ways to the Points G, H; 
thro'B draw * BG parallel to CA; and thro' E, EH, + 31 of «is 
parallel to DC. 
| Wherefore both GBCA, DCEH, are Paralle- 
| lograms; and the Parallelogram G BCA is + equal + 36 of this, 
do the Parallelogram D CE H: For they ſtand upon 
en —_ Baſes, BC, CE, and between the ſame Paral- 
{ lels BE, GH. But the Triangle ABC is þ one half of f 34 of «bir. 
the Parallelogram G BCA, for the Diameter A B 
biſects it; and the Triangle DC Ef is one half of 
the Parallelogram DC EH, for the Diameter DE bi- 
ſects it. But Things that are the Halves of equal 
Things, are * equal between themſelves. Therefore 4*- 7. 
the Triangle ABC is equal to the Triangle DCE. 
Wherefore, Triangles eee upon equal Baſes, and 
between the ſame Parallels, are equal between themſelves 


'# a 1 SEE ES. EG bes 


which was to be demonſtrated. 
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PROPOSITION XXX. 


THEOREM. 


Equal Triangles conſtituted upon the ſame Baſe, 
on the ſame Side, are in the ſame Parallels. 


LET ABC, DBC, be equal Triangles, conſti- 

tuted upon the ſame Baſe BC, on the ſame Side. 
F ſay they are between the ſame Parallels. For, let 
AD be drawn. I fay, AD is parallel to BC. 

* zref :hiss For, if it be not parallel, draw * the Right Line AE 
| thro* the Point A, parallel to BC, and draw EC. 
Then the Triangle ABC + is equal to the Triangle 

EBC; for it is upon the ſame Baſe BC, and between 

the ſame Parallels BC, AE. But the Triangle ABC 

t FromHyp. is T equal to the Triangle DBC. Therefore the 

Triangle DB C is alſo equal to the Triangle E BC, 
a greater to a Jeſs, which is impoſſible. Wherefore 
AE is not parallel to BC: And by the ſame way of 
reaſoning we prove, that no other Line but AD is 
parallel to BC. Therefore AD is parallel to BC. 
herefore, equal Triangles conſtituted upon the ſame 
Baſe, on the ſam? Side, are in the ſame Parallels; 
which was to be demonſtrated, » 2 


PROPOSITION XL. 


137 of this, 


THEOREM. 


Equal Triangles conſtituted upon equal Baſes, on 
the ſame Side, are betqween the ſame Parallels. 


LE T ABC, CDE. be equal Triangles, conſti- 
tuted upon equal Baſes BC; CE. I ſay, they 
are between the ſame Parallels. For, let AD be 
drawn. I fay, AD is parallel to BE. 
1 34 of this. For, if it be not, let A F be drawn * thro” A, pa- 
1 to BE, and draw FE. | 
18 „Cebu. Then the Triangle ABC is + equal to the Triangle 
TY FCE; for they „ _ equal Baſes, and 
between the ſame Parallels BE, AF. But the Tri- 
angle ABC is equal to the Triangle DCE. There 
| | ore 
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fore the Triangle DCE ſhall be equal to the Triangle 
FCE, the pom to the leſs, which is impoflible, 


Wherefore A F is not parallel to BE. And in this 
manner we demonſtrate, that no Right Line can be 
parallel to BE, but AD. Therefore AD is parallel 
to BE. And fo, equal Triangles conſtituted 1 equal 
Baſes, on the ſame Side, are between the ſame Parallels; 
which was to be demonſtrated. | 


PROPOSITION XLI. 


THEOREM. 


If a Parallelogram and a Triangle have the ſame 
| Baſe, and are between the ſame Parallels, the 
Parallelogram wwill be double to the Triangle. 


LE T the Parallelogram ABCD, and the Triangle 
EBC, have the ſame Baſe, and be between the 
ſame Parallels, BC, AE. I fay, the Parallelogram 
ABCD is double the Triangle E BC. 
For join AC, | 

Now the Triangle ABC is “* equal to the Triangle 37 ef «bis, 
EBC; for they are both conſtituted upon the ſame 
Baſe B C, and between the ſame Parallels BC, AE. 
But the Parallelogram A BCD is + double the Tri- + 34 of thit 
angle ABC, ſince the Diameter AC b ſects it. Where- 
fore likewiſe it ſhall be + double to the Triangle EBC, : 4. 6. 
V, therefore, à Parallelogram and Triangię have both 
the ſame Baſe, and are between the ſame PFrallels, the 
Parallelagram will be double the Triangle; which was 

to be demonſtrated, x | 


PROPOSITION XIII. 
THEOREM. ; 


To conflitute a Parallelogram equal to a given 
Triangle, in an Augle equal tg a given Right- 
_ lined Angle. | 
LE T the given Triangle be ABC, and the Right- 
> Angle D. It is required to conſtitute a 
arallelogram equal to the given Triangle ABC, in a 
Right-lin'd An e equal 10 B. 7 * 7 
__ D 4 BiſeR | 
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10 h Biſect “ BC in E, join AE, and at the Point E, in 
123 ef this. the Right Line E C, conſtitute + an Angle CE F 
1 31 of «his. equal to D. Alſo draw + AG thro' A, parallel to EC, 
and thro' C the Right Line CG, parallel to FE. 
Now FECG is a Parallelogram: And becauſe 
* 33 of ebir. BE is equal to EC, the Triangle ABE ſhall be * equal 
to the Tri AEC; for they ſtand upon equal 
Baſes BE, E C, and are between the ſame Parallels 
BC, AG. Wherefore the Triangle ABC is double 
to the Triangle AEC. But the Parallelogram FECG 
Þ+ 47 of this. is alſo + double to the Triangle AEC; for it has the 
ſame Baſe, and is between the ſame Parallels. There- 
fore the Parallelogram FECG is equal to the Trian- 
cle ABC, and has the Angle CEF equal to the An- 
gle D. Wherefore, the Parallelagram FECG is con- 
Niituted equal to the given Triangle ABC, in an Angle 
CEF equal to a given Angle D; which was to be done. 


PROPOSITION XIII. 


THEOREM. 


In every Parallelogram, the Complements of the 
Parallelograms, that ſtand about the Diameter, 
are equal between themſelves. 


LE T ABCD be a Parallelogram, whoſe Diameter 
is DB; and let FH, EG, be Parallelograms 
ſtanding about the Diameter BD. Now AK, KC, 
are called the Complements of them: I ſay, the Com- 
plement AK is equal to the Complement K C. 
For fince ABCD is a Parallelogram, and BD is 
34 7 this. the Diameter thereof, the Triangle ABD * is equal 
to the Triangle BDC. Again, becauſe HK FD is 
a Parallelogram, whoſe Diameter is DK, the Trian- 
HDK thall “ be equal to the Triangle DFK ;-and 
or the ſame Reaſon the Triangle K BG is equal to 
the Triangle K E B. But ſince the Triangle BEK is 
equal to the Triangle BG K, and the Triangle HDK 
to DF K; the Triangle B E K, together with the 
Triangle HDK, is equal to the Triangle BG K, to- 
gether with the Triangle DFE. But the whole Tri- 
angle ABD is likewiſe equal to the whole Triangle 
| df 0 1 
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BDC. Wherefore the Complement remaining, AK, 
will be equal to the remaining Complement EC. 
Therefore, in every Parallelogram, the Complements of 
the Parallelograms that ſtand about the Diameter, are 
equal between themſelves ; which was to be demon- 


PROPOSITION XLIV. 


PROBLEM. 


To apply. a Parallelogram to a given Right Lines 

equal to a given Triangle, in a given Right- 

lin'd Angle. h | 
LET the Right Line given be AB, the given Tri- 

angle C, and the given Ri N Angle D. It 

is required to the given Right Line AB, to apply a 
Parallelogram equal to the given Triangle C, in an 
Angle equal to D. 

Make the Parallelogram DEFG equal to the * Tri- 42 ef this. 
angle C, in the An BG. equal to D. Place BE in 
a ſtrait Line with AB, and produce FG to H, and thro” 
A let 17 be drawn + F arallel to either GB, or FE, and + 31 bi 

in HB. | | 
1 Now becauſe the Right Line HF falls on the Pa- 
rallels AH, EF, the Angles AHF, HFE, are ꝓ equal 1 29 7 bu. 
to two Right Angles. And ſo BHF, H FE, are leſs than 
two Right Angles; but Right Lines making leſs than 
two Right Angles, with a third Line, being infinitely 

roduced, will meet “ each other. Wherefore HB, Ax. 12. 

FE, produced, will meet each other; which let be in 
K, thro* which * draw KL parallel to EA, or FH, and * x: of thir. 
produce AH, GB, to the Points L and M. 

Therefore HLK F is a Parallelogram, whoſe Dia- 
meter is HK; and AG, ME, are Parallelograms , 1 


about HK; whereof LB, BF are the Complements, 
Therefore LB is + equal to BF. But BF is alſo f 43 /. 
equal to the Triangle C. Wherefore likewiſe LB hall 

be equal to the Triangle C; and becauſe the Angle 

GBE is ꝑ equal to the Angle ABM, and alſo equal to f 15 of bir. 
the Angle D, the Angle ABM ſhall be equal to the 

Angle D Therefore, to the given Right Line AB is 

opplied a Parallelogram, equal to the given Triangle C, 

and the Angle ABM, equal to the given Angle D; which 


* 
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4 PROPOSITION XLV. 
PROBLEM. 


To make a Parallelogram equal to a given Right- 
lin d Figure, in a given Right-lin'd Angle. 


E T ABCD be the given Right-lined Figur® 
and E the Ri ht-lined Angle given. It is re” 
quired to make a 3 equal to the Right- 
lined Figure ABC, in an Angle equal to E. 
„ 42 of thi, Let 58 be joined, and make * the Parallel 
FH equal to the Triangle ADB, in an Angle HKE, 
equal to the given Angle E. 
+44 of this, Then to the Right Line GH apply + the Paralle- 
logram GM, equal to the Triangle DBC in an 
Angle GHM, equal to the Angle E. 
Now, 23 the Angle E is equal to HK F, or 
GHM, the Angle H ſhall be equal to GH M, 
add KHG to both; and the Angles HK F, KHG, 
are, to „equal to the Angles KHG, GHM. 
t bi. But HK F, KHG, are g, together, equal, to two Right 
Angles. Wherefore, likewiſe, the Angles KHG, 
GHM, ſhall be equal to two Right Angles: And 
ſo, at the given Point H in the Right Line GH, two 
Right Lines KH, HM, not drawn on the ſame Side, 
make the adjacent Angles, both together, equal to 
* 14 of this. two Right 4 les; and conſequently KH, HM *, 
make one ſtrait Line. And becauſe the Right Line 
HG falls upon the Parallels KM, FG, the alternate 
Angles MHG, HGF, are t equal. And if HGL 
be added to both, the Angles MHG, HGL, toge- 
ther, are equal to the Angles HGF, HGL, together. 
* 29of bl. But the Angles MHG, H(GL, are * together equal 
to two Right Angles, Wheretore, likewiſe, the An- 
gles HGE, HGL, are together equal to two Right 
Fo ; and fo, FG, GL, make one ftrait Line. 
And ſince KF is equal and parallel to HG, as like- 
+ 30 of this. wiſe HG to ML, KF, ſhall be t equal and parallel 
ROT to ML, and the Right Lines KM, FL, join them. 
t 33 Th. Wherefore KM, FL, are t equal and parallel. There- 
fore KFLM is a Parallelogram. But ſince the Tri- 
angle ABD is equal to the Parallelogram HF, 2 
- JEM 5 8 
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the Triangle DBC to the Parallelogram GM; there- 

fore the whole Right-lined Figure ABCD will be equal 

to the whole Parallelogram KEFLM, Therefore, the 

Parallelogram K.FLM is made equal to the given Right- 

lined Figure ABC, in an Angle FKM, equal to the 
' + given Angle E; which was to be done. 


Coroll. It is manifeſt from what has been ſaid, how to 
apply a ooo ug to a given Right Line, equal 
m a given Right-lined Figure in a given Right-lined | 

gle. . 


PROPOSITION XLVI. 


PROBLEM. 
To deſcribe a Square upon a given Right Line. 


JET AB be the Right Line given, upon which it 
is required to deſcribe a Square, X | 
Draw * AC at Right Angles to AB from the Point xr of ic. 
A given therein; make + AD equal to AB, and thro' + 3 ef ebir, 
the Point D draw t DE parallel to AB; alſo thro' * i1 of this. 
B draw BE parallel to AD. 
Then ADEB is a Parallelogram; and fo AB“ is“ 34 ef «hiv. 
equal to DE, and AB to BE. But BA is equal to 
AD. Therefore the four Sides BA, AD, BE, ED, are 
equal to each other. 
And fo the Parallelogram ADEB is equilateral : 
I fay, it is likewiſe equiangular. For, becauſe the Right 
Line AD falls upon the Parallels AB, DE, the An- 
es BAD, ADE, are + equal to two Right Angles, f 2 Telit. 
ut BAD is a Right Angle: Wherefore ADE is 
| alſo a Right Angle; but the oppoſite Sides and oppo- - 
| | fite Angles of Parallelograms are t equal. Therefore Þ 34 bit. 
each of the oppoſite Angles ABE, BED, are Right 
| Angles; and aa ADBE is a ReQangle: 
| But it has been proved to bo equilateral. Therefore, 
it 1s neceſſarily a * Square, and is deſcribed upon the * Def. 30. 
Kight Line AB; which was to be done. 


Coroll. Hence every Parallelogram, that has one Right 
Angle, is a Rectangle. 


PR O- 


44 Euclids ExxmenTs. Book I. 
PROPOSITION XLVIL 


THEOREM. 


In any Rig gb. ang led Triangle, the Square _ 
upon . Side ſubtending the Right Angle, is 
equal to both the Squares, deſcribed upon the 
Sides, containing the Right Angle. 


LET ABC be a Right-angled Triangle, having 

the Right Angle BAC. ſay, the Square, de- 
ſcribed upon "the Right Line BC, is equal th both the 

| Squares, deſcribed upon the Sides BA, AC. 

* 46of thi, For, deſcribe ® upon BC the Square BDEC, and 
on BA, AC the 3 GB, HC; and thro' the 

31 of bi. Point A draw AL parallel to BD, or CE ; and let 
AD, FC, be joined. 

+ Def. 30. Then, becauſe the Angle BAC, BAG, + are Right 
ones, two Right Lines AG, AC, at the given Point 
A, in the Right Line BA, being on contrary Sides 
thereof, making the adjacent Angles equal to two R'ght 


£14 of this. An gles. Therefore CA, AG, make f one ftrait 


Line, by the ſame Reaſon AB, AH, make one ftrait 

2 And ſince the Angle BBC is equal to the 

e FBA, for each of them is a Right ane, add 

AB a which is common, and the whole Angle 

* Ax,2 DBA is “ equal to the whole Angle FBC. And 
ſince the two Sides AB, BD are equal to the two 

Sides FB, BC, each to 'each, and the Angle DBA 


s of this. equal to 'the Ang le FBC; the Baſe AD will be by 


equal to the Baſe FC, and the Triangle ABD equal 
to the Triangle F BC: But the Pere l, 


41 of this. jg 1 7 double to the Triangle ABD; for. they have the 


ſame Baſe DB, and are between the ſame Parallels 
BD, AL. The Square GB is | alſo double to the 
Triangle FBC] for they have the ſame Baſe FB, 
and are in the ſame: Parallels FB, GC. But Things 
A.. that are the Doubles of equal Things, are * equal to 
each other. Therefore the Parallelogram BL is equal 
to the Square GB. After the ſame manner, AF, 
B, being joined, we prove that the Parallelogram 
CL is equal to the Square HE, Therefore the whole 
Square BDEC is equal to the two Squares GB, HC. 
But the Square BDEC is diſcribed on the Right foo 
| 1 
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BC, and the Squares GB, HC, on BA, AC. There- 
fore the Square BE, deſcribed on the Side BC, is equal 
to the Squares deſcribed on the Sides BA, AC. Where- 
ſore, in any Right-angled Triangle, the Square deſcribed 


upon the Side, ſubtendirg the Right Angle, is equal to both 


the Squares deſcribed upon the Sides, containing the Right 
Angle; which was to be demonſtrated. Hg 


"PROPOSITION XVII. 
THEOREM. 

If a Square deſcribed upon one Side of a Triangle, 
be equal to the Squares, deſcribed upon the other 
teuo Sides of the ſaid Triangle; then, the Angle 
contained by thoſe two other Sidesis a Right Angle. 


F the Square, deſcribed upon the Side BC of the 
Triangle ABC, be equal to the Squares, deſcribed 


upon the other two Sides of the Triangle BA, AC; ; 


1 ſay, the Angle BAC is a Right one. 

or, let there be drawn A from the Point A, at 
Right Angles, to AC; Likewiſe make AD equal to 
BA, and join DC. | | 


Then, becauſe DA is equal to AB, the Square de- 


ſcribed on DA will be equal to the Square deſcribed 
on AB. And adding the common Square deſcribed 


on AC, the Squares deſcribed on DA, AC, are equal 


to the Squares deſcribed on BA, AC. But the Square 
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deſcribed on DC is * equal to the Squares deſcribed * 47 of thir. 


on DA, AC; for DAC is a Right Angle: But the 
Square on BC is put equal to the Squares on BA, AC. 
Therefore the Square deſcribed on DC is equal to 
the Square deſcribed on BC; and fo the Side CD is 
equal to the Side CB. And becauſe DA is equal to 
AB, and AC is common, the two Sides DA, AC, are 
equal to the two Sides BA, AC; and the Baſe DC is 
equal to the Baſe CB. Therefore the Angle DAC is 


t equal to the Angle BAC; but DAC is a Right An- t 8 of bis. 


gle; and ſo BAC will be a Right Angle alſo. /, 
therefore, a Square deſcribed upon one Side of a Tri- 
angle, be equal to the Squares, deſcribed upon the other tꝛuo 
Sides of the ſaid Triangle, then the Angle, contained by 
theſe two other Sides, is a Right Angle; which was to 
be demonſtrated, 
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DEFINITIONS. 


I. E VERY Right-angled Parallelogram tis 
ſaid to be contained under two Right Lines, 
„ a Right Angle. 


II. In every Parallelogram, either of thoſe Pa- 
rallelograms, that are about the Diameter, to- 
gether with the Complements, is called a Gno- 
Non. 


PR O- 
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PROPOSITION I. 


THEOREM. 


If there be two Right Lines, and one of them be 
divided into any Number of Parts; the Rest- 
angle comprebended under the whole Line and 
the divided Line, ſhall be equal to all the Ret#- 
angles contained under the whole Line, and the 
ſeveral Segments of the divided Line. 


BC is cut or divided any-how in the Points D, 
E. I fay, the Rectangle contained under the 
Right Lines A and B C, is equal to the Rectangles 
1 under A and BD, A and DE, and A and 


2 T A and BC be two Right Lines, whereof 


For, let * BF be drawn from the Point B, at Right, ,, , 


Angles, to BC; and make + BG equal to A; and let 


t GH be drawn thro' G parallel to BC: Likewiſe let x 


t there be drawn DK, EL, CH, thro' D, E, C, paral- 
lel to B G. | 
Then the Rectangle BH, is equal to the Rectangles 
BK, DL, and EH; but the Rectangle BH is that con- 
tained under A and BC; for it is contained under GB, 
BC; and GB is equal to A; and the Rectangle BE is 
that coatained under A*and BD; for it is contained 
under G B and BD; and GB is equal to A; and the 
Rectangle DL is that contained under A and DE, be- 
cauſe D K, that is, BG, is equal to A: So likewiſe 


the Rectangle EH is that contained under A and EC. 


Therefore the Rectangle under A and BC is equal to 
the Rectangles under A and BD, A and DE, and A 
and EC. Therefore, if there be two Right Lines given, 
and one of them be divided into any Number of | Jar 
the Reftangle comprebended unde the whole Line and the 
divide Line, ſball be equal to all the Rectangles contained 
under the whole Line, and the ſeveral Segments of the 


«vided Line; which was to be demonſtrated, 
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PROPOSITION u. 


| THroRnEM. 
If a Right Line be any-how divided, the Refar 


of the Segments, or Parts, are equal to the 
Square of the whole Line. 2 | 


E T the Right Line AB be any-how divided in the 

Point C. I fay, the Rectangle contained under 

AB and BC, together with that contained under AB 
and AC, is equal to the Square made on AB. 

For let the Square A D E B be deſcribed * on AB 
and thro* C let C F be drawn parallel to A D or BE, 
Therefore AE is equal to the Rectangles AF and CE. 
But A E is a Square deſcribed upon AB; and AF is 
the Rectangle contained under BA and AC; for it is 
contained under DA and AC, whereof AD is equal to 
AB; and the Rectangle CE is contained under AB and 
BC, ſince BE is _ to AB. Wherefore the Rectangle 
under AB and AC, together with the Rectangle — » 
AB and BC, is equal to the Square of AB. There- 


fore, if a Right Line be any-how divided, the Rettangles 
contained under the whole Line, and each of the Segments, 


or Parts, are equal to the Square of the whole Line; 
which was to be demonſtrated. 


PROPOSITION II. 


* 


THEOREM. 


If a Right Line be any-how cut, the Refanglt 
contained under the whole Line, and one of its 
Parts, is equal to rhe Rectangle contained under 
the two Parts, together with the Square of 
the firſt-mentioned Part, 9 


E T the Ri ht Line AB be any-how cut in the 
Point C. I ſay, the Rectangle under A B and 
BC is equal to the Rectangle under AC and BC, to- 


gether with the Square deſcribed on BC. 1 
| or 


gles contained under the whole Line, and each 
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For deſcribe * the Square CDEB upon BC; pro- * 46: 1. 
duce ED to F; and let AF be drawn + thro A, pa- T3 4 
rallel to CD or BE. 
Then the Rectangle A E ſhall be equal to the two 
Rectangles AD, CE: And the Rectangle AE is that 
contained under A B and BC; for it is contained un- 
der AB and BE, whereof BE is equal to BC: And 
the R le AD is that contained under AC and 
CB, ſince D C is equal to CB: And D is a Square 
deſcribed upon B C. Wherefore the Rectangle under 
A B and B C is equal to the Rectangle under A C and e 
CB, together with the Square deſcribed upon B C. 
Therefore, if a Right Line be any-how cut, the Reft>._ A 
angle contained under the whole Line, and one of its' 
Parts, is equal to the Rectangle contained under the two 
Parts, together with the Square of the fir/t-mentioned 
Part; which was to be demonſtrated, 


PROPOSITION IV. , 


THEOREM, 


If a Righ Line be-any-how cut, the Square which 
is made on the whole Line, will be equal to the 
Squares made on the Segments thereof, together 
with twice the Reftanple contained under the 
Segments. * 

E F the Right Line A B be any-how cut in C. 
I fay, the | Ba made on AB is equal to the 

Squares of AC, CB, together with twice the Rect- 

angle contained under A C, CB. x 
For e deſcribe the Square A DE B upon AB, join . 46. 1. 

} BD, and thro' C draw + CGF parallel to AD or BE 3+ 31. 16 

and alſo thro' G draw HE parallel to AB or DE. 

Then, becauſe CF is parallel to AD, and BD falls 

r upon them, the outward Angle BGC ſhall be + equal 29. 1, 

f to the inward and oppoſite Angle ADB; but the 

| Angle ADB is “ equal to the Angle ABD, fince the .. 


5. Is 


%. 


Side B A is equal to the Side AD, Wherefore the 
1e Angle CGB is equal to the Angle GBC; and fo the . 
id Side BC equal + to the Side CG; but likewiſe the 1 6.1. 
o- Side CB is ꝓ equal to the Side G K, and the Side C G 14. 1. 
to BK. Therefore GK * to KB, and C(GKB 


50 


＋ 29. 1. 


134. 1+ 


43. 1. 


Euclid's ELEMENTS. Book II. 


is equilateral, I fay, it is alſo Right-angled ; for, be- 
cauſe CG is parallel to BK, and CB falls on them, 
the Angles K BC, G CB, are equal to two Right 
Angles. But K BC is a Right Angle. Wherefore 
G Ch alſo is a Right Angle, and the oppolite Angles 
CGK, GK B, ſhall be Right Angles. Therefore 
CGKB is a Rectangle. But it has been proved to be 
equilateral. "Therefore CGKB is a Square deſcribed 
upon BC. For the fame Reaſon HF is alſo a Square 
made upon HG, and (becauſe HG is equal to AC +) 
it is equal'to the Square of AC. Wherefore HF and 
CK are the Squares of AC and CB. And, becauſe 
the Rectangle AG is * equal to the Rectangle GE, and 


A is that which is contained under AC and CB; for 


GC is equal to CB; therefore GE ſhall be equal to 
the Rectangle under AC, and CB. Wherefore the 
ReQtangles A G, and GE, are equal to twice the Rect- 
angle contained under AC and CB; and HF and CK, 
are the Squares of AC, CB. Therefore the four Fi- 
ures HF, CK, AG, GE, are equal to the Squares of 
AC and CB, with twice the Rectangle contained un- 
der AC and CB. But HF, CK, AG, GE, make up 
the whole Square of AB, viz. ADEB. Therefore the 
Square of A B is equal to the Squares of AC and CB, 
together with twice the Rectangle contained under AC 
and CB. Wherefore, if à Right Line be any-how cut, 
the Square which is made on the whole Line, will be equal 
to the Squares made on the Segments thereof, together 
with twice the Rectangle contianed under the Segment; 
which was to be demonſtrated. 
Coroll. Hence it is manifeſt, that the Parallelograms 
which ſtand about the Diameter of a Square, are 
likewiſe Squares. 


— 
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PROPOSITION V. 
THEOREM. 


If a Right Line be cut into two equal Parts, and 
into two unequal ones; the Rectangle under the 
unequal Parts, together with the Square that is 
made of the intermediate Diſtance, is equal to 
the Square made of half the Line. 


ET any Right Line AB be cut into two equal 

Parts in C. and into two unequal Parts in D. I 
ſay, the Rectangle contained under AD, and DB, to- 
728 with the Square of CD, is equal to the Square 
of BC. | | 


For + deſcribe CEFB, the Square of BC; draw BE, 46. 
and thro D draw * DHG, parallel to CE, or BF; and-»,,, 1. 


thro* H draw K LO, parallel to CB, or EF; and AK 
thro* A, parallel to CL, or BO. | 


Now the Complement CH is t equal to the Com- t 43: 1. 


plement HF, Add DO, which is common to both of 
them, and the whole C O is equal to the whole DF: 
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But CO is equal to AL, becauſe AC is equal to CB; + 36. 1. 


therefore AL is equal to DF; and, adding CH, which 
is common, the whole A H ſhall be equal to FD, DL, 
together. But AH is the ReQangle contained under 


AD, and DB; for DH is * equal to DB, and F D, C. 4. f 


DL, is the Gnomon MNX}; therefore MNX is equal %. 
to the Rectangle contained under AD, and DB; and 
if LG, being common, and equal to the Square of CD, 
be added, then the Gnomon MN X, and LG, are equal 
to the Rectangle contained under AD, and DB, toge- 
ther with the Square of CD; but the Gnomon, MNX, 
and LG, make up the whole Square CEFB, viz. the 
Square of CB. Therefore the Rectangle under AD, 
and DB, together with the Square of CD, is equal to 
the Square of CB. Wherefore, if a Right Line be cut 
into two equal Parts, and into two unegual ones; the 
Rectangle under the unequal Parts, together with the 
Square that is made of the intermediate Diſiance, is equal 
to the Square made of half the Line; which was to be 
demonttrated. | 

E 2 P.R O- 
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PROPOSITION. VL 


THEOREM. 


If a Right Line be divided into two equal Parts, 
and another Right Line be added directly to the 
ſame, the Reftangle contained under | the Line 
compounded of] the whole and added Line (taken 
as one Line) and the added Line, together with 
the Square of half the firſt Line, is equal to the 
Square of [the Line compounded of | balf the 

- Line and the added Line, taken as one Line. + 
E T the Right Line AB be biſected in the Point 
C, and BD added directly thereto. I ſay, the 
Rectangle under A D, and BD, together with the 

Square of B C, is equal to the Square of C D. 

For, deſcribe * CEF D, the Square of CD, and 
join DE; draw + BH G thro” B, parallel to CE, or 
DF, and KLM thro' H, parallel to AD, or EF, as 


_ alſo AK thro A, parallel to CL, or DM. 


Then, becauſe AC is equal to CB, the Rectangle 


AL ſhall be t equal to the Rectangle C H; but C 


is * equal to HF. Therefore A L will be equal to 
HF; and adding CM, which is common to both, 
then the whole Rectangle AM is equal to the 
Gnomon NXO. But AM is that ReQangle which is 
contained under AD, and DB; for DM is + equal to 


DB; therefore the Gnomon NX O is equal to 


the Rectangle under AD, and DB. Add LG, 
which is common viz. 4 the Square of CB; 
and then the Rectangle under AD, D B, together 
with the Square of B C, is equal to the Gnomon 
NX O with LG. But the Gnomon NX O, and 
L G, together, make up the Figure CEF D, that 
is, the Square of C D. Therefore the Rectangle un- 


der A D, and DB, together with the Square of 


BC, is equal to the Square of CD. Therefore, if 
a Right Line be divided into two equal Parts, and 
another Right Line be added directly to the ſame, the 
Rettangle contained under [the Line compounded o] the 
whole and added Line (taken as one Line), and the 

| added 
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added Line, together with the Square of half the firſt 
| Line, is equal to the Square of ¶ the Line compounded of ] 
| half the Line and the added Line, taken as one Line; 
which was to be demonſtrated. 


PROPOSITION VIL 


= 


THEOREM. 


If a Right Line be any bow cut, the Square of 
the whole Line, together with the Square of one 
of the Segments, is equal to double the Rectan- 
gle contained under the whole Line, and the ſaid 
Segment, together with the Square made of the 
other Segment, 


LET the Right Line AB be any-how cut in the 

Point C. I fay, the Squares of AB, and BC, to- 
gether, are equal to double the Rectangle contained 
under AB, and BC, together with the Square, made of 
AC. | | 
For let the Square of AB be“ deſcribed, viz. 46. r. 
ADEB, and conſtruct & the Figure. 

Then, becauſe the Rectangle AG is + equal to the + 43. 1. 

Rectangle GE; if CF, which is common, be added to 
both, the whole Rectangle AF ſhall be equal to the 
whole Rectangle CE; and ſo the Rectangles AF, CE, 
taken together, are double to the Rectangle AF; but 
AF, CE, make up the Gnomon KLM, and the Square 
CF. Therefore the Gnomon KLM, together with 
the Square C F, ſhall be double to the Rectangle AB. 
But double the Rectangle under AB, and BC, is double | 
the Rectangle AF; for BF is t equal to BC. There- f Cor. 4. 
fore the Gnomon KLM, and he e CF, are equal 
to twice the Rectangle contained under AB, and BC. 
And if HF, which is common, being the Square of 
AC, be added to both; then the Gnomon KLM, and 
the Squares CF, HF, are equal to double the ReQangle 


$ A Figure is ſaid to be conſtructed, wyben Lines drawn in a Paral- 
leligram, parallel to the Sides thereof, cut the Diameter in one Point, and 
make teu Parallelograms about the Diameter, and two Complements. So 
likewiſe a double Figure is ſaid to be confirufted, when tao Right Lines, 
rallel to the Sides, make four Parallehgrams about the Diameter, and 


Complements, : | 
"2 contained 
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contained under AB, and BC, together with the Square 


of AC. But the Gnomon KLM, together with the 
Squares CF, HF, are equal to AD EB, and CF, viz. 


the Squares of AB, BC. Therefore the Squares of 
AB, and BC, are together equal to double the Rect- 
angle contained under AB, and BC, together with the 
Square of AC: Therefore, if a Right Line be any-hozw 
eut, the Square of the whole Line, together with the 
Square of one of the Segments, is equal to double the Rect- 
angle containgd under the-whole Line, and the ſaid Seg- 
ment, together with the Square, made of the other Seg- 
ment; which was to be demonſtrated. 


PROPOSITION VII, 


THEOREM. 


If a Right Line be any-how cut into two Parts, 
four times the Rectangle, contained under the 
whole Line, and one of the Parts, together with 
the Square of the other Part, is equal to the 
Square of [the Line compounded of | the whole 
Line and the firſt Part, taken as one Line. 


ET the Right Line AB be cut any-how in C. I 

' ſay, four Times the Rectangle contained under 
AB, and BC, together with the Square of AC, is equal 
to the Square of AB, and BC, taken as one Line, 

For, let the Right Line AB be produced to D, ſo 
that BD be equal to BC; deſcribe the Square AEFD, 
on AD and conſtruct the double Figure. 

Now, ſince CB is“ equal to BD, and alſo to + GK, 
and BD is equal to KN; therefore GK ſhall be like- 


wiſe equal to KN: By the ſame Reaſoning, PR is 


equal to RO. And ſince CB is equal to BD, and GK 
to KN, the Rectangle CK will 4 be equal to the Rect- 
angle BN, and the Rectangle GR to the Rectangle 
RN. But CK is || equal to RN; for they are the 
Complements of the Parallelogram CO, Therefore 
BN is equal to GR, and the four Squares BN, CK, 
GR, RN, are equal to each other; and ſo they are 
together quadruple CK. Again, becauſe CB is equal 
to BD, and BD to EK, that is, equal to CG; and he 
ſai 


* 
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ſaid CB is equal alſo to GK, that is, to GP; therefore 
CG ſhall be equal to GP. But PR is equal to RO ; 
therefore the Rectangle AG ſhall be equal to the Rect- 
angle MP and the Rectangle PL equal to RF. But 
MP is equal to PL; for they are the complements of 


21 


the Parallelogram ML. Wherefore AG is equal alſo 


toRF. Therefore the four Parellelograms AG, MP, 
PL, RF, are equal to each other, and accordingly the 
are together quadruple of AG. But it has been 1 
that the four Squares CK, BN, GR. RN, are quad- 
ruple of CK. Therefore the four Rectangles, and the 
four Squares, making up the Gnomon 8 IV, are toge- 
ther quadruple of AK; and becauſe AK is a Rectangle 
contained under AB, and BC, for BK is equal to BC; 
therefore four times the Rectangle under AB and BC 
will be quadruple of AK. But the Gnomon STY has 
been proved to be quadruple of AK. And fo four times 
the ReCtangle contained under AB, and BC, is equal 
to the Gnomon STV. And if XH, being equal to 
+ the Square of AC, which is common, be added to 
both; then four times the Rectangle contained under 
AB, and BC, together with the Square of AC, is equal 
to the Gnomon STY, and the Square XH. But the 
Gnomon STV and XH make AE F D, the whole 
Square of AD. Therefore four times the Rectangle 
contained under AB, and BC, together with the Square 
of A C, is equal to the Square of A D, that is, of A B 
and BC taken as one Line. Wherefore, if a Right 
Line be any-how cut into tuo Parts, four times the Rect- 
angle contained under the whole Line, and one of the Parts, 
together with the Square of the other Part, is equal to the 
Square of | the Line compounded of] the whole Line and 
the firſt Part, taken as one Line; which was to be de- 
monſtrated. 
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PROPOSITION IX. 


THEOREM. : 


If a Right Line be any-how cut into two equal, 
and two unequal Parts; then the Squares of 
the unequal Parts, together, are double to the 
Square of the half Line, and the Square of the 
intermediate Part. | 


LTI any Right Line A B be cut unequally in D, 
— and equally in C. I ay. the Squares of AD, DB, 
together are double to the Squares of AC and CD to- 
ether. 
K For, let * CE be drawn from the Point C at Right 
Angles to AB, which make equal to AC, or CB; and 
join EA, EB. Alſo thro' D let DF be drawn paral- 
lel to CE, and FG thro F parallel to AB, and draw 
AF. 

Now, becauſe AC is equal to CE, the Angle EAC 
will be equal to the Angle AEC; and ſince the Angle 
at C is a Right one, the other Angles, AEC, EAC, 
together, ſhall * make one Right Angle, and are equal 
to each other: And fo AEC, EAC, are cach equal to 
half a Right Angle. For the ſame Reaſons are alſo 
CEB, EBC, each of them half a Right Angle. There- 
fore the whole Angle AEB is a Right Angle. And 
ſince the Angle GEF is half a Right one, and EGF is 
a Right TEND for it is + equal to the inward and op- 
polite Angle ECB; the other Angle EFG will be alſo 
equal to half 2 Right one. Therefore theAngle GEF 
is equal to the Angle EFG. And ſo the Side EG is t 
equal to the Side GF. Again, becauſe the Angle at B 
is halfa Right one, and FDB is a Right one, becauſe 
equal to the inward and oppoſite Angle ECB. the other 
Angle BFD will be half a Right Angle. Therefore 
the Angle at B is equal to the Angle BFD; and fo the 
Side Dif is equal to the Side DB. And becauſe NC is 
equal to CE, the Square of AC will be equal to the 
Square of CE, Therefore the Squares of AC, and CE, 
together, are double to the Square of AC; but the 
Square of E A is + equal to the Squares of AC, and 

| CE, 
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CE, together, ſinee ACE is a Right Angle. Therefore 
the Square of E A is double to the Square of A C. 
Again, becauſe EG is equal to GF, and the Square 
of EG is equal to the Square of G F; therefore the 
Squares of EG, GF, together are double to the Square 


= 


of GF. But the Square of EF is + equal to the Squares 7 47. 7. 


of EG, GF. Therefore the Square of EF is double 


the Square of GF: But GF is equal to CD; and ſo 


the Square of EF is double to the Square of CD. But 
the Square of AE is likewiſe double to the Square of 


AC. Wherefore the Squares of AE, and EF, are 


double to the Squares of AC, and CD. But the Square 
of AF is + equal to the Squares of AE, and EF; be- 
cauſe the Angle ALF is a Right Angle, and conſe- 
quently the Square of AF is double to the Squares of 
AC, and CD. But the Squares of AD, and DF, are 
equal to the Square of AF: For the Angle at D is a 
Right Angle. Therefore the Squares of AD, and DF, 
together, ſhall be double to the Squares of A C, and 
CD. together. But DF is equal to DB, Therefore 
the Squares of AD, and DB, together, will be double 
to the Squares of AC, and CD, together. Wherefore, 
if a Right Line be any-how cut mto two equal, and two 
unequal Parts; then the Squares of the unequal Parts 
together, are double to the Squares of the half Line, and 
the Squares of the intemediate Parts; which was to be 
demonſtrated. 


PROPOSITIONX. 
THEOREM 
\ 
If a Right Line be cut into two equal Parts, and to 
it be direttly added another; the Square made on 
[the Line compounded of | the whole Line, and 


. the added one, together with the Square of the 
added Line, ſhall be double to the Square of the 


half Line, and the Square of | that Line which is 


compounded of] the half, and the added Line. 


E F the Right Line AB be biſected in C, and any 
ſtrait Line BD added directly thereto. I ſay, the 
Squares of AD, and DB, together, are double to the 
Squares of AC, and CD, together. For, 


* 


Ar. 12. 
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For, draw * CE from the Point C at Right Angles 
to AB, which make equal to AC, or CB; and draw 
AE, EB; likewiſe thro' E let EF be + drawn parallel 
to AD, and thro* D, DF + parallel to CK. 

Then, becauſe the Right Line E F falls upon the 


Parallels EC, FD, the Angles CE, EF D, are t __ 
> 


to two Right Angles. "Therefore the Angles F 
EF, are together leſs than two Right Angles. But 
Right Lines making, with a third 2 ngles to⸗ 
gether leſs than two Night Angles, being infinitely pro- 
duced, will meet. Wherefore EB, FD, wax < we 
will meet towards BD. Now let them be produced, 
and meet each other in the Point G, and let AG be 
drawn. | | 
And then, becauſe AC is equa] to CE, the Angle 
AEC will be equal to the Angle EAC: But the 


Angle at C is a Right Angle. Therefore the Angle 


EAC, or AEC, is half a Right one. By the ſame 
way of Reaſoning, the Angle CEB, or EBC, is half 
a Right one. Therefore AEB is a Right Angle. 
And ſince EBC is half a Right Angle, DBG will + alſo 
be half a Right Angle, ſince it is vertical to EB C. 
But BDG is a Right Anglealſo; for it is* equal to 
the alternate Angle DCE. Therefore the remaining 
Angle DGB is half a Right Angle, and ſo equal to 
DBG. Wherefore the Side B D is + equal to the 
Side DG. Again, becauſe EGF is half a Right 
Angle, and the Angle at F is a Right Angle, for it is 
equal * to the oppoſite Angle at C; the remaining 
Angle FEG will be alſo half a Right one, and is equal 
to the Angle EGF; and fo the Side G F is + equal 
to the Side EF, And fince EC is equal to CA, and 


the Square of EC equal to the Square of CA ; - there- 


fore the Squares of EC, CA, together, are double to 
the Square of CA. But the Square of EA is ꝓ equal 


to the Squares of EC and CA. Wherefore the Square 


of E A is double to the Square of AC. Again, be- 
cauſe G F is equal to FE, the Square of GF allo is 


equa! to the Square of FE, Wherefore the Squares 


of G F and FE are double to the Square of FE. But 
the Square of EG is Þ equal to the Squares of GF, FE. 
Therefore the Square of E G is double to the Square 
of EF: Bit E bis equal to CD. Wherefore the 
Square of E G ſhall be double to the Square of On 
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But the Square of EA has been proved to be double to 
the Square of AC. Therefore the Squares of AE and 
EG are double the Squares of AC and CD. But the 
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Square of AG is + equal to the Squares of AE and EG, +. 1. 


for the Angle (AEB or) AEG has been proved to be 
Right; and conſequently the Square of AG is double 
to the Squares of AC, and CD. But the Squares of 
AD, and DG, are + equal to the Square of AG. There- 
fore the Squares of AD, and DG, are double to the 
Squares of AC, and CD. But DG is equal to D B. 
Wherefore the Squares of AD, and DB, are double to 
the Squares of AC, and CD. Therefore, if a Right 
Line be cut into two equal Parts, and to it be directly 
added another; the Square made onthe Line compounded 
95 the whole Line, and the added one, together with the 

quare of the added Line, ſhall be double to the Square of 
the half Line, and the Square of [that Line which 1s 
compounded of] the bas and the added Line; which 
was to be demonſtrated. 


PROPOSITION XI. 
PROBLEM, 


To cut a given Right Line ſo, that the Rectangle 
contained under the whole Line and one Segment, 
ſhall be equal to the Square of the other Segment. 


LE T AB be a given Right Line, It is required to 

cut the ſame fo, that the Rectangle contained 
under the Whole, and one Segment thereof, be equal 
to the Square of the other Segment. | 

Deſcribe * ABDC the Square of AB; biſect AC in 
E, and draw BE: Alſo produce CA to F, ſo that EF 
be equal to EB. Deſcribe * FGHA the Square of 
AF, and produce GH to K. I ſay AB is cut in H fo, 
that the Rectangle under AB and BH is equal to the 
Square of AH, 

For ſince the Right Line AC is biſected in E, and 
AF is directly added thereto, the Rectangle under CF 
and FA, together with the Square of AE, will be + equal +6 
to the Square of EF. But EF is equal to EB. There- 
fore the ReQangle under CF and FA, together with the 
Square of AE, is equal to the Square of EB. But the 


Squares 
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Squares of BA and AE are t equal to the Square of EB, 
for the Angle at A is a Right Angle. Therefore the 
Rectangle under CF and FA, together with the Square 
of AE, ts equal to the Squares of BA, and AE. And, 
taking away the Square of AE, which is common, the 
remaining Rectangle under CF and FA is equal to the 
Square of AB. But FK is the Rectangle under CF and 
FA; ſince AF is equal to FG; and the Square of AB 
is AD. Wherefore the ReQtangle FE is equal to the 
Square AD. And if AK, which is common, be taken 
from both, then the remaining Square FH is equal to 
the remaining Rectangle HD. But H is the Rect- 


angle under AB and BH, ſince A; is equal to BD; and 


FH is the Square of AH. Therefore, the Refangl: 
ander AB and BH hall be equal to the Square of AN. And 


fo the given Right Line AB is cut in H, jo that the Rest. 


angle under AB and BH is equal to the Squareof AH; 


which was to be done. 


PROPOSITION XII. 
| THEOREM 5 


In anobiuſe-angled Triangle, the Square of the Sid: 
fublending the obtuſe Angle is greater than 
the Squares of the Sides containing the obtuſe 
Angle, by twice the Rectangle under one of tht 
Sides, containing the obtuſe Angle, viz. that on 
which, produced, the Perpendicular falls, and 
the Line taken without, between the Perpend:- 
cular and the obtuſe Angle, 


LE T ABC be an obtuſe- angled Triangle, having 
the obtuſe Angle BAC ; and * from the Point B 
draw BD perpendicular to the Side C A produced. | 
ſay, the Square of BC is greater than the Squares of 
BA, and AC, by twice the Rectangle contained under 
CA, and AD, DEE 
For, becauſe the Right Line CD is any-how cut in 
the Point A, the Square of CD ſhall be + equal to the 
Squares of CA, and AD, together with twice the 
Rectangle under C A, and AD. And if the Square 
of BD, which is common, be added, then the Squares 
of CD and DB are equal to the Squares of CA, heh 
an 
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and DB, and twice the RECON 8 under CA 
is * equal to the 47. 1. 


and AD. But the Square o 
Squares of C D, DB; for the Angle at D is a Right 
one, ſince BD is perpendicular; and the Square of AB 
is * equal to the Sqares of AD and BD. Therefore 
the Square of CB is equal to the Squares of CA, and 
AB, together with twice a Rectangle under CA, and 
AD. Therefore, in an obtuſe-angled Triangle, the 
Square of the Side ſubtending the obtuſe Angle is greater 
than the Squares of the Sides containing the abtuſe Angle, 
by twice the Rectangle under one of the Sides containing 
the obtuſe Angle, viz. that on which, produced, the Per- 
pendicular falls, and the Line taken without, between the 
Perpendicular and the obtuſe Angle; which was to be 
demonſtrated, 


PROPOSITION XIII. 
THEOREM. 


In an acute-angled 7 riangle, the Square of the Side 


ſubtending the acute Angle is leſs than the 
Squares of the Sides containing the acute Angle, 
by twice a Redtangle under one of the Sides 
about the acute Angle, viz. that on which the 
Perpendicular falls, and the Line aſſumed within 


the Triangle, from the Perpendicular to the. 


acute Angle, 
LE T ABC be an acute-angled Triangle, having the 


acute-angled B; and from A let there“ be drawn « 2, ,, 


AD perpendicular to BC. I ſay, the Square of AC is 


leſs than the Squares of CB, and BA, by twice a Rect- 


angle under CH, and BD. 
ror, becauſe the Right Line CB is cut any how in 
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D, the Squares of CB, and BD will be + equal to 47 n. 


twice a Rectangle under CB, and BD, together with 


the Square of DC. And if the Square of AD be 


added to both, then the Squares of CB, BD, and 
Da, are equal to twice the Rectangle contained un- 
der CB. and BD, together with the Squares of AD, 


and DC. But the Square of AB is { equal to the $ 47. 2. 


Squares of BD, and DA; for the Angle at D is a 
Right Angle. And the Squate of AC is tequal to 
5 9 the 


* 
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the Squares of AD and DC. Therefore the Squares 
of CB and BA are equal to the Square of AC, to- 
gether with twice the ReQangle contained under CB 
and BD. Wherefore the Square of AC, only, is leſs 
than the Squares of CB and BA, by twice the ReQ- 
angle under C B and B D, Therefore, in an acute- 
angled Triangle, the Square of the Side ſubtending the 
acute Angle is leſs than the Squares of the Sides contain- 
ing the acute Angle, by twice a Rectangle under one 4 
the Sides about the acute Angle, viz. that on which the 
Perpendicular falls, and the Line aſſumed within the 
Triangle, from the Perpendicular to the acute Angle; 
which was to be demonſtrated. 


PROPOSITION XIV. 


PROBLEM. 


To make a Square equal to a given Right-lined 
Figure. 


LET A be the given Right-lin'd Figure. It is re- 
quired to make a Square equal thereto. 

Make“ the Right-angled Parallelogram B CDE 
equal to the Right-lined Figure A. Now if BE be 
equal to ED, what was propoſed will be already done, 
ſince the Square BD is made equal to the Right- lined 
Figure A: But if it be not, let either BE or ED be 
the greater: Suppoſe BE, which let be produced to PE; 
ſo that EF be equal to ED. This being done, let BF 
be + biſected in G, about which, as a Centre, with the 
Diſtance GB, or GF, deſcribe the Semicircie BH F; 
add let DE be produced to H, and draw GH. Now, 
becauſe the Right Line BF is divided into two equal 
Parts in G, and into two unequal ones in E, the Rect- 
angle under BE and EF, together with the Square of 
GE ſhall be + equal to the Square of GF. But GF is 
equal to GH. Therefore the Rectangle under BE and 
EF, together, with the Square of GE, is equal to the 
Square of GH. But the Squares of HE and GE are 
equal to the Square of GH. Wherefore the Rectangle 


under BE and EF, together with the Square of GE, is 


equal to the Squares of HE and GE. And if the _ 
0 
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of EG, which is common, be taken from both, the re- 
maining Rectangle, contained under BE and EF, is 

ual to the Square of EH. But the Rectangle under 
BE and E F is the Parallelogram B D, becauſe E F is 
equal to ED. Therefore the Parallelogram B D is 
equal to the Square of EH; but the Parallelogram BD 
is equal to the Right lin'd Figure A. Wherefore the 
Right-lin'd Figure A is equal to the Square of EH. 
And ſo, there is a Square made equal to the given Right- 
lined Figure A, viz. the Square of EH ; which was to 
be done, 
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BOOK III. 


DEFINITIONS, 


I. E 2UAL Circles are ſuch whoſe Diameters 
are equal; or from whoſe Centres the Right 
Lines that are drawn are equal. 

II. A Right Line is ſaid to touch @ Circle, when 
meeling the ſame, and being produced, it does 
not cut it. 

III. Circles are ſaid to touch each other, which 
meeting do not cut one another. 

IV. Right Lines in a Circle are ſaid to be equally 
diſtant from the Centre, when Perpendiculars 
drawn from the Centre to them are equal. 

V. And that Line is ſaid 10 be farther from tht 


Centre, on which the greater Perpendicular 


falls, 

VI. A Segment of a Circle is a Figure contained 
under a Right Line, and a Part of the Cir- 
cumference of a Circle. 

VII. An Angle of a Segment is that which 1s 
contained by a Right Line, and the Circumfe- 
rence of a Circle. 


VIII. Av 
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VIII. An Angle is ſaid to bt in a Seginent, wwhet 
ſome Point is taken in the Circumferente thereof, 
and from it Right Lines are drawn to the Ends 
of that Right Line, which is the Baſe of the Seg- 
ment; tben the Angle contained under the Lines, 
ſo drawn, is ſaid to be an Angle in a Segment. 

IX. But when the Right Lines containing the 
Angle do receive any Circumference of the Cir- 
cle, then the Angle is ſaid to ſtand upon that 
Circumference. | 

X. A Sector of a Circle is that Figure, which is 
comprebended bet toten two Right Lines, drawn 
from the Centre, and the Circumference con- 
tained between them. 

XI. Similar Segments of Circles are thoſe, which 
include equal Angles, or whereof the Angles in 
them are equal. 


PROPOSITION I. 


PROBLEM. 

$ To find the Centre of a Circle given. ; 
ET ABC be the Circle given. It it required to 

5 find the Centre thereof. 


— Let the Right Line AB be any-how drawn 
ly in it, which “ biſect in the Point D; and let DC be + * to. . 
cf drawn, from the Point D, at Right Angles to AB, f.. 
which let be produced to E. | | 
Then, if EC be“ biſected in F, I ſay, the Point F is 
the Centre of the Circle ABC. | 
For. if it be not, let G be the Centre, and let GA, 
GD, GB, be drawn. Now, becauſe DA is equal to 
DB, and DG is common, the two Sides AD, DG, 
are equal to the two Sides G D, DB, each to each; 
alſo the Baſe GA is t equal to the Baſe GB, for they 10%. 15. 2. 
are drawn from the Centre G. . Therefore the Angle 
Alis“ equal to the Angle G D B. But when a 8.1. 
Right Line ſtanding upon a Right Line makes the 
adjacent Angles equal to one another, each of the 
equal Angles will + be N Right Angle. Wherefore +D-F. 10. x. 
- 
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the Angle GDB is a Right Angle. But FGB is alſo a 
Right Angle, Therefore, the Rog FDB is equal to 
the Angle GDB, a greater to a leſs, which is abſurd, 
Wherefore G is not the Centre of the Circle A BC. 
After the ſame manner we prove, that no other Point. 
unleſs F, is the Centre. "Therefore, F is the Centre of 
the Circle ABC; which was to be found. 


Corll. If in a Circle, any Right Line cuts another Right 
Line into two equal Parts and at Right Angles; the 
Centre of the Circle will be in that cutting Line. 


PROPOSITION Il. 


THEOREM. 


If any two Points be aſſumed in the Circumference 
of a Circle, the Right Line joining thoſe two 
Points ſhall fall within the Circle. 3 


LE T ABC be a Circle; in the Circumference of 
which let any two Points A, B, be aflumed. I 
ſay, a Right Line drawn, from the Point A, to the 
Point B, falls within the Circle. 
Find D* the Centre of the given Circle, and let any 
Point E be taken in the Right Line AB, and let DA, 


DE, DB, be joined. 


Then becauſe DA is equal to DB, the Angle DAB 
will be + equal to the Angle DBA; and ſince the Side 
AE of the Triangle DAE is produced, the angle DEB 
ll be f greater than the Angle DAE. But the Angle 


- DAE is equal to the Angle DBE; therefore the Argle 


Angle ſubtends the greater Side. Wherefore 


DEB is greater than the Angle DBE. But the our 
B| is 
greater than DE. But DB only comes to the Circum- 


ference of the Circle therefore DE does not reach ſo 


far. And ſo the Point E falls within the Circle. 
Therefore, if two Points are aſſumed in the Circum- 
ference of a Circle, the Right Line joining thoſe two 
Paints ſhall fall within the Circle ; which was to be de- 
monſtrated. 


Ciroll. Hence if a Right Line touches a Circle, it 


will touch it in one Point only. ; $0} 
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PRO POSITION HI. 
THEOREM, 


If in à Circle. a Right Line drawn thro' the Cen. 
tre cuts any other Right Line, not drawn thro 
_ the Centre, into equal Parts, it ſhall cut it at 

Right Angles; and if it cuts it at Right Angles, 
it ſhall cnt it into two equal Paris. 


T ET ABC be a Circle, wherein the Right Line CD, 
drawn thro” the Centre, biſects the Right Line 
AB, not drawn thro' the Centre. I ſay, it cuts it at 
Right Angles. | 
dor, * find E the Centre of the Circle, and let EA, 1%i 
EB, be joined; 
Then, becauſe AF is equal to FB, and FE is com- 
mon; the two Sides AF, FE, are equal to the two 
Sides BF, FE, each to each ; but the Baſe DA is equal 
to the Baſe EB. Wherefore the Angle AFE ſhall be + f 8. 1. 
equal to the Angle BF E. But when a Right Line 
ſanding upon a Right Line makes the adjacent Angles 
equal to one another, each of the equal Angles is f a t Def. ro. 1. 
Right Angle. Wherefore AFE, or BEE, is a Right 
Angle. And therefore the Right Line CD drawn thro? 
the Centre; biſecting the Right Line AB, not drawn 
thro' the Centre, cuts it at Right Angles. Now, if CD 


cuts AB at Right Angles, I ſay, it will biſeR it; that is, 


AF will be equal to FB. For the ſame Conſtruction 
remaining, becauſe EA, being drawn from the Centre, 
is equal to EB, the Angle E AF ſhall be“ equal to the * 5: 7. 
Angle EBF. But the N. t Angle AFE is equal to 
the Right Angle BFE: 'T herefore the two Triangles 
EAF, EBF, have two Angles of the one equal to two 
Angles of the other, and the Side EF is common to 
both, Wherefore the other Sides of the one ſhall be 
+ equal to the other Sides of the other: And ſo AF f 26 . 
will be equal to FB. Therefore, if in @ Circle, a Right 
Line drawn thro' the Centre cuts any other Right Line, 
not drawn thro" the Centre, into two equal Parts, it ſhall 
tut it at Right Angles ; and if it cuts it at Right An- 
gies, it ſhall cut it into two equal Parts; whichwas to 
be demonſtrated. 
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PROPOSITION IV, 
THEOREM. 


If in a Circle two Right Lines, not being Weg 
thro* the Centre, cut each other, they will not 
cut each other into two equal Parts. 


LI T ABCD be a Circle, wherein two Right Lines 
AC, BD, not drawn thro” the Centre, cut each 
other in the Point E. 1 ſay, they do not biſect each 
other. 

For, if poſſible, let them biſe& each other, ſo that 
AE be equal-to EC, and BE to ED. Let the Centre 
F of the Circle ABCD be + found, and join EF. 

Then, becauſe the Right Line FE, drawn thro” the 
Centre, biſects the Right Line AC, not drawn thro” 
the Centre, it will * cut AC at Right Angles. And 
ſo FEA is a Right Angle. Again, becauſe the Right 
Line FE, drawn thro” the Centre, biſects the Richt 
_ BD, not drawn thro' the Centre, it will * cut BD 

ht An gles. Therefore FEB is a Right Angle. 
But 5 EA — been ſhewn to be alſo a Right Angle. 
Wherefore the Angle FEA will be equal to the Angle 
FEB, a leſs to a greater ; which is abſurd. Therefore 
AC, BD, do not mutually biſect each other. And fo, 
if ina Circle two Right Lines, not being drawn thre the 
Centre, cut each other, they will not cut each other in two 
equal Parts; which was to be demonſtrated. 


- .PROPOSITION V. 


THEOREM. 


If two Circles cut one another, they ſhall not have 
the ſame Centre. . 


DE T the two 72 ABC, CDG, cut each other 
in the Points B, C. I fay, they have not the ſame 
Centre. 
For, if they have, let it be E, and join EC, and 


draw EFG at Pleaſure. 
Now, 


3 


— 


* 
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Now, becauſe E is the Centre of the Circle ABC, 
CE will be equal to EF. Again, becauſe E is the Cen- 
tre of the Circle CDG, CE is equal to EG. But CE 
has been ſhewn to be equal to EF. Therefore E F 
ſhall be equal to EG, a leſs to a greater, which can 
not be. "Therefore the Point E is not the Centre of 
both the Circles ABC, CDG. Wherefore f two 
Circles cut one another, they ſhall not have the ſame Cen- 
tre; which was to be demonſtrated, , 


PROPOSITION VI. 
"THEOREM. © 


If two Circles touch one another imwardly, they 
will not have one and the ſame Centre. 


LE T two Circles ABC, CDE, touch one another 
inwardly in the Point C. I ſay, they will not have 
one and the ſame Centre. x 
For, if they have, let it be F, and join FC, and draw 
FB any-how. | | . 
Then, becauſe F is the Centre of the Circle ABC, 
CF is equal to FB. And becauſe F is alſo the Centre 
of the Circle CDE, CF ſhall be equal to FE. But CF. 
has been ſhewn to be equal to FB. Therefore FE is 
* to F B, a leſs to a greater; which cannot be. 
herefore the Point F is not the Centre of both the 
Circles ABC, CDE. Wherefore, if two Circles touch 
and another inwardly, they will not have ane and the ſame 
Centre; which was to be demonſtratgd.,; 


1 16. . 
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PROPOSITION vn. 
_.TuzorEM.' - 


If in the Diameter of a Circle ſome Point be token, 
which is not the Centre of the Circle, and from 
that Point certain Right Lines fall on the Cir- 
cumference of the Circle, the greateſt of theſe 
Lines hall be that wherein the Centre of the . 
Circle is, the leaf, the Remainder of the ſame 
Line. And of all the other Lines the neareſt ta 
that which was drgwn thro' the Centre, is al- 
ways greater than that more remote; and only 
{wo equal Lines fall from the aboveſaid Point 

upon the Circumference, on each Side of tht 

leaſt or greateſt Line. NY 


LET ABCD be a Circle, whoſe Diameter is AD, in 
which aſſume ſome Point F, which is rotthe Cen- 
tre of the Circle. Let the Centre of the Circle be E ; 
and from the Point F, let certain Right Lines FB, FC, 
FG, fall on the Circumference: I ſay, FA is the great- 
eſt of theſe Lines, and FD the leaſt ; and of the others 
FB is greater than FC, and FC greater than FG. - 
For let, BE, CE, GE, be join'd. ent 
Ten, becauſe two Sides of every Triangle ate 
greatet than the third; BE and EF are greater than 
BF. But AE is equal to BE. Therefore BE and EF 
are equal to AF. And ſo AF is greater than FB. 
Again, becauſe BE is equal to CE, and FE is com- 
mon, the two Sides BE and FE are equal to the twa 
Sides CE and EF. But the Angle BEF is greater than 


the Angle CEF. Wherefore the Baſe BY is n 
F is 


than the Baſe FC For the ſame Reaſon, 
greater than F (3. | 

Again, becauſe GF and FE are greater than GE; 
and GE is equal to BD; GF and FE ſhall be greater 
than ED; and if FE, which is common, be taken 
away, then the Remainder GF is greater than the Re- 
mainder FD. -Wherefore, FA ts the greateſt of the 


| Right Lines, and FD the leaſt : Alſo BF is greater — 


FC, am FC, greater than F G. 
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I ſay, moreover, that there are only two * Right 
Lines, that can fall from the Point F ABCD, the 
Circumference of the Circle on each Side the ſhorteſt 
Line FD. For at the given Point E, with the Right 
Line EF, make t the Angle FEH equal to the Angle 2z 1. 
GEF, and join FH. Now becauſe GE is equal to EH, 
and EF is common, the two Sides GE and EF are 
equal to the two Sides HE and EF. But the Angle 
GEF is equal to the Angle HEF. Therefore the Baſe 
FG ſhall be+ equal to the Baſe FH, I ſay, nd other f + " 
Right Line falling from the Point F, on the Circle, can 
be equal to FG. For if there can, let this be FK. 
Now ſince FK is equal to FG, and FH is alſo equal to 
FG; therefore FK will be equal to FH, viz. a Line 
drawn nigher to that paſſing thro' the Centre, equal to 
one more remote, which “ cannot be. / therefore, 5y vb 
in the Diameter of a ay Aa Point be taken, which 
is not the Centre of the Circle, and from that Point cer- 
tain Right Lines fall on the Circumference of the Circle, 
the greateſt of theſe Lines ſhall be that wherein the Cen- 
tre of the Circle is; the leaſt, the Remainder of the ſame 
Line, And of all the other Lines, the neareſt to that 
which was drawn thro the Centre, is ahways greater 
than that more remote ; and only two equal Lines falls 
rom the aboveſaid Point upon the Circumference, on each 


Side o the leaſt or greateſt Line; which was to be de- 
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PROPOSITION VII. 


THEOREM. 


If ſome Point be aſſumed without a Circle, and 
from it certain Right Lines be drawn to the 
Circle, one of which paſſes thro' the Centre, but 
the other any bot; the greateſt of the Lines 
which. fall upon the concave Part of the Cir- 
cumference of the Circle, is that paſſing thro' 
the Centre; and of the others, that which tis 
. neareſt to the Line, paſſmg thro” the Centre, is 
greater than that more remote. But the leaſt of 
the Lines that fall upon the convex Circumfe- 
rence of the Circle, is that which lies between the 
Point and the Diameter , and of the others, that 
which is nigher to the leaſt, is leſs than that 
. which is fariber diſtant; and from that Point 
there can be drawn only two equal Lines, which 
' ſhall fall on the Circumference on each Side the 
ltaſt Line. | 


LET ABC be a Circle, out of which take. any Point 
D. From this Point let there be drawn certain 
Right Lines DA, DE, DF, DC, to the Circle, where- 
of DA paſſes thro* the Centre. I fay, DA, which 
paſſes thro? the Centre, is the greateſt of the Lines fall- 


ing upon AEFC, the concave Circumference of the 


* 1 of bis. 


Circle: Likewiſe DE is greater than DF, and DF 
greater than DC. But of the Lines that fall upon 
HI EG the convex Circumference of the Circle, the 
leaſt is DG, viz. the Line drawn from D, to the Dia- 
meter GA ; and that which is neareſt the leaſt DG, is 
always leſs than that more remote; that is, DK is 
leſs than DL, and DL leſs than CH. N 
For, find“ M the Centre of the Circle ABC, and 
let ME, MF, MC, MH, ML, MK, be joined. 
Now, becauſe AM is equal to EM; if MD, which 
is common, be added, AD will be equal to EM and 
MD. But EM and MP are + greater than ak 
\ : t re- 


* 
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therefore AD is alſo greater than ED. Again, be- 
cauſe ME is equal to MF, and MD is common, then 
ME and MD thall be equal to MF and MD; but the 
Angle EMD is power than the Angle FMD. There- 
fore the Baſe ED will be + greater than the Baſe FD. + 24 u, 
We prove, in the ſame manner, that FD is greater 
than CD. Wherefore, DA ig the greate/t of the Right 
Lines falling from the Point D; DEU greater than 
DF, and DF is greater than DC. 

Moreover, becauſe MK and KD are“ greater than “ 20. 1, 
MD, and MG is equal to MK; then the Remainder 
KD will + be greater than the Remainder GD. And t A=. 4 
{ GD is leſs than KD, and conſequently is the leaſt. 
And becauſe two Right Lines MK, KD, are drawn 
from M and D to the Point K, within the Triangle 
MLD, MK, and KD, are + leſs than ML and LD; 127. 1. 
but MK is equal to ML. Wherefore the Remainder 
DK is leſs than the Remainder DL. In like manner 
we demonſtrate, that DL is leſs than DH. Therefore, 
— is the ledſt; and DK is leſs than DL, and DL than 

I ay likewiſe, that from the Point D only two equal 
Right Lines can fall upon the Circle on each Side the 
leaſt Line. For, make * the Angle DMBat the Point * 23. 1. 
M, with the Right Line MD, equal to the Angle 
KMD, and join DB. Then, becauſe MK is equal to 
MB, and MD is common, the two Sides KM, MD, 
are equal to the two Sides MB, MD, each to each; 
but the Angle KEMD. is equal to the Angle BMD. 
Therefore the Baſe DK is 4 equal to the Baſe DB. f 4.2. 
Now I ſay, no other Line can be drawn from the Point 
D tg the Circle equal to DK; for, if there can, let it 
be DN. Now, ſince DK is equal to DN, as alſo to 
DB, therefore DB ſhall be equal to DN, viz. theLine 
drawn neareſt to the leaſt equal to that more remote, 
which has been “ ſhewn to be impoſſible, Therefore, zy bis, 
if ſome Point be aſſumed without a Circle, and from it 
certain Right Lines be drawn to the Circle, ene of which 
paſſes thro the Centre, but the others any-haw; the great- 
eft of the Lines, that full upon the concave Port of the Cir- 
* v of the Circle, is that paſſing thra' the Centre; 
and of the athers, that which is neareſt to tbe Line, paſſ- 
ing thro' the Centre, is greater than that more remote. 
But the leaft of the Lines that fall upen the convex Cir- 

| pe cum ference 
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cumference of the Circle, is that which liat between the 
Pont and the Diameter; and the others that which is 
is nigher to the leaſt, is leſs than than which is farther 
diftant ; and from that Paint there can be drawn only twa 
equal Lines, which ſhall fall on t he Circumference on eah 
Side the leaſt Line; which was to be demonſtrated. 


PROPOSITION IX. 


THEOREM. 


Fa Point be aſſumed in a Circle, and from it more 
than two equal Right Lines be drawn to the 
Circumference; then that Point is the Cenire of 
the Circle. 

LET the Point D be aſſumed within the Circle 
ABC: and from the Point D, let there fall more 

than two equal Right Lines to the Circumference, viz, 

the Right Lines D A, DB, DC. I fay, the aſſumed 

Point D is the Centre of the Circle ABC. 
For, if it be not, let E be the Centre, if poſſible; 

and join DE, which produce to G and F. 

Then FG is a Diameter of the Circle ABC; and 
fo, becauſe the Point D, not being the Centre of the 
Circle, is aſſumed in the Diameter FG ; therefore DG 
will * be the greateſt Line drawn from D to the Cir- 
cumference, and DC greater than DB, and DB than 
DA; but they are alſo equal, which is abſurd, There- 
fore E is not the Centre of the Circle ABC. And in 
this manner we prove, that no other Paint, except D, is 
the Centre; therefore D is the Centre of the Circle ABC; 
which was to be demonſtrated, - * ” 


Let ABC be the Circle, within which take the Point 
D, from whichlet morethantwoequal Right Lines fall. 
onthe Circumference of the Circle, viz. the three equal 
ones DA, DB, DC: I ſay, the Point D is the Centre 
of the Circle ABC.. & rd; 

For, join AB, BC, which biſect + in the Points 
E and Z; as alſo join ED, DZ; which ee 
as n 
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the Points H, K, O, L; then, becauſe AE is equal to 

EB, and KD is Commons 5 Sides AE, ED, ſhall 

be equal to the two Sides BE, ED. And'the Baſe DA, 

is equal to the Baſe DB: Therefore the Angle AED 

will be“ equal to the Angle BED; and ſo [by Def. 8. 1. 
10. I.] each of the Angles AED, BED, is a Right 
Angle: Therefore HE, biſecting AD, cuts it at Right 
Angles. And becauſe a Right Line in a Circle, biſect- 

ing another Right Line, cuts it at Right A 


les, and 
the Centre of the Circle is in the cutting Line, [ 


Cor. 1. 3-} therefore the Centre of the Circle AB 

will be in HK. For the fame Reaſon, the Centre of 
the Circle will\be in OL. And the Right Lines HK, 
OL, have no other Point common but D: Thereforg 
D is the Centre of the Circle ABC; which was to be 


PROPOSITION x. 
ITugOAnENM. 


A Cirele cannot cut another Circle in more than 
wo Points, | 
OR, if it can, let the Circle ABC cut the Circle 
DEF in more than two Points, viz. in B, G, F; 
and let K be- the Centre of the Circle ABC, and join 
KB, KG, KF. FFF 
Now, becauſe the Point K is aſſumed within the 
iccle DEF, from which more than two equal Right 
ines KB, KG, KF, fall an the Cixcumference, the 
Point K ſhall be + the Centre of the Circle DEF. t 9 7 li.. 
ut K is g the Centre of the Circle ABC. Therefore t By Hp. 
will be the Centre of two Circles cutting each other; 
ich. is ®-abſurd. - Wherefore, @ Circle cannet cut a * 5 7 this. 
Us in more than two Points; which was to be de- 
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PROPOSITION xl. 


THEOREM. 


If two Circles touch each other on the Infide, an 
| tbe Centres be found, the Line joining their Cen 
tres will fall on the[ Point of cane of thoſe 
Cireles. | 


ET two Circles ABC, ADE, touch one anotherin 
.—: wardlyinA; and let F be the Centre of the Cir 
de ABC,'and G that of ADE. I ſay, a Right Lire 
Joining the Centres G and F, ng produced, will fil 


in A Point A. 4 2} 5 = 
f this be deni et the i be ine, 
cut the Circles in D and H. 4 _ 
Now, becauſe A0 and GF 2 than AF, 
*20,r, that is, than FH; take. away FG, which is con. 


mon, and the Remainder AG is greater than the Re- 
mainder GH. But A is equal to GD; therefor 
GD is greater than GH, the lefs than the greater; 
which is abſurd. "Wherefore, a Line drawn thro th 
Points F and G wil not fall 0 14 the Point of Cn. 
tac? A, and ſo neceſſarily 1 fall on it; wt WA 
to be demonſtrated, n 


PROPOSITION a. 


TuzoR E M. 


PEN” 1 twa Circles touch one another on the Outfit, 2 
\, Right Linej foining their Centres will 2 Lab 
© the | Point of ] Contacf. 


JET rwo Circles ABC, ADE, touch- and ance 
outwardly in the Point A; and let F be the Cer- 
tre of the Circle ABC, and G that of ADE. I fay,1 
Right Line drawn thro? the Centres F and G, will pa 
thro' the Point of Contact K. 

For, if it does not, let, if poſſible, FCDG, fall with. 
out it, and join FA, AG. 

Now, ſince F is the Centre of the Circle ABC, * 
win be equal to FC. And becauſe G is the Centre's 
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the Circle ADE, AG. will be equal to GD: But AF. 

has been ſhewn to be equal to FC; therefore FA and + 
AG are equal to FC and DG. And fo the whole FG | 
s greater than FA and AG; and alſo leſs, * which is » 20. 1. N 
abſurd, Therefore, a Right Line, drawn from the Point | 
F to G, will paſs thre the Point of Contact A; which | 
was to be demonſtrated. 


PROPOSITION XI. 
| THEOREM. | 


One Circle cannot touch another in mare Points than 
one, whether it be inwardly or outwardly. 


POR, in the firſt Place, if this be denied, let the Cir- 
cle ABDC, if poſſible, touch the Circle EBFD in- 
wardly, in more Points than one, viz. in B, and D. 

And let G be the Centre of the Circle ABDC, and 
H that of EBFD. 

Then a Right Line, drawn from the Point G to H, | 
will t fall in the Points B and D. Let this Line be +11 of this, 
BGHD. And becauſe G is the Centre of the Circle 
ABDC, the Line BG will be equal to GD. There- 
ſore BG is greater than HD, and BH much greater 
than HD. Again, ſince H is the Centre of the Circle 
EBFD, the e BH isequal to HD. But it has been 
prov'd to be much greater than it, which is abſurd. 
Therefore, one Circle cannot touch another Circle in- 
wardly in more Points than one. 

Secondly, Let the Circle ACK, if poſſible, touch 
the Circle ARDC outwardly, in more Points than one, 

Vz.in Aand C; and let A and © be joined. 

Now, becauſe two Points, A and C, are aſſumed in 

the Circumference of each of the Circles ABDC, ACK, 
a Right Line joining theſe two Points will fall t within t 2 9 45. 
either of the Circles, But it falls wichin the Circle 
ABDC, and without the Circle ACK, which is abſurd. 
Therefore one Circle cannot touch another Circle in 
more Points than one outwardly. But it has been 
proved, that one Circle cannot touch another Circle in- 
wardly [in more Points than one]. Wherefore, one 
Grde cannot touch another in more Points than ane, 1 
| | ther 


® 3 of this, 


+ 47-2. 
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ther it be inwardly or outwar 
monſtrated. | | 


PROPOSITION x. 
THrroREem, 


Equal Right Lines in a Circle are equally diftant 
from the Centre; and Right Lines, which ar: 
equally diſtant from the Centre, are equal bi. 
teen themſelves. 


LET ABDC be a Circle, wherein are the equa 
Right Lines AB, CD. I fay, theſe Lines ar: 
equally diftant from the Centre of the Circle. 

For, let E be the Centre of the Circle ABDC; 
from which let there be drawn EF and EG, perpend. 
cular to AB and CD; and let AE and EC be joined. 

Then, becauſe a Right Line EF, drawn thro' the 
Centre, cuts the Right Line AB, not drawn thro' the 
Centre, at Right Angles, it will “ biſect the ſame. 
Wherefore AF is equal to FB, and ſo AB is double 


„ which was to be de. 


o 


to AF, For the ſame Reaſon CD is double to CG; 


but AB is equal to CD; therefore AF is equal to 
CG: And becauſe AE is equal to EC, the Square of 
AE ſhall be equal to the Square of EC. But the 
Squares of AF and FE are + equal to the Square of 
AE; for the Angle at F is a Right Angle: And the 

uares of EG and GC are equal to the Square of 
EC, ſince the Angle at G is a Right one. Therefore 
the Squares of AF and FE are equal to the Squares of 
CG and GE. But the Square of AF is equal to the 
Square of CG; for AF is equal to CG. Therefore 
the Square of FE is equal to the Square of EG; and 
ſo FE equal to EG. Alfo Lines in a Circle are þ ſaid 


to be equally diſtant from the Centre, when Perpendi- 


culars drawn to them from the Centre are equal. 
ZN AB and CD are equally diſtant from the 
ntre. | 
But if AB and CD are equally diſtant from the Cen- 


tre, that is, if FE be equal to EG; I ay, AB is equal 


to CD. 
For, the ſame Conſtruction being ſuppoſed, we de- 
monſtrate, as above, that AB is double to AF, 


at 4.4 K ew Oe any. a. | a aac ez. — 
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CD to CG; and becauſe AE is equal to EC, the 
Square of AE will be equal to the Square of EC. But 
the Squares of EF and FA are + equal to the Square + 47. 1. 
of AE; alſo the Squares of EG and GC are equal + 
to the Square of EC, Therefore the Squares of EF 
and FA are equal to the Squares of EG and GC. But 
the Square of EG is equal to the Square of EF; for 
EG is equal to EF. Therefore the Square of AF is 
equal to the Square of CG; and ſo AF is equal to CG. 
But AB is double to AF, and CD to CG ; whence AB 
is equal to CD. Therefore, equal Right Lines in a 
Circle are equally diftant from the Centre; and Right 
Lines, which are equally  diftant from the Centre, are 
_ between themſelves; which was to be demon- 
rated. 


a PROPOSITION XV, 


TREOREM I. 


A Diameter is the greateſt Line in a Circle; and of 
all the other Lines therein, that which is neareſt 
to the Centre is greater than that more remote. 


LET ABCD be a Circle whoſe Diameter is AD, 
and Centre E; and let BC be nearer to the Cen- 
tre than FG. I fay, AD is the greateſt, and BC is 
greater than FG. 
For, let the Perpendiculars EH, EK, be drawn from 
the Centre E to BC, FG. Now, becauſe BC is nearer 
to the Centre than FG, EK will tbe greater than EH. 
Let EL be equal to EH; draw LM thro' L at Right 
ay to EK, which produce to N; and let EM, 
EN, EF, EG, be joined. | 
Then, becauſe EH is equal to EL, the Line BC 
will be equal to MN “*. And, fince AE is equal to x 74 if 6c. 
EM, and DE to EN, AD will be Equal to ME and 
EN. But ME and EN are + greater than MN: And t 20. 1. 
ſo AD is greater than MN ; and NM is equal to BC. 
Therefore AD is greater than BC. And ſince the two 
Sides EM, EN, are equal to the two Sides FE, EG, 
and the Angle EN greater than the Angle FEG, the 
je- Bae MN ſhall be greater than the Baſe FG. But {2+ »- 
nd MN is equal to BC. Therefore BC is greater 78 * 
D | . 
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FG. And fo the Diameter AD is the greateſt, and 
BC is greater than FG. Wherefore, the Diameter i; 
the greateſt Line in a Circle; and of all the other Ling 
therein that which is neareſt to the Centre is greater than 
that more remote; which was to be demonſtrated. 


"PROPOSITION XVI. 


T HEOKREM.- 


A Line drawn from the extreme | Point] of tht 

Diameter of a Circle, at Right Angles to that 

Diameter, ſhall fall without the Circle; and 

Between the ſaid Right Line, and the Circum: 

ference, no other Right Line can be drawn; 

and the Angle of a Semicircle is greater than 

any Right-lin'd acute Angle; and the remain- 

ing Angle | viz. without the Circumference] is 
leſs than any Right-lin'd Angle. 


LET ABC be a Circle, whoſe Centre is D, and Dia- 
- meter AB, I ſay, a Right Line, drawn from the 
Point A at Right Angles to A B, falls without the 
Circle. $74 | 
For, if it does not, let it fall, if poſſible, within the 
Circle, as AC; and join DC. 
Nou, becauſe DA is equal to DC, the Angle DAC 
. 1. Afhall be“ equal to the Angle ACD. But DAC is a 
Right Angle; therefore ACD is a Right Angle: And 
accordingly the Angles DAC, ACD, are equal to two 
17 Right Angles; which is abſurd +. Therefore a Right 
Line, drawn from the Point A at Right Angles to BA, 
will not fall within the Circle; and fo likewiſe wt 
rove, that it neither falls in the Circumference. 
herefore, it will neceſſarily fall without the ſame; 
which now let be AE. 
Again between the Right Line AE and the Circum- 
ference CHA, no other Right Line can be drawn- 


* 


1 12.1 For, if there can, let it be FA, and let f DG be 
drawn, from the Centre D, at Right Angles to FA. 

Now, becauſe AGD is a Right Angle, and DAG 

is leſs than a Right Angle, DA will be greater than 

® 19, % DG E, But DA is equal to DH, | T herefcie DR is 

| greater 


greater than DG, the leſs than the greater; which is 
abſurd. Wherefore, no Right Line can be dratun be- 
tween AE, and the Circumference AC. I fay, more- 
over, that the Angle of the Semicircle, contained 
under the Right Line BA, and the Circumference 
CHA, is greater than any Right-lin'd acute Angle; 
and the remaining Angle contained under the Circum- 
ference CHA, and the Right Line AE, is leſs than any 
Right lin'd-Angle. 
For if any Right-lin'd acute Angle be greater thar 
the Angle contain'd under the Right Line BA, and 
the Circumference CHA ; or if any Right-lin'd Angle 
be leſs than that contain'd under the Circumference 
CHA, and the Right Line AE; then a Right Line 
may be drawn between the Circumference CHA, and 
the Right Line AE, making an Angle (contain'd under 
Right Lines) greater than that contain'd under the 
Right Line BA, and the Circumference CHA, and leſs 
than that contain'd under the Circumference CHA, 
and the Right Line AE. But ſuch a Right Line can- 
not be drawn, from what has been prov'd. There- 


b fore, no Right-lin'd acute Angle is greater than the Angle 
e contained under the Right Line BA, and the Circumfer- 
K ence CHA ; nor leſs than the Angle contain'd under the 
Circumference CHA, and the Right Line AE ; which 
0 was to be demonſtrated. 
7 Corall. From hence it is manifeſt, that a Right Line, 
4 drawn at Right Angles, on the End of the Diameter 
d of a Circlgy touches the Circle, and that in one 
0 Point only} becauſe, if it ſhould meet it in two 


Points, it would fall within the fame; “ as has been : of Ibis 


— 
wn 


, demonſtrated, | 
5 P | 
. PRO POSITION xyn. 
. PROBLEM. 

To draw a Right Line from a given Point, that 
a ſhall touch a given Circle. 
0 LET A be the Point given, and BCD the Circle. 

It is requir'd to draw a Right Line from the Point 

ex A, that ſhall touch the-given Circle BCD, 
er 8 . L* 
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Let E be the Centre of the Circle, and join AE; 
then about the Centre E, with the Diſtance EA, de- 
ſcribe the Circle AFG ; draw DF * at Right Angles 
to EA, and join EBF, and AB. I fay, the Right 
Line AB is drawn from the Point A, touching the 


Circle BCD. 
For, ſince E is the Centre of the Circles BCD, 


AFG, the Line EA will be equal to EF, and ED to 


EB. Therefore the two Sides AE, EB, are equal to 
the two Sides FE, ED, each to each; and they con- 
tain the common Angle E. Wherefore the Baſe DF 
is + equal to the Baſe AB, and the Triangle DEF equal 


. to the Triangle EBA, and the remaining Angles of the 


one equal to the remaining Angles of the other. And 
ſo the Angle EBA is equal to the Angle EDF. But 
EDF is a Right Angle. Wherefore EBA is alſo a 
Right Angle, and EB is a Line drawn from the Cen- 
tre; but a Right Line, drawn from the Extremity of 
the Diameter of a Circle at Right Angles f to it, 
touches the Circle. Wherefore, AB touches the Circle; 


which was to be cone. 


PROPOSITION XVIII. 
THEOREM. 


If any Right Line touches a Circle, and from the 
Centre to the Point of Contact a Right Line be 
drawn; that Line will be perpendicular to the 
Tangent. | 9 


LET any Right Line DE touch a Circle ABC in 
the Point C, and let there be drawn the Right Line 


FC from the Centre F. I ſay, FC is n 
DE. | 


For, if it be not, let FG be drawn“ from the Cen- 
tre F, perpendicular to DE. 

Now, becauſe the Angle FGC is a Right Angle, 
the Angle GCF will be + an acute Angle; .and ac- 
cordingly the Angle FGC is greater than the Angle 
FCG; but the greater Angle ſubtends | the greater 
Side,  'Fherefore FC is greater than FG, But FC 
is equal to FB, Wherefore FB is greater than n 1 2 

| a leſs 
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a leſs than a greater; which is abſurd. Therefore 

FG is not perpendicular to DE. And in the ſame 
manner we prove, that no other Right Line but FC 

is perpendicular to DE. Wherefore FC is perpendi- 

cular to DE. Therefore, if any Right Line touches a 

Circle, and from the Centre to the Point of Contact a 

Right Line be drawn, that Line will be perpendicular to 

the Tangent ; which was to be demonſtrated, 


PROPOSITION ws, 0 


A 
& 
* 
5 
N 


THEOREM. 


If any Right Line touches a Circle, and from 
the Point of Contact a Right Line be drawn at 
Right Angles to the Tangent, the Centre of the 
Circle ſhall be in the ſaid Line. 


ET any Right Line DE touch the Circle ABC in 
C, and let CA be drawn from the Point C at Right 
Angles to DE. I fay, the Circle's Centre is in AC, 
For if it be not, let F be the Centre, if poflible ; 
and join CF. | 
Then becauſe the Right Line DE touches the Cir- 
cle ABC, and FC is drawn from the Centre to the 
Point of Contact; FC will be perpendicular to DE *. * 18 of ethic, 
And ſo the Angle FCE is a Right one, But ACE is 
alſo a Right Angle +: Therefore the Angle FCE is 1 From be 
equal to the Angle ABE, a leſs to a greater; which I. 
is abſurd, Therefore F is not the Centre of the Circle 
ABC. After this manner we prove, that the Centre 
of the Circle can be in no other Line, but AC. 
Wherefore, if any Right Line touches a Circle, and 
from the Point Contact a Right Line be drawn at 
Right Angles to the Tangent, the Centre of the Circle 
2 7 in the ſaid Line; which was to be demon- 
rated. 7 5 
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pRO POSITION XX. 


THEORE M. 


7 be Angle at the Centre of the Circle i is double to 
| the Angle at the Circumference, when the ſame 
Arc is the Baſe of both Angles. 


LET ABC be a Circle, at the Centre E whereof is 
the Angle BEC, and at the Circumference, the 
Angle BAC, both of which ſtand upon the ſame Arc 
ey I ay, the Any BEC is double to the Angle 

A 

For join A and coduce it to F. 

Then, becauſe EA is equal to EB, the Angle EAB 
ſhall be equal to the Angle EBA“. Therefore the 
Angles EAB, EBA, are double to the le EAB; 
but the Angle BEF is + equal to the Angles EAB, 
EBA; therefore the Angle BEF is double to the Angle 
EAB. Forthe ſame Reaſon, the Angle FEC is double 
to EAC. Therefore the whole Angle BEC is double 
to the whole Angle BAC. Again, let there be another 
Angle BDC; and join DE, which produce to G. 
We demonſtrate, in the ſame manner, that the Angle 
GEC is double to the Angle GDC; whereof the Part 
GEB is double to the Part GDB. And therefore the 
remaining Part BEC is double to the remaining Part 
BDC. Conſe uently, an Angle at the Centre of a Cir- 
cle is double to the Angle at the Circumference, when the 
ſame Are is the Baſe 7 both — z which was to be 
demonſtrated, 


PROPOSITION XXI. 


THEOREM 


ail that are in the ſame Segment of a Circle, 
are equal to each other. 


1 ABCD E be a Circle, ad let BAD, BED, be 
Angles in the ſame Segment thereof BAED, 1 
ſay, thole Anglcs are equal, 


For 3 
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For, let F be the Centre of the Circle ABC DE; 

and join BF, FD. | 
ow, becauſe the Angle BFD is at the Centre, and 

the Angle BAD at the Circumference, and they ſtand 
upon the ſame Arc BCD; the Angle BFD will be + f 20 of bi. 
double to the Angle BAD. For the ſame Reaſon, the 
Angle BFD is alfo double to the Angle BED. There- 
fore the Angle BAD will be equal to the Angle BED. 

If the Angles BAD, BED, are in a Segment leſs 
than a Semicircle, let AE be drawn; and then all the. 
Angles of the Triangle ABG are + equal to all the + 32. 1. 
Angles of the Triangle DEG. But the Angles ABE, 
ADE, are equal, from what has been before proved 
and the Angles AGB, DGE, are alſo equal t; for f 15. 1. 
they are vertical Angles. Wherefore the remaining 
Angle BAG is equal to the remaining Angle GED. 
Therefore, Angles that qre in the ſame Segment of a 
Circle, are equal to each other ; which was to.be de- 
monſtrated. 


PROPOSITION XXII. 


THEOREM. 


The oppoſite Angles of any quadrilateral Figure, 
deſcribed in a Circle, are equal to two Right 
Angles. 


ET ABDC be a Circle, wherein is deſcribed the 
quadrilateral Figure ABCD. I ſay, two oppoſite 

Angles thereof are equal to two Right Angles. 

For join AD, BC. | 

Then, becauſe the three Angles of any Triangle are 
equal to two Right Angles, the three Angles of the » 32. 1. 
Triangle ABC, viz. the Angles CAB, ABC, BCA, 
are equal to two Right Angles. But the Angle ABC 
is + equal to the Angle ADC; for they are both in t 21 of «bit. 
the ſame Segment ABDC. And the Angle ACB is 
+ equal to the Angle ADB, becauſe they are in the 
ſame Segment ACDB ; therefore the whole Angle 
BDC is equal to the Angles ABC, ACB; and if the 
common Angle BAC be added, then the Angles BAC, 
ABC, ACB, are equal to the Angles BAC, BDC; but 
the Angles BAC, ABC, a are equal ſ to two js 0 t 32. r. 


3 Angles. | 
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Angles. Therefore likewiſe, the Angles BAC, BDC, 
ſhall be equal to two Right Angles. And after the 
ſame way we prove, that the Angles ABD, ACD, are 
alſo equal to two Right Angles. Therefore the op- 
poſite Angles of any quadrilateral Figure, deſcribed in a 
Circle, are equal ta two Right Angles; which was to be 
demonſtrated. 


PROPOSITION XXIII. 
THEOREM. 


T wo ſimilar and unequal Segments of two Circles 
cannot be ſet upon the ſame Right Line, and 
on the ſame Side thereof. | 


FON if this be poſſible, let the two ſimilar and un- 
L equal Segments AC B, ADB, of two Circles, ſtand 
upon the Right Line AB on the ſame Side thereof. 
Draw ACD, and let CB, BD, be joined. Now, be- 
cauſe the Segment ACB is ſimilar to the Segment 
ADB, and ſimilar Segments of Circles are“ ſuch 
which include equal Angles; the Angle ACB will be 
equal to the Angle ADB; the —— one to the in- 
ward one; which is + abſurd. Therefore, ſimilar and 
unegual Segments of two Circles cannot be ſet upon the 


ſame Right Line, and on the ſame Side thereof ; which 


was to be demonſtrated, 


PROPOSITION XXIV. 


THEOREM. 


Similar Segments of Circles, being upon equal 
Right Lines, are equal to one another. 


LET AEB, CFD, be ſimilar Segments of Circles. 
ſtanding upon the cqual Right Lines AB, CD. I 

ſay, the Segment AEB is'equal to the Segment CFD. 
For the Segment AEB being applied to the Seg- 
ment CFD, ſo that the Point A coincides with C, 


'and the Line AB with CD; then the Point B will 
coincide with the Point D, ſince AB and CD are 


equal, 


a” 
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equal. And ſince the Right Line AB coincides with 00 
CD, the Segment AEB will coincide with the Seg- 

ment CFD. For if, at the ſame time that AB co- 

incides with CD, the Segment AEB ſhould not co- 

incide with the Segment CFD, but be otherwiſe, as 

CGD; then a Circle would cut a Circle in more 

Points than two, viz. in the Points C, G, D; which 

is * impoſſible. Wherefore, if the Right Line AB 10 Fi. 
coincides with CD, the Segment AEB will coincide 

with, and be equal to, the Segment CFD. Therefore, 

ſimilar Segments of Circles, being upon equal Right Lines, 

are equal to one another; which was to be demon- 


ſtrated. 


PROPOSITION XXV. 
PROBLEM. x 


A Segment of a Circle being given, to deſcribe the 
Circle whereof it is the Segment. 


I ABC be a Segment of a Circle given. It is 
required to deſcribe a Circle, whereof ABC is a 
Segment. | 

Biſect * AC in D, and let DB be drawn + from the * 7. . 
Point D at Right Angles to AC; and join AB. Now 3 
the Angle ABD is either greater, equal, or leſs, than the 
Angle BAD. And firſt let it be greater and make 1 23. 1. 
the Angle BAE at the given Point A, with the Right 
Line BA, equal to the Angle ABD; produce BD to 
E, and join EC. 

Then, becauſe the Angle ABE is equaP to the An- 
gle BAE, the Right Line BE will be * equal to EA. 6. 1. 
And becauſe AD is equal to DC, and DE common, 
the two Sides AD, DE, are each equal to the two 
dides CD, DE; and the Angle ADE is equal to the 
Angle CDE; for each is a Right one. Therefore 
the Baſe AE is equal to the Baſe EC. But AE has 
been proved to be equal to EB. Wherefore BE is 
allo equal to EC. And accordingly the three Right 
Lines AE, EB, EC, are equal to each other. There- 
fore a Circle deſcribed about the Centre E, with ei- 
ther of the Diſtances AE, EB, EC, + ſhall paſs thro' + g 2/ ebir« 
the other Points, and be that required to be deſcribed. 


But it is manifeſt, that the Segment ABC is leſs than 
| G 4 a Semi» 


9 


I Def. 1. 
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1 DV 11, 


124 of this 
+ Def. 11. 


_ Euclid's ELEMENTS. Book III. 


a Semicircle, becauſe the Centre therefore is without 
the ſame, | 

But if the Angle ABD be equal to the Angle BAD; 
then if AD be made equal to BD, or DC, the three 
Right Lines AD, BD, DC, are equal between them- 
ſelve, and D will be the Centre of the Circle to be de- 
ſcribed, and the Segment ABC is a Semicircle. 

But if the Angle ABD is leſs than the Angle BAD, 
let the Angle BAE be made, at the given Point A, 
with the Right Line BA, within the Segment ABC, 
equal to the Angle ABD. 

Then the Point E, in the Right Line DB, will, b 
arguing as before, appear to be the Centre, and AB 
a Segment greater than a Semicircle, Therefore, 4 
irs is deſcribed, whereof a Segment is given; which 
was to be done. a: K 


PROPOSITION XXVI. 


THEOREM. 


In equal Circles, equal Angles ſtand upon equal 
Circumferences, whether they be at their Cen- 
tres, or at their Circumferences. 


LE ABC, DEF, be equal Circles; and let BGC, 
EHF, be equal Angles at their Centres; and 
BAC, EDF, equal Angles at their Circumferences. 
I fay, the Circumſerence BKC is equal to the Circum- 
ference ELF. a 
For, let BC, EF, be joined. Becauſe ABC, DEF, 
are equal Circles, the Lines drawn from their Centres 
will T be equal. Therefore the two Sides BG, GC, 
are equal to the two Sides EH, HF; and the Angle 
G is equal to the Angle H. Wherefore the Baſe 
BC is * equal to the Baſe EF. Again, becauſe the 
Angle at A is equal to that at D, the Segment BAC 
will be + ſimilar to the Segment EDF; and they are 
upon equal Right Lines BC, EF. But thoſe fimilar 
Segments of Circles, that are upon equal Right Lines, 
are ꝑ equal to ech other. Therefore the Circumfer- 
ence BAC will be + equal to the Circumference EDF. 
But the whole Circumference ABCA is equal to the 
whole Circumference DEFD, Therefore the remain- 
| ing 
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ing Circumference BKC ſhall be equal to the remain- 
ing Circumference ELF, Therefore, in equal Circles, 
equal Angles ſtand upon equal Circumferences, whether 
they be at their Centres, or at their Circumferences; which 
was to be demonſtrated. 1 


PRO POSITION XXVII. 


THEORE M. 


Angles , that ſtand upon equal Circumferences in 
equal Circles, are equal to each other, whether 
they be at their Centres, or Cir-umferences. 


I the Angles BGC, EHF, at the Centres of 
the equal Circles ABC, DEF, and the Angles 
BAC, EDF, at their Circumferences, ſtand upon 
the equal Circumferences BC, EF. I ſay, the Angle 
BGC is equal to the Angle EHF, and the Angle BAC 
to the Angle EDF. | 

For if the Angle BGC be equal to the Angle EHF, 
it is manifeſt, that the Angle BAC is alſo equal to the 
Angle EDF : But if the . BGC be not equal to 
the Angle EHF, let one of them be the greater, as 


BGC, and make“ the Angle BGK, at the Point G, 23. 1. 


with the Line BG, equal to the Angle EHF. But 


equal Angles ſtand + upon equal Circumferences, when + 26 J ibis. 


they are at the Centres. Wherefore the Circumference 
BK is equal to the Circumference EF. But the Cir- 
cumference EF is equal to the Circumference BC. 
Therefore BK is equal to BC, a leſs to a greater, 
which is abſurd. Wherefore the Angle BGC is not 
unequal to the Angle EHF, and fo it muſt be equal to 
it, But the Angle at A is one half of the Angle 
BGC; and the Angle at D is one half of the Angle 
EHF. Therefore the Angle at A is equal to the Angle 
at D. Wherefore, Angles, that ſtand upon «qual Cir- 
cumferences in equal Circles, are equal to each other, whe- 
ther they be at their Centres, or Circumferences; which 
was to be demonſtrated, 
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PROPOSITION XXVIIL 


THEOREM. 


In equal Circles, equal Right Lines cut off equal 
Parts of the Circumferences; the greater Part 
of the one Circumference equal to the greater 


Part of the other, and the leſſer, equal to the 

leſſer. 

ET ABC, DEF, be equal Circles, in which 

are the equal Right Lines BC, EF, which cut 
off the greater Circumferences BAC, EDF, and the 
leſſer Circumferences BGC, EHF. I ſay, the greater 
Circumference BAC is equal to the greater Circum- 
ference EDF, and the lefler Circumference BGC to 
the leſſer Circumference EHF. | 

For aſſume the Centres K and L of the Circles; 
and join BK, KC, EL, LF. 

Becauſe the Circles are equal, the Lines drawn 
from their Centres“ are alſo equal. Therefore the 
two Sides BK, KC, are equal to the two Sides 
EL, LF; and the Baſe BC is equal to the Baſe EF. 
Therefore the Angle BKC is + equal to the Angle 
ELF. But equal Angles ſtand t upon equal Circum- 
ferences, when they are at the Centres. Wherefore 
the Circumference BG is equal to the Circumference 
EHF, and the whole Circumference ABCA equal to 
the whole Circumference DEFD ; and fo the remain- 
ing Circumference BAC ſhall be equal to the remain- 
ing Circumference EDF. Therefore, in equal Circles, 
equal Right Lines cut off equal Parts of the Circum- 
ferences ; which was to be demonſtrated. 


PROPOSITION XXIX. 


THEOREM. 


In equal Circles, the Right Lines, which ſubtend 
equal Circumferences, are equal. 


ET there be two equal Circles, ABC, DEF; 
and let the equal Circumferences BGC, EHF, 

be aſſumed in them, and BC, EF, joined. I * 
* l 8 
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the Right Line BC is equal to the Right Line 


F. f 
: For, find * K and L, the Centres of the Circles ;* 1. this. 
and join BK, KC, EL, LF. | 

Then, becauſe the Circumference BGC is equal to 
the Circumference EHF, the Angle BEC ſhall be 
+ equal to the Angle ELF. And becaufe the Circles f 2; in. 
ABC, DEF, are equal, the Lines drawn from their 
Centres ſhall bet equal. Therefore the two Sides f Pg, r. 
BK, KC, are equal to the two Sides EL, LF; 
and they contain equal Angles : Wherefore the Baſe 
BC is equal to the Baſe EF. And fo, in equal Cir- f 4. 1. 
cles, the Right Lines, which ſubtend equal Circumferences, 
are equal ; which was to be demonſtrated. 


PROPOSITION XXX. 


PROBLEM. 


To cut a given Circumference into two equa 
Parts. | 


ET the given Circumference be ADB. It is re- 

quired to cut the ſame into two equal Parts. 

Join AB, which biſect * in C; and let the Rights . , 
Line CD be drawn from the Point C at Right Angles - 
to AB; and join AD, DB. 

Now, becauſe AC is equal to CB, and CD is 
common, the two Sides AC, CD, are equal to the 
two Sides BC, CD ; but the Angle ACD is equal 
to the Angle BCD; for each of them is a Right 
N 85 Therefore the Baſe AD is + equal to the 14. x. 
Baſe BD. But equal Right Lines cut © off equal 128 «55, 
Circumferences. Wherefore the Circumference AD 
ſhall be equal to the Circumference BD. Therefore, 


a given Circumference is cut into two equal Parts; 
which was to be done. 


Þ 11, 1. 


PRO- 
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PROPOSITION XXXI. 


THEOREM. 


In a Cirtle, the Angle that is in a Semicircle, isa 
' Right Angle; but the Angle in a greater Sy. 
ment is leſs than a Right Angle; and the Any: 

in aleſſer Segment, greater than a Right Angl: 
Moreover, the Angle of à greater Segment i; 
greater than a Right Angle; and the Angle if 
a leſſer Segment is leſs than a Right Angle. 


LE T there be a Circle ABDC, whoſe Diameter i; 
BC, and Centre E ; and join BA, AC, AD, DC. 
I fay, the Angle which is in the Semicircle BAC is a 
Right Angle; that which is in the Segment ABC be- 
ing greater than a Semicircle, viz. the Angle ABC is 
leſs than a Right Angle; and that which is in the Seg- 
ment ADC being leſs than a Semicircle ; that is, the 
Angle ADC is greater than a Right Angle. 
For, join AE, and produce BA to F. 
Then, becauſe BE is equal to EA, the Angie EAB 
*:.z, ſhall be“ equal to the Angle EBA. And becaul: 
AE is equal to EC, the Angle ACE will be“ equi 
to the Angle CAE, Therefore the whole Angle 
BAC is equal to the two Angles ABC, ACE; 
but the Angle FAC, being without the Triangle 
1 32.1. ABC is + equal to the two Angles AEC, AC; 
therefore the Angle BAC is equal to the Angle 
1 Def. 10.1. FAC; and ſo each of them is t a Right Angle. 
Wherefore, the Angle BAC, in a Semicircle, is à Right 
Angle. And becauſe the two Angles ABC, BAC, 
* 17.71, of the Triangle ABC*, are leſs than two Right 
Angles, and BAC is a Right Angle; then, ABC i 
leſs than a Right Angle; and is, in the Segment ABC, 
greater than a Semicircle. 
And ſince ABCD is a quadrilateral Figure in a 
Circle, and the oppoſite Angles of any quadrilateral 
Þ 22 of #15. Figure deſcribed in a Circle are + equal to two Right 
Angles; the Angles ABC, ADC, are equal to two 
Right Angles; and the Angle ABC is leſs than 3 


Right Angle: Therefore, the remaining Angle * 
| : wi 
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will be greater than a Right Angle; and is in the Seg- 
ment ADC, which is leſs than a Semicircle. 

I ſay, moreover, the Angle of the greater Segment 
contained under the Circumference ABC and the 
Right Line AC, is rom than a Right Angle; and 
the Angle of the leſſer Segment, contained under the 
Circumference ADC, and the Right Line AC, is leſs 
than a Right Angle. This manifeſtly appears; for, 
becauſe the Angle contained under the Right Lines 
BA, AC, is a Right Angle; the Angle contained 
under the Circumference ABC, and the Right Line 
AC, will be greater than a Right Angle. Again be- 
cauſe the Angle contained under the Right Lines CA, 
AF, is a Right Angle, therefore the Angle which is 


contained under the Vicht Line AC, and the Circum- 


ference ADC, is leſs than a Right Angle. Therefore, 
in a Circle, the Angle that is in ih Semicircle is a Right 
Angle ; but the Angle in a greater Segment is leſs than a 
Right Angle; and the Angle in a 57 Segment, greater 
than a Right Angle: Moreover, the Angle of a greater 
Seement is greater than a Right Angle; and the Angle 


of a leſſer Segment 1s 45 than a Right Angle; which 


was to be demonſtrate 


PROPOSITION XXXIIL 


TRHEORE M. 


If any Right Line touches a Circle, and a Right 
Line be drawn from the Point of Contact cut- 
ting the Circle; the Angles it makes with the 
Tangent Line, will be equal to thoſe which are 
made in the Alternate Segments of the Circle. 


ET any Right Line EF touch the Circle ABCD 
in the Point B, and let the Right Line BD be 
any-how drawn from the Point B, cutting the Circle. 
I ſay, the Angles which BD makes with the Tangent 
Line EF, are equal to thoſe in the alternate Segments 
of the Circle; that is, the Angle FBD is equal to an 
Angle made in the Segment DAB, vz. to the Angle 
DAB ; and the Angle DBE equal to the Angle DCB, 
made in the Segment DCB, For, | 
| Draw 


. 
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5. . Draw * BA, from the Point B, at Right Angles to 
EF; and take any Point C, in the Circumference 
BD; and join AD, DC, CB. 

Then, becauſe the Right Line EF touches the Cir. 
cle ABCD in the Point B; and the Right Line BA 
is drawn from the Point of Contact B, at Right Angles 
to the 'Cangent Line; the Centre of the Circle 

+ 19 Jh. ABCD will + be in the Right Line BA; and ſo 
BA is a Diameter of the Circle, and the Angle ADB, 

1 31 of this. in a Semicircle is f a Right Angle. Therefore the 

32. 1. other Angles, BAD, ABD, are * equal to one Right 
Angle. But the Angle ABF is alſo a Right Angle: 
Therefore the Angle ABF is equal to the Angles 
BAD, ABD; and if ABD, which is common, be 
taken away, then the Angle BDF, remaining, will 
be equal to that which is the alternate Segment of 
the Circle viz. equal to the Angle BAD. And be- 
cauſe ABCD is a quadrilateral Figure in a Circle, the 

+ 22 of this. oppoſite Angles thereof are + qual to two Right 
Angles ; therefore the Angles DBF, DBE, will be 
equal to the Angles BAD, BCD. But BAD has 
been proved to be equal to BDF; therefore the An- 
ole DBE is equal to the Angle made in DCB, the 
alternate Segment of the Circle, viz. equal to the 
Angle DCB. Therefore, if any Right Line touches 
a Circle, and a Right Line be drawn from the Point f 
Contat cutting the Circle; the Angles it makes with t 
Tangent Line, will be equal to thoſe which are made in 
the alternate Segments of the Circle; which was to be 
demonſtrated. 


PROPOSITION XXXIII. 
| PROBLEM. 
To deſcribe upon a given Right Line, a Segment 


of a Circle, which ſhall contain an Angle, equal 
to a given Right-lin'd Angle. 


LI the given Right Line be AB, and C the given . 


Right-lin'd Angle. It is required to deſcribe the 
Segment of a Circle upon the given Right Line AB, 
containing an Angle, equal to the Angle G 


At 


0 * 1 9 * = W 
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At the Point A, with the Right Line AB, make 
t the Angle BAD equal to the Angle C, and draw 123 7- 
* AE from the Point A, at Right Angles to AD. 11. 2. 
Likewiſe biſect + AB in F, and let FG be drawn f 10. . 
from the Point F, at Right Angles to AB; and join 
GB. Fo | 

Then, becauſe AF is equal to FB, and FG is com- 
mon, the two Sides AF, FG, are equal to the two 
Sides BF, FG; and the Angle AFG is equal to the 
Angle BFG. Therefore the Baſe AG is + equal to 1+ *- | 
the Baſe GB. And ſo, if a Circle be deſcribed about | 
the Centre G, with the Diſtance AG, this ſhall paſs 
thro' the Point B. Deſcribe the Circle, which let be 
ABE, and join EB, Now, becauſe AD is drawn 
from the Point A, the Extremity of the Diameter , 1 
AE, at Right Angles to AE, the ſaid AD will ® ,z;"* 7 
touch the Circle. And ſince the Right Line AD 
touches the Circle ABE, and the Right Line AB is 
drawn in the Circle from the Point of Contact A, the a 
Angle DAB is + equal to the Angle made in the alter- f 32 F chi. 
nate Segment, viz. equal to the Angle AEB. But 
the Angle DAB is equal to the Angle C. Therefore 
the Angle C will be equal to the Angle AEB. Where- 
fore the Segment of a Circle AEB is deſcribed upon he 
given Right Line AB, containing an Angle AEB, equal 
to a given Angle C; which was to be done. 


PROPOSITION XXXIV. 


1 


PROBLEM. 


To cut off a Segment from a given Circle, that 
ſhall contain an Angle, equal to a given Right- 
lined Angle. 


] E T the given Circle be ABC, and the Right- | 
lined Angle given D. It is required to cut off a __ 
degment from the Circle ABC, containing an Angle 
equal to the Angle D. | 
Draw t the Right Line EF, touching the Circle in t r7 bin, 
the Point B, and make * the Angle FBC, at the Point 23. x, 
B, equal to the Angle D. | 
Then, becauſe the Right Line EF touches the Cir- 
de ABC in the Point B, and BC is drawn bow 
| e 
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» 32 ef this, the Point of Contact B; the Angle FBC will be ® equal 


to that in the alternate Segment of the Circle; but the 
Angle FBC is equal to the Angle D. Therefore the 


Angle in the Segment BAC will be equal to the Angle 


D. Therefore, the Segment BAC is cut off from the 
given Circle ABC, containing an Angle equal to the given 


Nig be- lind Angle D; which was to be done. 


1 3 ef this, 


PROPOSITION XXXV. 
THEOREM, 


If two Right Lines in a Circle mutually cut each 

_ other, the Rectangle contained under the Se- 

ments of the one is equal to the Rectangle under 
the Segments of the other. 


F the Circle ABCD, let two Right Lines mutually 
cut each other in the Point E. I ſay, the ReQ- 
angle contained under AE and EC is equal to the 
Rectangle contained under DE and EB, 

If AC and DB paſs thro' the Centre, fo that E 
be the Centre of the Circle ABCD ; it is manifeſt, 
ſince AE, EC, DE, EB, are equal, that the Rect. 
angle under AE and EC is equal to the Rectangle un- 
der DE and EB. 

But if AC, DB, do not paſs thro' the Centre, 
aſſume the Centre of the Circle F; from which draw 
FG, FH, perpendicular to the Right Lines AC, DB; 
and join FB, FC, FE. 3 CES. 

Then, becauſe the Right Line GF, drawn thro' 
the Centre, cuts the Right Line AC, not drawn thio' 
the Centre, at Right Angles, it will alſo biſe& * the 
ſame, Wherefore AG is equal to GC: And be- 
cauſe the Right Line AC is cut into two equal Parts 
in the Point G, and into two unequal Parts in E, the 
Rectangle under AE and EC, together with the Square 
of EG is + equal to the Square of GC. And if 
the common Square of GF be added, then the Rect- 


angle under AE and EC, together with the Squares of 


EG and GF, is equal to the Squares of CG and GF. 

But the Square of FE is + equal to the Squares of EG 

and GF, and the Square of FC equal t to the ä 
| 0 
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of CG and GF. Therefore the Rectangle under AE 


and EC, together with the Square of FE, is equal to 
the Square of FC; but CF is. equal to FB. Therefore 


the Rectangle under AE and EC, together with the 


Square of EF, is equal to the Square of FB. For 


* 


z 


4 


5 


the ſame Reaſon, the — under DE and EB, to- 


gether with the Square of EF 


is equal to the Square 


of FB. But it has been proved, that the Rectangle 


under AE and EC, together with the Square of FE, is 


alſo equal to the Square of FB. Therefore the Rect- 
angle under AE and EC, together with the Square of 


FE, is equal to the Rectangle under DE and EB, to- 


er with the Square of FE. And if the common 
uare of FE be taken away, then there will remain 


the Rectangle under AE and EC, equal to the ReQ- . 


angle under DE and EB. Wherefore, if two Right 
Lines in a Circle mutually cut each other, the Rectangle, 


contained under the Segments of the one, is equal to the 
Rectangle, under the Segments of the ather ; which was 


to be demonſtrated. | 
PROPOSITION XXXVI. 
THEOREM. 


If ſome Point be taken without a Circle, and from 


that Point two Right Lines fall to the Circle, 

one of which cuts the Circle, and the other 

touches it; the Reftangle contained under the 
whole Secant Line, and its Part between the 
Convexity of the Circle and the aſſumed Point, 
will be equal to the Square of the Tangent Line. 


LE T any Point D be aſſumed without the Circle 
ABC, and let two Right Lines DCA, DB, fall 


from the ſaid Point to the Circle ; whereof DCA cuts 
the Circle, and DB touches it. I ſay, the Rectangle 
under AD and DC is equal to the Square of DB. 
Now DCA either paſſes thro* the Centre, or not. 
In the firſt Place, let it paſs thro the? Centre of the 
Circle ABC, which let be E, and join EB. Then 


the Angle EBD is“ a Right Angle. And ſo, ſince 18 bie 


the Right Line AC is biſected in E, and CD is added 


with 


thereto, the Rectangle under AD and DC, together 
a H 
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with the Square of EC, ſhall * be equal to the 1 
of ED. But EC is equal to EB; wherefore the A 
angle under AD and DG, wgether with the Square of 
EB, is equal to the Square of ED. But the Square 
of ED is + _ to the Squares of EB and BD, for 
the Angle EBD is a Right Angle: Therefore the 
Rectangle undet AD and DC, together with the Square 
of EB, is equal to the Squares of EB and BD; and 
if the common Square of EB. be taken away, the 
Rectangle under AD and DC remaining, will be equal 
to the Square of the Tangent Line BD. 

Now, let DCA not paſs thro' the Centre of the 
Circle ABC; and find t the Centre E thereof, and 
draw EF perpendicular to AC, and join EB, EC, 
ED. Therefore EFD is a Right Angle. And be- 
cauſe. a Right Line EF, drawn thro' the Centre, cuts 
a Right Line AC, not drawn thro? the Centre, at Right 
An 2 it will * biſect the ſame; and fo AF is equal 
to FC. Again, fince the Right Line AC is biſected 
in F, and CD is added thereto, the Rectangle under 
AD and DC, together with the Square of FC, will 
be * equal to the Square of FD. And if the com- 
mon Square of EF be added, then the Rectangle 
under AD and DC, together with the Squares of FC 
and FE, is equal to the Squares of DF and FE. But 
the Square of DE is equal to the Squares of DF and 
FE; for the Angle EFD is a Right one: and the 
Square of CE is + equal to the Squares of CF and FE. 
Therefore the Rectangle under AD and DC, together 
with the Square of CE, is equal to the Square of ED; 
but CE is equal to EB. Wherefore the Rectangle 
under AD and DC, together with the Square of FB; 
is equal to the Square of ED. But the Squares of 
EB and BD are + equal to the Square of ED; ſince 
the Angle EBD is a Right one. Wherefore the Rect- 
angle under AD and DC, together with the Square of 
EB, is equal to the Squares of EB and BD. And if 
the common Square of EB be taken away, the Rect- 
angle under AD and DC, remaining, will be equal to 
the Square of DB. Therefore, if any Point be taken 
without a Circle, and from that Point two Right Lines 
fall to the Circle, one of which cuts the Circle, and the 
other touches it, the Rectangle contained under the whole 
Secant Line, and iis Part between the Convexity 2 * | 

irc 
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Circle and the Ir Pins, will be equal to the Square 
of the Tangent Line; which was to be demonſtrated. 


PROPOSITION XXXVIL 
TRHZORE M. 

If ſothe Point be taken without a Circle, and two 
Right Lines be drawn from it to the Circle, ſo 
that one cuts it, and jbe otber falls upon it 3 
and if the ReFangle under the whole Secant 
Line, and the Part thereof, without the Circle, 
be equal to the Square of the Line falling upon 
the Circle; then this laſt Line will touch the 
Circle. | | 


Ex ſome Point D be aſſumed without the Circle 
ABC, and from it draw two Right Lines DCA, 
DB, to the Circle, in ſuch manner, that DCA cuts the 
Circle, and DB falls upon it: And let the Rectangle 
under AID and DC be equal to the Square of DB. I 
fay, the Right Line DB touches the Circle. . 

For, let the Right Line DE be drawn“ touching 17 bit. 
the Circle ABC, and find F the Centre ꝗ of the Circle; f 1 of #4. 
and join EF, FB, FD. | 

Then the Angle FED is + a Right Angle. And +18 of his, 
becauſe DE touches the Circle ABC, and DCA cuts it, 
the Rectangle under AD and DC will be equal to the 
Square of DE. But the Rectangle under AD and DC 
is g equal to the Square of DB. Wherefore the Square t V He. 
of DE ſhall be equal to the Square of DB. And fo the 
Line DE will be equal to the Line DB. But EF is 
equal to FB: Therefore the two Sides DE, EF, are 
equal to the two Sides DB, BF; and the Baſe FD is 
common. Wherefore the Angle DEF is equal * to the » g, x, 
Angle DBF: But DEF isa Right Angle ; wherefore 
DBF is alſo a Right Angle, and FB produced is a Dia- 
meter. But a Right Line drawn at Right Angles, on 
the End of the Diameter of a Circle, touches the Cir- 
cle; therefore BD neceſſarily touches the Circle, We 
prove this in the ſame manner, if the Centre of the Cir- 
cle be in the Right Line CA. V therefore, any Point 
be aſſumed without a Circle, and two Right Lines be 

. ; H 2 drawn 


| 
' 
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| 
| 
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drawn from it to the Circle, ſo that one cuts it, and the 
other falls upon it; and if the Rectangle under the whale 
Secant Line, and the Part thereof, without the Circle, be 
equal to the Square of the Line falling upon the Circle; 
then this 40 ine will tauch the Circle ; which was to 
be 


Coroll. Hence, if from any Point, without a Circle, 
ſeveral Right Lines AB, AC, are drawn, cutting 
the Circle, the ReAangles comprehended under 
the whole Lines AB, AC, and their external Parts 
AE, AF, are equal between themſelves. For, if 
the Tangent AD be drawn, the Rectangle under 
BA and AE is equal to the Square of AD; and the 
Rectangle under CA and AF is equal to the ſame 
—— of AD: Therefore the Rectangles ſhall be 
equal, 
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DEFINITIONS. 

I. J Right -lined Figure is ſaid to be inſcribed in 

a Right-lined Figure, when every one of 
the Angles of the inſcribed Figure touches every 
one of the Sides of the Figure wherein it is in- 

cribed. | 

ns, like manner a Figure is ſaid to be deſcribed 
about a Figure, when every one of the Sides of 
the Figure, circumſcribed, touches every one of 
the Angles of the Figure, about which it is 
circumſcribed. 

III. 4 Right-lined Figure is ſaid to be inſcribed 
in a Circle, when every one of the Angles of 
that Figure which is inſcribed, touches the Cir- 

- cumference of the Circle. | 

IV. A Right-lined Figure is ſaid to be deſcribed 

about a Circle, when every one of the Sides of 


the circumſcribed Figure touches the Circum- 
ference of the Circle. 


H 3 V. So. 
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V. So likewiſe a Circle is ſaid to he inſcribed in a 
Right-lined Figure, when the Circumference of 
the Circle touches all the Sides of the Figure in 
which it ia inſcribed, | 

VI. A Cirdle js ſaid to be deſetibed about a Figure 
when the Circumference of the Circle touches all 
the Angles of the Figurewhich it circumſcribes. 

VII. A Right Line is ſaid to be applied in a Cir- 
cle, when its Extremes are in the Circumferente 
of the Circle. 


PROPOSITION I. 


PROBLEM. 


To apply à Right Line in a given Circle, equal ta 
a given Right Line, whoſe Length does not 
exceed the Diameter of the Circle. 


= the Circle given be ABC, and the given 
| t Line, not greater than the Dees, 
he: It is required to apply a Right Line 
in the Circle ABC, equal to the Right Lined: 
Draw BC the Diameter of the 2 then, if BC 
be equal to D, what was required is done: For in the 
Circle ABC there is applied the Right Line BC, equal 
to the Right gn Ling D: But if ig the Diameter BC 
5 3. 1. is greater than and put“ C al to D; and 
N about the Centre 'C, with the Diftance CE, let the 
Circle AEF be deſcribed; and join CA. 
Then, becauſe the Point C is the Centre of the Cir- 
cle * Mike will be equal to CE; but D is equal to 


CE. Herefore CA is equal to D. And fv, in the 
Cirde ABC, there is applied o Right Line CA, equal to 
the given Right Line D, not greater than the Diameter; 
which was to be done, 


2 PRO- 
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PROPOSITION uU. 
PROBLEM. 


In a given Circle to deſcribe a Triangle equian- 
gular to a given Triangle. 


LET. ABC be a Circle given, and DEF a gen 

Triangle. It is required to deſcribe a Fri 
in the Circle ABC, equiangular to the Triangle D . | 
Draw the Right Line GAH touching * the Circle * 17, 3. 
ABC in the Point A; and with the Right Angle AH, 
at the Point A, make + an Angle HAC, equal to the + 23. 1. 
Angle DEF. Likewiſe, at the ſame Point A, with 
2 —f AG, make che Angle GAB equal to the 

a DFE; and oin BC. 

hen, deen hs Right Line HAG nouches the 
Circle ABC, and AC is drawn from the Point af Con- 
tact in the Circle, the Angle HAC fhall be } £qual to f 32. 3. 
ABC, the Angle in the alternate Segment of the Cir- 
cle. But the 2 HAC is. equal to — Angle DEF; 
therefore alſo le ABC is equal to the Angle 
DEF. For the ſame Regſon, the Angle ACB is like- 
wiſe equal to the Angle DFE. Wherefore the other 
- Je BAC ſhall be ; al to the ON oe EDF. + Ce 2, 

, conſequently,” the Friungle ABC tquiangular to 3% 1 

on Triangle DEF, and is ſcribed i in 45 Circle > ABC: 3 
which was to be done. 


PRO POSITION m. 
PROBLEM. 
About a given Circle to deſeribe a N rieaple, equi: 
angular to a Triangle given. 


LE ET ABC bethe given Circle, and DEF the given 
Triangle. It 8 required to deſcribe a Triangle 
ee] the Circle ABC, equiangular to the Triangle 


Produce the Side EF, both wa s, to the Points G 
and H, and find the Centre of the Encle K, and any- 


how draw the Line KB. Then at the Point K, with 
H 4 KB 


104 


123 · 1. 


$ 17. 3. 


F 18, 3, 


Euclid s ELEKM NTS. Book IV. 
KB make * the Angle BKA equal to the Angle DEG; 
and the Angle BKC, at the ſame Point K on the other 
Side the Line KB, equal to the Angle DFH; andthro' 
the Points A, B, C, let the Right Lines LAM, MEN, 
NCL, be drawn, touching the Circle ABC. 
Theng/becauſe the Lines LM, MN, NL, touch the 
Circle ABC in the Points A, B, C, and the Lines KA, 
KB, KC, are drawn from the Centre K to the Points 
A, B, C; the Angles at the Points A, B, C, will be f 
Right Angles. And becauſe the four Angles of the 
quadrilatetal' Figure AM BK are equal to four Right 


N 11 ee (for it may be divided into two Triangles), 
an 


the Angles KAM, KBM, are each Right Angles; 


therefore the other Angles AKB, AMB, are equal to 


Tt 12. 1. 


two Right Angles. But DEG, DEF, are equal to 
two Right Angles ; therefore the Angles AKB AMB, 
are equal to the Angles DEG, DEF, whereof AKB is 
equal to DEG. Wherefore the other Angle AMB is 
equal to the other Angle DEF. In like manner we 


'« demonſtrate, that the Angle LN; is equal to the Angle 


DFE. Therefore the other Angle MLN is + equal 
to the other Angle EDF. Wherefore, the Triangle 
LNM is equiangular to the. Triangle DEF, and is de- 
ſcribed about the Circle ABC; which was to be done. 

FP RO POSITION IV. 


1 oO 


To inferiby;a Grele in à given Triangle. 
ET ABC be a Triangle given, It is required to 


inſcribe a Circle in the ſame. 

Cut the Angles ABC, BCA, into two equal Parts 
by the Right Lines BD, DC, meeting each other in the 
Point D; and from this Point draw DE, DF DG, 
+ perpendicular to the Sides AB, BC, Ac. 
Now, becauſe the Angle EBD is equal to the An- 

le FBD, and the Right Angle BED is equal to the 
Ri t Angle BFD; then the two Triangles EBD, 
DBF, have two Angles of the one, equal to two 
Angles of the other, and one Side DB common to both, 
viz, that Which fubtends the equal Angles; therefore 


5 the 
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the other Sides of the one Triangle ſhall be “ equal to » a, 1. 
the other Sides of the other; and ſo DE ſhall be equal 

to DF. And, for the ſame Reaſon, DG is equal to 

DF; therefore DE is alſo equal to DG: And ſo the 

three Right Lines DE, DF, DG, are equal between 
themſelves. Wherefore a Circle deſcribed about the 
Centre D, with either of the Diſtances DE, DF, DG, 

will alſo paſs thro' the other Points. And the Sides 

AB, BC, AC, will touch it; becauſe the Angles at 

E, F, and G, are Right Angles, For if it ſhould cut 

them, a Right Line, drawn on the Extremity of the 
Diameter. of a Circle at Right Angles, will fall with- 

in the Circle; which is “ abſurd. Therefore a Circle 26. 3. 
deſcribed about the Centre D, with either of the Di- 
ſtances DE, DF, DG, will not cut the Sides AB, 

BC, CA; wherefore it will touch them, and will be 

a Circle deſcribed in the Triangle ABC, Therefore, 

the Circle EFG is deſcribed in the given Triangle ABC ; 

which was to be done, 


) 


* 


PROPOSITION v. 
: PROBLEM. = wo 
To deſcribe a Circle about a given Triangle, 


LET ABC be a given Triangle. It is required to 
deſcribe a Circle about the ſame. 
ZBiſect * the Sides AB, AC, in the Points D, E; * 10.1. 
from which Points let DF, EF, be drawn + at Right 1. 
Angles to AB, AC, which will meet either within the 
2 ABC, or in the Side BC, or without the 
Triangle;: :- | 

Firſt, Let them meet in the Point F within the Tri- 
angle; and join BF, FC, FA. Then, becauſe AD 
is equal to DB, and DF is common, and at Right 
2 5 to AB; the Baſe AF will bet equal to the f 4. 1. 
Baſe FB. And after the ſame manner we prove, that 
the Baſe CF is equal to the Baſe FA. Therefore alſo 
is BE equal to CF: And ſo the three Right Lines 
FA, FB, FC, are equal to each other. Wherefore, a 
Circle deſcribed about the Centre F, with either of the 
Diftances FA, FB, FC, will paſs alſo thre' the other 


Points, 


| 
| 
i 
| 
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A+ and 1will be a Circle deſeribed about the Triangk 
ABC. © "15130 * 

Secondly, Let DF, EF, meet each other in the 
Point F, in the Side BC, as 'in the Second Figure; 
and join AF. Then we prove, as before, that thy 
Point F - the Centre of a Circle deſcribed about the Tri. 
angle ABC. 

Laſtly, Let the Right Lines DF, EF, meet one 
another again in the Point E, without the Triangle, 
as in the third Figure; and join AF, FB, FC. And 
becauſe AD is equal to DB, and DF is common, and 
at Right Angles, the Baſe AF ſhall be equal to the 
Baſe BF, 80 likewiſe we prove, that CF is alſo equal 
to AF, Wherefore BF is equal to CF. And ſo 
again, if a Circle be deſcribed on the Centre F, with ei. 
ther of the Diſtances FA, FB, FC, it will paſs thro the 
other Points, and will be deſcribed about the Triangl, 


ABC; which was to be done. 


Gorell. If a Triangle be Right - angled, the Centre of 
the Circle falls in the Side oppoſite to the Right 
Angle; if acute-angled, it falls within the Tri- 
angle; and if obtuſe-angled, it falls without the 
Triangle. a 


PROPOSITION VI. 
PROBLEM. 


To inſcribe a Square in a given Circle, 


ET ABCD be a Circle given, It is required to 
inſcribe a Square within the ſame. 

Draw AC, DB, two Diameters of the Circle, cut- 
ting one another at Right Angles +; and join AB, BC, 
CD, DA. 

Then, becauſe BE is equal to ED (for E is the 
Centre), and EA is common, and at Right Angles to 
BD, the Baſe BA ſhall be * equal to the Baſe AD; 
and for the fame Reaſon BC, CD, BA, and AD, 
are all equal to each other. Therefore the quadrilateral 
Figure ABCD is equilateral. I ſay, it is — 

a5 gular. 
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gular. For, becauſe the Right Line DB is aDiameter 
of the Circle ABCD, therefore BAD will be a Semi- 
circle, Wherefore the e BAD is * Right An- 31. 4. 
gle. And ſor the ſame Reaſon, every one of the other 
Angles ABC, BCD, CDA, is a Right Angle. There- 
fore ABCD is a rectangular quadrilateral * But 
it has alſo been proved to be equilateral. Wherefore, 
it ſhall neteſſarily be a Syuare, and is inſoribed in the Cir- 
de ABCD; which was to be done. | | 


PROPOSITION vn. 
PROBLEM. 


To defſeribe a Square about a given Circly. 
JET ABCD be a Circle given. It is required to 
#- deſcribe a Square about the ſame. 
Draw AC, BD, two Diameters of the Circle, cut- 
ting each other at Right Angles t; and thro'the Points f 17. t. 
A, B, C, D, draw * FG, GH, HK, KF, Tangents 15. 3, 
to the Circle ABCD. 
Then, becauſe FG touches the Circle ABCD, and 
EA is drawn from the Centre E to the Point of Con- 
tat A, the Angles at A will be + Right Angles. For + 18.3. 
the lame Reaſon, the Angles at the Points B, C, D, 
are Right Angles. And ſince the Angle AEB is a 
Right Angle, as alſo EBG, GH ſball be + parallel to $3. z. 
AC, and for the ſame Reaſoh, AC to KF. In this 
manner we prove likewiſe, that (3F and HK are pa- 
rallel to BED; and ſo G is parallel to HK. There- 
fore GK, GC, AK, FB, BK, are Parallelograms; and 
ſo GF is + equal to HK, and GH to FK. And ſincę + 34. 1. 
AC is equal to BD, and AC equal to either GH, or , 
EK; ano BD equal to either GF, or HK; GH, or 
FK, is equal to GF, or HK. Therefore FGHK is an 
equilateral quadrilateral Figure: I ſay, it is alſo equi- 
angular, For, becauſe GBEA is a Parallelogram, and 
AEB is a Right Angle; then AGB ſhall be alſo a 
Right Angle. In like manner we demonſtrate, that 
the Angles at the Points H, K, F, are Right An les, 
Therefore the quadrilateral Figure FGHK is * 


gular: but it has been proved to be equilateral like- 
wiſe. Whereſore, it muſi neceſſarily be a Sguare, and 
is deſcribed about the Circle ABCD; which was to be 
lone. P RO- 
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716. 3. 


E, is equal to either FG, or GE. Therefore GE, 
cle, being deſcribed about the Centre G, with either of 


meter of a Circle, at Right Angles, will fall within the 


Le 
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PROPOSITION vn. 
PROBLEM. 


To deſcribe a Circle in a given Square. 


JET the given Square be ABCD. It is required to 
deſcribe a Circle within the ſame. 

Biſe& * the Sides AB, AD, in. the Points F, E; 
and draw + EH thro' E, parallel to AB, or DC; and 
FK thro* F, parallel 4 to BC, or AD. Then AK, 
KB, AH, HD, AG, GC, BG, GD, are all Paralle. 
lograms, and their oppoſite Sides are f equal. And be- 
cauſe DA is equal to AB, and AE is half of AD, and 
AF half of AB, AE ſhall be equal to AF; but the 
oppoſite Sides are alſo equal. Therefore FG is equal 
to GE. In like manner we demonſtrate, that GH, or 


ww A wed s, ww ., _ © 


GF, GH, GK; are equal to each other: Ando a Cir 
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the diſtances GE, GF, GH, GK, will alſo paſs thto 
the other Points, and ſhall touch the Sides DA, AB, 
BC, CD; becauſe the Angles at E, F, H, K, are Right 
Angles. For if the Circle ſhould cut the Sides of the 
Square, a Right Line, drawn from the End of the Dia- 


Circle; which is * abſurd. herefore a Circle de- 
ſcribed aboutthe Centre G, with either of the Diftances 
GE, GF, GH, GK, will not cut DA, AB, BC, CD, 
the Sides of the Square. Wherefore, it ſhall neceſſary 
touch them, and will be deſcribed in the Square ABCD; 
which was to be done. 


PROPOSITION IX. BI 
PROBLEM. 5 t 

To deſcribe a Circle about a Square given. 10 
JE ABCD be a Square given. It is required to of 
circumſcribe a Circle about the ſame. the 


Join AC, BD, mutually cutting one another in the Wy; 
Point E. | Ad 


And ſince DA * to AB, and AC is common, 
the two Sides DA, AC, are equal to the two Sides BA, 
AC; but the Baſe DC is equal to the Baſe BC. There- 
fore the Angle DAC will * be equal to the Angle BAC: * *: + 
And conſequently the Angle DAB is biſected by the 
Right Line AC. In the ſame manner we prove, that 
each of the other Angles ABC, BCD, CDA, are bi- 
ſeed by the Right Lines AC, DB. | 
Then, becauſe the Angle DAB is equal to the An- 
le ABC, and the Angle EAB is half of the An 


S 


1 BY DAB, and the Angle EBA half of the Angle ABC; 
„de Angle EAB ſhall be equal to the Angle EBA: 
+. BY And fo the Side EA is + equal to the Side EB. In like f 6.1. 
e. BY manner we demonſtrate, that each of the Right Lines 
id EC, ED, is equal to each of the Right Lines EA, 
he BY EB. Therefore the four Right Lines EA, EB, EC, 
al WY ED, are equal between themſelves. Wherefore, a 
or WY Circle being _— about the Centre E, with either if 
E, BY the Diſtances EA, EB, EC, ED, will alſo paſs thro t 
ir. BY other Points, and will be deſcribed about the Square 
of WW ABCD ; which was to be done. 

to! 

15 .... PROPOSITION X. 

the PROBLEM. 


be 7 make an Iſoſceles Triangle, having each of the 
Angles at the Baſe double to the other Angle. 


D, (CUT * any given Right Line AB in the Point C, 11. 2, 
ſo that 7; Rs e contained under AB and BC 
D; WW be equal to the Square of AC; then about the Centre 
WA, with the Diſtance AB, let the Circle BDE be de- 
ſcribed; and + in the Circle BDE apply the Right Line f of thin 
BD equal to AC; which is not greater than the Dia- 
meter. This being done, join DA, DC, and deſcribe _ 
t a Circle ACD about the Triangle ADC. ts of thin 
Then, becauſe the Rectangle under AB and BC is 
equal to the Square of AC, and AC is equal to BD, the 
Rectangle under AB and BC ſhall be equal to the Square 
d to Nor BD. And becauſe ſome Point B, is taken without 
the Circle ACD, and from that Point there fall two 
| the light Lines, BCA, BD, to the Circle, one of which 


And cuts 
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cuts the Circle, and the other falls on it; and ſince the 
Rectangle under AB and BC is equal to the Square of 

* 37.3 BD, the Right Line BD ſhall “ touch the Circle ACD. 

And fince BD touches it, and DC is drawn from the 
Point of Contact D, the Angle BDC is equal to the 
e in the alternate Segment of the Circle, viz. equa} 

+ 32. 3. + to the Angle DAC. And ſince the Angle BDC is 

equal to the Angle DAC; if CDA, which is common, 

be added, the whole Angle BDA is equal to the two 

Angles CDA, DAC. But the outward Angle BCD 

132. 1. is f equal to CDA and DAC. Therefore BDA is 

5. . equal o 50D. But che Angle BDA“ is equal to the 
Angle CBD, becauſe the Side AD is equal to the Side 
AB. Wherefore DBA ſhall be equal to BCD: And 
ſo the three Angles BDA, DBA, BCD, are to 
each other. And fince the Angle DBC is equal to the 

16. 1. Angle BCD, the Side BD is + equal to the Side DC. 
But BD is put equal to CA. Therefore CA is equal 


4 5. 1. to CD. And ſo the Angle CDA is t equal to the An- 


gle DAC. Therefore the Angles CDA, DAC, taken 
together, are double to the Angle DAC. But the An- 
le BCD is equal to the Angles CDA, and DAC. 
herefore the Angle BCD is double to che Angle 
DAC. But BCD is equal to BDA, or DBA. Where- 
fore BDA, or DBA, is double to DAB. Therefore, 
the Iſoſceles Triangle ABD is made, having each of the 
Ang 7-2 the Baſe double to the other Angie; which was 
to be done. 


PROPOSITION XI. 
PROBLEM. 


T0 deſcribe an equilateral and equiangular Pen- 
tagon in @ given Circle. 


ET ABCDE be a Circle given. Tt is required to 
= deſcribed an equilateral and equiangular Pentagon 
in the ſame. 

10 of cis, Make an Iſoſceles Triangle FGH, having“ each 
of the Angles at the Baſe, GH, double to the other 
Angle E; and deſcribe the Triangle ADC. in the Circle 
+ 2 bi. ABCDE, equiangular + to the Triangle FGH * 
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that the Angle CAD be equal to that at F, and ACD, 
CDA, each equal to the Angles G or H. Wherefore 
the Angles ACD, CDA, are each double to the Angle 
CAD. This being done, biſect the Angles ACD, 9. 1. 
* by the Right Lines CE, DB, and join AB, BC, 
DE, EA. | 

Then, becauſe each of the Angles ACD, CDA, is 
double to CAD, and they are biſected by the Right 
Lines CE, DB ; the five Angles DAC, ACE, ECD, 
CDB, BDA, are equal to each other. But equal 
Angles ſtand + upon equal Circumferences. There- + 26. 3. 
fore the five Circumferences AB, BC, CD, DE, EA, 
are equal to each other, But equal Circumferences 
ſubtend t equal Right Lines. Therefore the five 129. 3- 
Right Lines AB, BC, CD, DE, EA, are equal to 
each other. Wherefore ABCDE is an equilateral 
Pentagon. I ſay, it is alſo equiangular: For becauſe 
the Circumference AB is equal to the Circumference 
DE ; by adding the Circumference BCD, which is 
common, the whole Circumference ABCD is equal 
to the whole Circumference EDCB: But the Angle 
AED ſtands on the Circumference ABCD, and BAE 
on the Circumference EDCB}; therefore the Angle 
BAE is equal to the Angle AED. For the ſame Rea- 
ſon, each of the other Angles ABC, BCD, CDE, is 
equal to BAE, or AED; wherefore the Pentagon 
ABC DE is equiangular. But it has been proved to 
be alſo equilateral: And, conſequently, there is an 
equilateral and equiangular Pentagon inſcribed in à given 
Circle; which was to be done. 


PROPOSITION XII. 


PROBLEM. 


To deſcribe an equilateral and equiangular Pen- 
tagon about a Circle given. 


LET ABCDE oe the given Circle. It is required 
to deſcribe an equilateral and equiangular Fenta- 
gon about the ſame. ; 
Let A, B, C, D, E, be the angular Points of a Pen- 
tagon ſuppoſed to be inſcribed * in the Circle; ſo that * By rr. 
tbe Circumfereaces AB, BC, CD, DE, EA, 1 Foun 
| | equal; 


118.3 


947. 1. 


+8. 1. 


127. 3. 


+ 26.1, 
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equal; and let the Right Lines GH, HE, KL, LM, 
MG, be drawn, touching + the Circle in the Points 
A, B, C, D, E: Let F be the Centre of the Circle 
ABCDE; and join FB, FK, FC, FL, FD. 

Then, the Right Line EL touches the Cir. 
cle ABCDE in the Point C, and the Right Line FC, 
is drawn from the Centre F to C, the Point of Con- 
tact; FC will be f perpendicular to KL; and 6 
both the Angles at C are Right Angles. For the ſame 
Reaſon, the Angles at the Points B, D, are Right 
Angles: And becauſe FCK is a Right Angle, the 
Square of FK will be * equal to the Squares of FC, 
CK: And for the ſame Reaſon, the Square of FR 
is equal to the 8 of FB, BK. Therefore the 

uares of FC, CK, are equal to the Squares of FB, 
BK. But the Square of FC is equal to the Square 
of FB : Wherefore the Square of CK ſhall be equal 
to the Square of BK; and ſo BK is equal to CK, 
And becauſe FB is equal to FC, and FK is common, 
the two Sides BF, FK, are equal to the two Sides CF, 
FK, and the Baſe BK is equal to the Baſe KC; and 
ſo the Angle BFK ſhall be + equal to the Angle 
KFC, and the Angle BKF to the Angle FRC. 
Therefore the Angle BFC is double to the Angle 
KFC, and the Angle BEC double to the Angle 
FKC: For the fame Reaſon, the Angle CFD is 
double to the Angle CFL, and the Angle CED double 


to the Angle CLF. And becauſe the Circumference 


BCis equal to the Circumference CD, the Angle BFC 
ſhall be f equal to the Angle CFD. But the Angle 
BFCis double to the Angle KFC, and the Angle DFC 
double to LFC. Therefore the Angle KFC is equal 
to the Angle CFL. And fo FKC, FLC, are two 
Triangles, having two Angles of the one equal to two 
Angles of the other, each to each, and one Side of the- 
one equal to one Side of the other, vi. the common 
Side FC; wherefore they ſhall have + the other Sides 
of the one equal to the other Sides of the other; and 
the other Angle of the one equal to the other Angle of 
the other · Therefore the Right Line KC is equal to 
the Right Angle CL, and the Angle FK C to the Angle 
FLC. And ſince KC is equal to CL, KL ſhall be 


double to KC. And by the ſame Reaſon, we prove 


that HK is double to BK. Again, becauſe BK . 
* | een 
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deen proved equal to KC, and KL the double of KC, 


as alſo HK the double of BK; HK ſhall be equal to 


KL. So likewiſe we prove, that GH, GM and ML, 
are each equal to HK, or KL: Therefore the Penta - 
gon GHK LM is equilateral. I ſay, alſo it is equian- 
gular. For becauſe the Angle FKC is equal to the 
Angle FLC, and the —_ HKL has been proved to 
be double to the Angle FE C; and alſo KLM double 
to FLC: Therefore the Angle BK L ſhall be equal to 
to the Angle KLM. By the ſame Reaſon we demon- 
ſtrate, that every one of the Angles KHG, HGM, 
GML, is equal to the Angle HEL, or KLM. There- 
fore the five Angles, GHK, HKL, KLM, LMG, 
MGH, are equal between themſelves. And fo, the 
Pentagon GHEKLM ts equiangular; and it has been 
proved likewiſe to be equilateral, and deſcribed about the 
Circle ABCDE ; which was to be done. 


PROPOSITION xn. 


PROBLEM. 


To deſeribe a Circle in an equilateral and equian- 
gular Pentagon. 


JET ABCDE bs an equilateral and equiangular - 
Pentagon. It is required to inſcribe a Circle in 

the ſame. W 

Biſect * the Angles BCD, CDE, by the Right », 1, 


Lines CF, DF; and from the Point F, wherein 


7 
DF, meet each other, let the Right Lines FB, FA, 
FE, be drawn. Now, becauſe BC is equal to CD, 
and CF is common, the two Sides BC, CF, are equal 
to the two Sides DC, CF ; and the Angle BCF is equal 


to the gage DCF. Therefore the Baſe BF is 4 equal f 4 2. 


to the Baſe FD ; and the Triangle BFC equal to the 
Triangle DCF, and the other Angles of the one equal 
to the other Angles of the other, which are ſubtended 
by the equal Sides: Therefore the Angle CBF ſhall 
be equal to the Angle CDF. And becauſe the Angle 
CDE is double to the Angle CDF,, and the Angle 


CDE is equal to the Angle ABC, as alſo CDF equal 


to CBF; the Angle CBA will be double to the Angle 
CBF; and ſo the Angle ABF equal to the 7 
1 : 
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Coroll. If two of the neareſt Angles of an equilateral 
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CBF: Wherefore the Angle ABC is biſected by the 
Right Line BF. After the ſame manner we prove, 
that either of the Angles BAE, or AED, is biſected 
by the Right Line AF, or FE. From the Point F draw 
* FG, FH, FK, FL, FM, perpendicular to the Right 
Lines AB, BC, CD, DE, Fa. Then, fince the An- 
gle HCF is equal to the Angle KC, and the Right 
Angle FHC equal to the Right Angle FKC; the two 
Triangles FHC, FKC, ſhall have two Angles of the 
one equal to two Angles of the other, and one Side of 
the one equal to one Side of the other, viz. the Side 
FC common to each of them: And ſo the other Sides 
of the one will be + equal to the other Sides of the 
other, and the Perpendicular FH equal to the Perpen- 
dicular FK. In the ſame manner we demonſtrate, that 
FL, FM, or FG, is equal to FH, or FK: Therefore 
the five Right Lines FG, FH, FK, FL, FM, are 
equal to each other, and ſo a Circle deſcribed on the 
Centre F, with either of the Diſtances FG, FH, FK, 
FL, FM, will paſs thro' the other Points, and ſhall 
touch the Right Lines AB, BC, CD, DE, EA; fince » 
the Angles at G, H, K, L, M, are Right Angles. For, 
if it does not touch them but cuts them, a Right Line 
drawn from the extremity of the Diameter of a Cir- 
cle, at Right Angles to the Diameter, will fall within 
the Circle; which is t abſurd. Therefore, 4 Circle 
deſcribed on the Centre F, with the Diflance of any one of 
the Points G, H, K, L, M, will not cut the Right Lines 
AB, BC, CD, DE, EA; and ſo will neceſſarily touch | 
them ; which was to be done. 


and equiangular Figure be biſedded, and, from the 
Point in which the Lines biſecting the /ngles meet, 
there be drawn Right Lines to the other Angles of 
the Figure, all the Angles of the Figure will be 
biſected. . 


PR O- 


Py 
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PROPOSITION MMV. 


PROBLEM. 


To deſcribe a Circle about a given equilateral and 
eguiangular Pentagon. 


ET ABCDE be an equilateral and equiangular 
Pentagon. It is required to deſcribe a Circle about 
the ſame. 
Biſect both the Angles BCD, CDE, by the Right 
Lines CF, FD; and draw FB, FA, FE, from the 
Point F, in which they meet. Then each of the other 
Angles CBA, BAE, AED, ſhall be biſected “ by the Sth \ | 
Right Lnes BF, FA, FE. And fince the Angle BCD? 
is equal to the Angle CDE, and the Angle FCD is 
half the Angle BCD; as likewiſe CDF, half CDE ; the 
Angle FCD will be equal to the Angle FDC; and fo 
the Side CF + equal to the Side FD. We demon- 6. 2. 
ſtrate, in like manner, that FB, FA, or FE, is equal to 
FC, or FD. Therefore the five Right Lines FA, FB, 
FC, FD, FE, are equal to each other. And ſo, a Cir- 
cle being deſcribed an the Centre F, with any of the Di- 
flances FA, FB, FC, FD, FE, will paſs thro' the other 
Paints, and will be deſcribed about the equilateral and 
equiangular Pentagon ABCDE; which was to be 
done. | 


PROPOSITION XV, 


PROBLEM. 
To inſcribe an equilateral and equiangular Heu- 


agon in a given Circle. 


ET ABCDEF be a Circle given. It is required 
- to inſcribe an equilateral and equiangular Hexagon 
therein. | | 
Draw AD, a Diameter of the Circle ABCDEF, 
and let G be the Centre; and about the Point D, as 
a Centre, with the Diſtance DG, let a Circle, EGCH, 
be deſcribed ; join EG, GC, which produce to the 
Points B, F: Likewiſe Jo AB, BC, CD, DE, * 1 
| | 2 A: 


4 


1 16 
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FA: I ſay, ABCDEF is an equilateral and equiangu- 


lar Hexagon. 

For, ſince the Point G is the Centre, of the Circle 
ABCDEF, GE will be equal to GD. Again, becauſe 
the Point D is the Centre of the Circle EGCH, DE 
ſhall be equal to DG: But GE has been proved equal 
to GD; therefore GE is equal to ED. And fo EGD 
is' an equilateral Triangle ; and conſequently the three 
Angles thereof, EGD, GDE, DEG, are “ equal be- 


tween themſelves. But the three Angles of a Triangle 


are # equal to two Right Angles z- therefore the Angle 
EGD is a third Part of two Right Angles. In the 
ſame manner we demonſtrate, that DGC is one third 
Part of two Right Angles: And ſince the Right Line 
CG, ſtanding upon the Right Line EB, makes t the 


adjacent Angles EGC, CGB ; therefore the other 


Angle, CGB, is alſo one third Part of two Right 


9.15. 1. 


Angles. Therefore the Angles EG D, DGC, CGB, 
are equal between themſelves: And the Angles that 
are vertical to them, viz. the Angles BGA, AGF, 
FGE, are * equal to the Angles EGD, DGC, CGh. 
Wherefore the ſix Angles EGD, DGC, CGB, BGA, 


AF, FGE, are equal to one another. But equal An- 


+ 26. 3. 


129.3. 


gles ſtand + on. equal Circumferences: Therefore the 
nix Circumferences AB, BC, CD, DE, EF, FA, are 
equal to each other. But equal Right Lines ſubtend! 
equal Circumferences : Therefore the ſix Right Lines 
are equal between themſelves ; and accordingly the 


Hexagon ABCDE is equilateral. I fay, it is alſo 


equiangular, For, becauſe the Circumference AF is 
equal to the Circumference ED, add the common Cir- 


cumference ABCD, and the whole Circumference 


27. 3. 


ABCDEF; which was te be done. 


FAC is equal to the whole Circumference EDCBA. 


But the Angle FED ſtands on the Circumference 
FABCD; and the Angle AFE, onthe Circumference 


'EDCBA : Therefore the Angle AFE is * equal to the 
Angle DEF, In the ſame manner we prove, that the 


other Angles of the Hexagon ABCDEF ate ſeverally 
equal to AFE, or FED. Therefore, the Fexagon 
ABCDEF is equiangular. But it has been proved 
to be alſo eouileteral and is inſcribed in the Circle 


Caroll, 


5 
af, a . 
* 
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Croll. From hence it is manifeſt, that the Side of the 
Hexagon is equal to the Semidiameter of the Circle. 
And if we draw, thro' the Points A, B, C, D, E, F, 
Tangents to the Circle, an ny and equian- 
gular Hexagon, will be deſcribed about the Circle, 
as is manifeſt, from what has been ſaid concerning 
the Pentagon. And ſo likewiſe may a Circle be in- 
ſcribed and circumſcribed about a given Hexagon 


which was to be done. 


PROPOSITION XVI. 


PROBLEM. 


To deſcribe an equilateral and equiangular Quins 
decagon in a given Circle. 


80 ABCD be a Circle given. It is required to 
deſcribe an equilateral and equiangular Quinde- 
cagon in the ſame. 2 

wm AC be the Side of an equilateral Triangle in- 
ſcribed in the Circle ABCD, and AB the Side of a 
Pentagon. Now, if the whole Circumference of the 
Circle ABCD be divided into fifteen equal Parts, the 
Circumference ABC, one Third of the Whole, ſhall 
be five of the ſaid fifteen equal Parts; and the Circum- 
ference AB, one Fifth of the W hole will be three of the 
ſaid Parts: Wherefore the remaining Circumference 
BC will be two of the ſaid Parts. And if BC be bi- 
ſected in the Point E, then BE, or EC, will be one fif- 
teenth Part of the whole Circumference ABCD, And 
ſo, if BE, EC, be joined, and either EC, or EB, be con- 
tinually applied in the Circle, theke ſhall be an equilateral 
an! equiangular Quindecagon deſcribed in the Circle 
ABCD; which was to be done. 


If, according to what hath been faid of the Pentagon, 
Right Lines are drawn thro' the Diviſions of the 
Circle touching the ſame, there will be deſcribed 
about the Circle an equilateral and equiangular 
Quindecagon. And, moreover, a Circle may be 


ral and cquiangular Quindecagon. 


inſcribed, or circumſcribed, about a given equilate- | 


I3 EUSLIDs : 


117 


E U CLI Des 
ELEMENTS. 


BOOK V. 


x © 


2» nd 


DEFINITIONS. 


J. A Part is a Magnitude of a Magnitude, 
the Leſs of the Greater, when the Le 
ſer meaſures the Greater, 

II. But a Multiple is a Magnitude of a Magni 
tude, the Greater of the Leſſer, when the Leſ- 
ſer meaſures the Greater. 

III. Ratio is à certain mutual Habitude of Mag- 
nitudes of the ſame Kind, according to Quan- 
tity. | 

IV. Magnitudes are ſaid is have Proportion to 
each other, which, being multiplied, can exceed 
one another. 8 | 

V. Magnitudes are ſaid to be in the ſame Ratio, 
the firſt to the ſecond, and the third to the 

fourth; when the Equimulltiples of the firſt and 
third, compared with the Equimulltiples of the 
ſecond and fourth, according to any Multipli- 
cation whatſoever, are either both together 
greater, equal, or leſs, than the Equimulliples 
of the ſecond and fourth, if thoſe be taken 
(pet anſwer each other, 

% : That 
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That is, if there be four Magnitudes, and you take 


any Equimultiples of the firſt and third, and alfo any 
Equimultiples of the ſecond and fourth; and if the 
Multiple of the firſt be greater than the Multiple of 
the ſecond; and alſo the Multiple of the third greater 
than the Multiple of the fourth; or, if the Multiple 
of the firſt be equal to the Multiple of the ſecond; 
and alſo the Multiple of the third equal to the Mul- 
tiple of the fourth; or, laſtly, if the Multiple of the 
firſt be leſs than the Multiple of the ſecond; and alſo 
that of the third leſs than that of the fourth, and theſe 
Things happen according to every Multiplication what - 
ſoever: "Thenthe four Magnitydes are in the ſame Ra- 
tio; the firſt to the ſecond, as the third to the fourth. 


VI. Magnitudes that have the ſame Proportion, 
are called Proportionals, 


Expounders uſually 1 down here that Definition, 
for Magnitudes, which Euclid has given for Numbers, 
only, in this Seventh Book; viz. That 


Numbers are proportional, when the firſt is either the 
fame Multiple of the ſecond, as the third is of the fourth, 
or elſe the ſame Part or Parts. 


But this Definition appertains only to Numbers, and 
commenſurable Quantities ; and ſo, ſince it is not uni- 
verſal, Euclid did well to reject it in this Element, 
which treats of the Properties of all Proportionals ; 
and to ſubſtitute another general one, agreeing to all 
Kinds of Magnitudes. In the mean time, Expounders 
very much endeavour to demonſtrate the Definition 
here laid down by Euclid, by the uſual received Defi- 
nition of proportional Numbers; but this much eaſier 
flows from that, than that from this; which may be 
thus demonſtrated : 


Firſt, Let A, B, C, D, be four Magnitudes, which 
are in the ſame Ratio, according to the Conditions 
that Magnitudes in the ſame Ratio muſt have accord- 
ing to the fifth Definition; and let the firft be a 


ultiple of the ſecond; I ſay, the third is alſo the 
ſame Multiple of the fourth, For Example: Let 
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ples of the ſecond and fourth, 


equal to- D. For let A and C 
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be equal to 5B: Then C ſhall be equal to 5D. Take 
any Number, for Example, 2, by which let 5 be 
multiplied, and the Product will , . B „: 6 D 
be 10: An let 9 be 5 
Equimultiples of the firſt an 
og Magnitudes A and C: 245 r0B, 20, 100 
Alſo, ler 10B and 10D be Equimultiples of the ſe- 
cond and fourth Magnitudes B and D. Tben (by 
Def. 5.) if 2A be equal to 10B, 20 ſhall be equal to 
10D. But ſince A (from the Hypotheſis) is five times 
B, 2A ſhall be equal to roB; and fo 2C equal to 100, 
and C equal to 5D; that is, C will bo the times D, 
W. W. D. | 

Secondly, Let A be any Part of B; then C will be 
the ſame Part of D. For, becauſe A is to B. as Cis 
to D; and fince A is ſome Part of B; then B will be 
a Multiple of A: And ſo (by Caſe 1.) D will be the 
ſame Multiple of C; and accordingly C ſhall be the 
ſame Part of the Magnitude D, as A is of B. W. W. D. 

Thirdly, Let A be equal to any Number of what- 
ſoever Parts of B. I ſay, C is equal to the ſame 
Number of the like Parts of D. For Example : Let 
A be a fourth Part of five Times B: that is, let A be 
equal to $B, I ſay, C is alſo equal to $D. For, 
becauſe A is equal to 3B, each of them being multi- 
plied by 4, then 4A will be equal to 5B. And ſo, 
if the Equimultiples of the firſt af ge : 
and third, wiz. 4A, 4C, be aſ- A: B: C:D 
ſumed; as alſo the Equimulti 4A, 5B, 40, 5D 


viz. 5B, 5i); and (by the Definition) if 4A is equal to 
5B; then 4C is equal to 50. But 4A has been proved 


equal to 5B, and fo 4C ſhall be equal to 5D, and C 
equal to 1D. W. W. D. 


And univerſally, if A be equal to B, C will be 
m 


3 1 
be multiplied by m, and B and A 1 3181 
D by n. And becauſe A is equal 


to —B; mA ſhall be equal ta mA, nB, mC, n | 

xB; wherefore (by Def. 5.) m C will be equal to D, 
4 | 

and © equal w—D, W. W. D. VII. ben 
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VII. When, of Equimultiples, the Multiple of the 
firſs exceeds the Multiple of the ſecond, but the 
Multiple of the third does not exceed the Mul- 
tiple of the fourth; then the firſt to the ſecond 
is ſaid to have a greater Proportion, than the 

third 10 the fourth. pn 

VIII. Analogy is a Syralitude of Proportions. 

IX. Analogy at leaſt confiſts of three Terms. 

X. I ben three Magnituges are Propertionals, the 
firſt is ſaid to have, to the third, a duplicate 
Ratio to what it bas to-the ſecond. 

XI. But when four Magnitudes are continued 
Proportionals, the firſt ſhall bave a triplicate 
Ratio to the fourth of what it has to the ſex 
cond; and ſo always oue more in Order, as the 
Proportionals ſhall be extended. 


XII. Homologous Magnitudes, or Magnitudes of 


à like Ratio, are ſaid to be ſuch whoſe Ante- 
cedents are to the Antecedents, and Conſequents 
to the Conſequents. 

XIII. Alternate Ratio is the comparing of the 
Antecedent with the Antecedent, and the Con- 
ſequent with the Conſequent. 

XIV. Inverſe Ratio is, when the Conſequent is 
taken as the Antecedent, and ſo compared with 
the Antecedent as a Conſequent. 

XV. Compounded Ratio is, when the Antecedent 
and Conſequent, taken both as one, is compared 
to the Conſequent it ſelf. 

XVI. Divided Ratio is, whenthe Exceſs, whereby 
the Antecedent exceeds the Conſequent, is com- 
pared with the Conſequent. 

XVII. Converſe Ratio is, when the Antecedent is 
compared with the Exceſs, by which the Ante» 
cedent exceeds the Conſequent. 

XVIII. Ratioof Equalityis, wherethere are taken 


mere than two Magnitudes in one Order, oy” a 
d ; e 
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II. Thoſe Magnitudes that have the ſame Equi- 
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like Number of Magnitudes in another Order, 
comparing to to two being in the ſame Pro- 
portion; and it ſhall be in the fin Order of 
Magnitudes, as the firſt is to the laſt, ſo in the 
ſecond Order of Magnitudes is the firſt to the 
42%: Or otherwiſe, it is the compariſon of the 
Extremes together, the Means being omitted. 


XIX. Orainate Proportion is, when as the Ante. 


cedent is to the Conſequent, fo is the Antecedent 
zo the Conſequent ;, and as the Conſequent is 10 
any other, ſo is the Conſequent to any other. 


XX. PerturbateProportionis, when there are three 


or more Magnitudes, and others alſo, that are 


equal to thefe in Multilude, as in the firſt Mag- 


nitudes the Antecedent is to the Conſequent ; ſo 
in the ſecond Magnitudes is the Antecedent ta 
the Conſequent: And as in the firſt Magnitudes 
the Conſequent is to ſome other, ſo in the ſecond 
Magnitudes is ſome other, to the Antecedent. 


AXIOMS. 


Quimultiples of the ſame, or of equal Mag · 
nitudes, are equal to each other, 


multiple, or whoſe Equimultiples are equal, are 
equal to each other, 


* 


Be 
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PRS POSITION I. 


THEOREM. 


If -bere be any Number of Magnitudes Equimul- 
tiples of a like Number of Magnitudes, each 
of each; whatſoever Multiple any one of the 
former Magnitudes is of its correſpondent one, 


the ſame Multiple are all the former Magni- 


tudes of all the latter. 


1 E T there be any Number of Magnitudes 
AB, CD Equimultiples of a like Number of 
Magnitudes E, F, each of each. I ſay, what 

Multiple the Magnitude AB is of E, the ſame Mul- 

tiple AB, and CD, together, is of E and F to- 

ether, 

7 For, becauſe AB and CD are Equimultiples of E 

and F, as many Magnitudes equal tg 

E, that are in AB, ſo many ſhall be A 

equal to F in CD. Now, divide AB 

into Parts equal to E, which let be AG, 

GB; and CD into Parts oo! to F, G+ 

viz, CH, HD. Then the Multitude of * E 

Parts, CH, HD, ſhall be equal to the B 

Multitude of Parts AG, GB. And fince 

AG is equal to E, and CH to F; AG C | 

and CH, together, ſhall be equal to E | 

and F together. By the ſame Reaſon, | 

becauſe GB is equal to E, and HD to F, H 

GB and HD, together, will be equal to © © 

and F together. Therefore, as often as | | 

E is contained in AB, ſo often is E and F, 

together, contained in AB and CD, to- P F 

gether. And ſo, as often as F is contained 

in CD, ſo often are E and F, together, contained in 

AB, and CD together. Therefore, if there are any 

Number of Magnitudes Equimultiples of a like Number 

of Magnitudes, each of each; whatſoever Multiple any 

one 7 the former Magnitudes is of its coreſpondent one, 
the ſame Multiple are all the former Magnitudes of all 
the latter; which was to be demonſtrated. 


PR O- 
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PROPOSIT=oN I. 


THEOREM- 


of the firſt be the ſame Multiple of the ſicond, 
as the third is of the fourth; and if the fifth 
be the ſame Multiple of the ſecond, as the 2 
is of the fourth; then Hall the firſt, added to 
the fifth, be the ſame Multiple of the ſecond, as 
#he third, added to the fixth, is of the fourth. 


1 the firſt AB be the ſame Multiple of the ſe- 
a- cond C, as the third DE is of the fourth F; and 
let the fifth BG be the ſame Mul- A D 
tiple of the ſecond C, as the ſixth | 

EH is of the fourth F. I fay, 
the firſt added to the fifth, v1z. B+ 
AG, is the ſame Multiple of the 4 EA 
ſecond C, as the third added to | 

=o ſixth, viz. DH, is of the fourth 6 1 | 


.” | H 
For, becauſe AB is the ſame 

Multiple of C, as DE is of F; there are as many 
Magnitudes equal to C in AB, as there are Magnitudes 
equal to F in DE. And, for the fame Reaſon, 'there 
are as many Magnitudes equal to C in BG, as there 
are Magnitudes equal to F in EH. Therefore there 
are as many Magnitudes equal to C, in the whole AG, 
as there are Magnitudes equal toF in DH. Where- 
fore AG is the ſame Multiple of C, as DH is of. F. 
And ſo the firſt, added to the fifth, AG, is the fame 
Multiple of the ſecond C, as the third, added to the 
ſixth, DH, is of the fourth F. Therefore, if the fir/t 
be the ſame Multiple of the ſeconi, as the third is of the 
fourth; and if the fifth be the ſame Multiple of the ſe- 
cond, as the ſixth is of the fourth ; then ſhall the firſt, 
added to the fifth, be the ſame Multiple of the ſecond, as 
the third, added to the ſixth, is of the fourth ; which 
was to be demonſtrated, 


-*; pK 0c 
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PROPOSITION II. 


THEOREM. 


If the firſt be the ſame Multiple of the ſecond, as 
the third'is of the fourth, and there be taken 
Equimultiples of the firſt and third; then will 
the Magnitudes ſo taken be Equimultiples of 
the ſecond and fourth. 


I the firſt A be the ſame Multiple of the ſecond 

B, as the third C is of the fourth D; and let EF, 

GH, be Equimultiples of A F | 

and C. I ſay, EF, is the ſame 

Multiple of B as GH isof D. 
For, becauſe EF is the ſame 1 

Multiple of A, as GH is of C, i | 

there are as many Magnitudes K + L+ 

equal to A in EF, as there are q 

Magnitudes equal to C in GH. 

Now divide EF into the Mag- a 

nitudes EK, KF, each equal E A G b . 

to A, and GH into the Mag- 

nitudes GL, LH, each equal 

to C. Then the Number of the Magnitudes EK, KF, 

will be equal to the Number of the Magnitudes GL, 

LH. And becauſe A is the ſame Multiple of B, as C 

is of D, and EK is equal to A, and GL to C; EK 

will be the ſame Multiple of B, as GL is of D. Fer 

the ſame Reaſon, KF ſhall be the ſame Multiple of B, 

as LH is of D. Therefore becauſe the firſt EK is the 

lame Multiple of the ſecond B, as the third GL is of 

the fourth D, and KF the fifth, is the ſame Multiple 

of B, the ſecond, that LH, the ſixth, is of D the 

fourth: Therefore the firſt added to the fifth, EF, ſhall 

be * the ſame Multiple of the ſecond B, as the third “2 rt 

added to the ſixth, GH, is of the fourth D. H there- 

fore, the firſt be the ſame Multiple of the ſecond, as the | 

third is of the fourth, and there be taken Equimultiples of * 

the firſt and third; then will the Magnitudes ſo taken, be 

Eguimultiples of the ſecond and fourth ; which was to be 


demonſtrated. 
MONLTIA PRO- 
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PROPOSITION IV. 
| TuazroOREM,. 


If the firſt have the ſame Proportion jo the ſecond, 
as the third to the fourth; then alſo ſhallthe Equi. 
multiples of the firſt and third have the ſame 
Proportion to the Equimultiples of the ſecondand 
fourth, according to any Multiplication whatſq- 
ever, if theybe ſo taken as to anſwer each other, 


LET the firſt A have the ſame Proportion to the 


® 3of this, 


Wherefore, #f the fir/t have the ſame | 


Multiple of A, as F is of C, and K. 
and L are taken Equimultiples of E 


M, then + L will exceed N; if | 


ſecond B, as the third C hath to the fourth D; 


and let E and F „the Equimultiples 


of A and C, be any how taken; as | 
alſo G and H, the Equimultiples of | | 
Band D. I ſay, E is to G as F is 
to H. | 

For take K and L, any Equimul- 
tiples of E and F; and allo M 
and N, any, of G and H. 

Then, becauſe E is the ſame 


| 

| 

| 

| 
and F; therefore K will be“ the | 
fame Multiple of A, as L is of C. 1 
L 

| 

| 


For the ſame Reaſon, M is the ſame 
Multiple of B, as N is of D. And 
ſince A is to B, as C is to D, and 
K and L are Equimultiples of A 
and C; and alſo M and N Equi- 
multiples of B and D; if K exceeds 


be equal to M, L will be equal to 
N; and if K is leſs than M, then L 
will be leſs than N: But K and 
L are Equimultiples of E and F, | 
alſo M and N are Equimulti- 
les of G. and H. Therefore, as 
E is to G, fo, ſhall 1 F be to H. | 


P pe tp 4 to the ſecond, as the third 
zo the fourth; then a ſhall the Egui- 


6 
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multiples of the firſt and third have the ſame Proportion 
to the E Al of the ſecond and fourth, according 


to any Multiplication whatſoever, if they be ſo taken as to 
anſwer each other; which was to be demonſtrated. 
Becauſe it, is demonſtrated. if K exceeds M, then L 
will exceed N; and if K be equal to M, L will be 
equal to N; and if K be leſs than M, L will be leſs 
than N: It is manifeſt, likewiſe, if M exceeds K, 
that N ſhall exceed L; if equal, equal; but if leſs, 
leſs, And therefore, as G is to E, fois * H to F. * Def: 5. 
Coroll, From hence it is manifeſt, if four Magnitudes 
be proportional, that they will be alſo inverſely pro- 


portional. 


PRO POSITION V. 
THEOREM. 


If one Magnitude be the ſame Multiple of an- 
other Magnitude, as a Part taken from the 
one is of a Part taken from the other; then 
the Reſidue of the one ſhall be the ſame Mul- 
tiple of the Refidue of the other, as the Whole _ 
is of the Whole. 


LET the Magnitude AB be the ſame Multiple of 
the Magnitude CD, as the Part taken away AE, 
is of the Part taken away CF. I ſay, B 
that the Reſidue EB is the fame Mul- G 
tiple of the Reſidue FD, as the Whole | 
AB is of the Whole CD. 
For, let EB be ſuch a Multiple of CG, C 
as AE is of CF. 7 E+ 
Then, becauſe AE is the ſame Mul- LF 
2 of CF, as EB is of Ss AE why be 
*the ſame Multiple of CF, as AB is of * ; 
GF. But AE ah AB are put Equimul- I 
tiples of CF and CD: Therefore AB is 
the lame Multiple of GF, as of CD; and ſo GF is + A2. 
equal to CD. Now, let CF, which is common, be gf this, 
taken away ; then the Reſidue GC is equal to * 
e : ue 


4 
7 
1 
1 
1 
1 
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fidue DF. And then, becauſe AE is the ſame Mul. 
tiple of CF, as EB is of CG, and CG is equal to DF, 


AE ſhall be the ſame Multiple of CF, as EB is of FD. 


fame Multiple of another 
from the one is of a Part taken from the other ; then the 


But AE is put the ſame Multiple of CF, as AB is of 
CD: Therefore EB is the ſame Multiple of FD, a 
AB is of CD; and ſo the Reſidue EB is the ſame 
Multiple of the Reſidue FD, as the Whole AB is of the 
Whole CD. fort arty ES one Magnitude be thr 

agnitude, as a Part taken 


Reſidue of the one ſhall be the ſame —_ of the Re. 
ſidue of the other, as the Whole is of the Whole ; which 
was to be demonſtrated. | 


PROPOSITION VL 


THEOREM. 


If two Magnitudes be Equimultiples of two Mag- 
nitudes, and ſome Magnitudes Equimultiples of 
the ſame, be taken away; then the Reſidues art 
either equal to thoſe Magnitudes, or elſe Equi- 
mulliples of them, 


| L two Magnitudes AB, CD, be Equimultiples 


® 2 of this. 


of two Magnitudes E, F; and let the Magni. 
tudes AG, CH, Equimultiples of the ſame, E, F, be. 
taken from AB, CD: 1 ay, the Reſidues GB, HD, 
are either equal to E, F, or are Equimultiples of 
them. | 


For, firſt, Let GB be equal to E. I fay, HDI 


alſo equal to F. For let CK be 


equal to F. Then, becauſe AG is A K 
the ſame Multiple of E, as CH is _ 
of F; and GB is equal toE; and 
CK to F; AB will be * the ſame ＋ C 
Multiple of E, as KH is of F. But | 
AB and CD are put Equimultiples | 


| 
of E and F. Therefore KH is the G++H | | 
fame Multiple of F, as CD is of Ts L 
F h 25 g 


And becauſe KH and CD are 
Equimultiples of F; KH will be equal to CD. Take 
away 


8 
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away CH, which is common; then „ 


the Reſidue KC is equal to the Re- A 

ſidue HD. - But KC is equal to F. | 
G 

| 


if GB was a Multiple of E, that 
HD is a like Multiple of F. There- 
fore, if two Magnitudes be Equi- I 
multiples of two Magnitudes, and BD EF 
ſome Magnitudes, Equimultiples of | 

the ſame, be taken away; then the Reſidues art either 
equal to thoſe Mag nitudes, or elſe Equimulliples of them; 
which was to be demonſtrated. | 


Therefore HD is equal to F; and' ( 

ſo GB ſhall be equal to E, and HD | 

to F. | 
In like manner we demonſtrate, +iH 

| 

$ 


PROPOSITION VI. 
THEOREM. 


Equal Magnitudes have the ſame Proportion to 


the ſame Magnitude; and one and the ſame 


Magnitude bas the ſame Proportion to equal 
 Magnituaes. | 


JET A, B, be equal Magnitudes, and let C be 
an 


other Magnitude, I fay, A and B have the 


ſame Proportion to C; and likewiſe | 


B. ; | 
For take D, and E, Equimultiples of | 
A ind B; and let F be any other Mul- 
tiple of C. D 
Now, becauſe D is the ſame Mul- 
tiple of A, as E is of B, and A is equal | 
to B, D ſhall be alſo equal to E; but 
F is a Magnitude taken at Pleaſure, | 
Therefore if D exceeds F, then E will 
exceed F ; if D be equal to F, E will 
be equal to F; and if leſs, leſs. But 
D and. E are Equimultiples of A, and B; and 


C has the ſame Proportion to A as to * 


is 
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any other Multiple of C. Therefore it will be“ as . py; ;. 
E : I fay, 


A is to C, ſois Bto C. 
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neareſt Multiple of D greater 
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I ſay, moreover, that C has the ſame Proportion 

A as 4 B. For the ſame Conſtruction — - 
prove, in like manner, that D is equal to E. "There. 
fore, if F exceeds D, it will alfo exceed E; if it be 
equal to D, it will be equal to E; and if it be leſs than 
D, it will be lefs than F. But F is a Multiple of C; 
and D and E, any other Equimultiples of A and B; 
therefore, as C is to A, fo ſhall * C be to B. Where. 
fore, equal Magnitudes have the ſame Proportion to the 
fame Magnitude, and the ſame Magnitude to equal ones, 
which was to be demonſtrated. 


PROPOSITION VIII. 
58 1 THEOREM 
The greater of any two unequal Magnitudes has 
a greater Proportion to ſome third Magnitude, 
| than the leſs bas; and that third Magnitd: 
hath a greater Proportion to the leſſer of the 
two Magnitudes, than it has to the greater, 
LET AB and C be two unequal Magnitudes, where- 
of ABis the greater; and let D be any third Mag- 
nitude. 1 fay, AB has a greater Proportion to D, 
than C has to D; and D has a greater Proportion to 


C, than it has to AB. 3 8 
Becauſe AB is greater than C, make BE equal to 


C, that is, let AB exceed C 


by AE ; then AE, multiplied F 
ſome Number of times, will 
be greater than D. Now let 


AE be multiplied until it ex- 
cetds D, and let that Multiple ' 
of AE greater than D be FG. | 
MakeGHtheſame Multiple I. 
of EB, and K of C, as FG 
is of AE, Alſo, aſſume L 
double to D, P triple, and ſo 
on, until ſuch a Multiple of 
D. is had, as is the neareſt 
ater than Kʒ let this be N, 
and let M be a Multiple of D 


the neareſt leſs than N. 


F224 

| | 
"Now, becauſe N is the | | | | q | 

N M P D. 


* — 


than K; M will not be greater than K; that is, K 
will not be leſs than M, And ſince FG is the ſane 
Multiple of AE, as GH is of EB; FG ſball be * i. 
the ſame Multiple of AE, as FH is of AB; but FG 

is the fame Multiple of AE, as. K is of C: Whete- 

fore FH is the ſame Multiple of AB is K is of C 

that is, FH and K are Eqimultiples of AB and C. 

Again, becauſe GH is the ſame Multiple of EB, as K 

is of C, and EB is eqaul to C; GH ſhalt he + equal f A=. 1. 
to K. But K is not leſs than M: Therefore GH 

ſhall not be leſs than M. But FG is greater than D: 
Therefore the whole FH will be greater than M and 

D; but M and D, together, are equal to N, becauſ⸗ 

M is a Multiple of D, the neareſt leſſer than N: 
Wherefore FH is greater than N. And fo, ſince FH 

exceeds N, and K does not; and and K are 
Equimultiples of AB and C, and N is another Mul- 

tiple of D; therefore AB will have 3 a greater Ratio 1 D. 7- 
to D, than C hasto D. I ſay, moreover, that D has 

a greater Ratio to C than it has to AB: For the 

ſame Conſtruction remaining, we demonſtrate, as be- 

fore, that N exceeds K, but not FH, And N is a 

Multiple of D, and FH and K are Equimultiples of 

AB and C. Therefore D has t a greater Proportion 

to C, than D hath to AB. Wherefore, the greater cf 

am two unequal Magnitudes has a greater Proportion to 

ſome third Magnitude than the leſs. has; and:;thet third 
Magnitude hath a greater Proportion to the leſſer of the 

two Magnitudes than it has to the greater ; which was 

to be demonſtrated. W's 


PROPOSITION IX. 


1 5 THEOREM. 
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Magnitudes which bave the ſame Proportion to 
one and the ſame Magnitude, are equal to one 
another ;, and if a Magnitude has the ſame Pro- 
portion to other Magnitudes, theſe Magnitudes 
are equal to one another, 


ET the Magnitudes A and B have the ſame Pro- 
portion to C. I ſay, A is equal to B. gy 
Bo | K 2 For, 
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8 of this, 


3 | ® 7of this, 


+8 of ebis, 


but it hath not a leſs Proportion: There- 
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For, if it was not, A and B would not “ have the 
ſame Proportion to the ſame Magni- | 
tude C; but they have. Therefore A 
is equal to B, | W. 
Again, let C have the ſame Propor- 
1 A as to B. I fay, A is equal } 
to B. 
For, if it be not, C will not“ have | C 
the ſame Proportion to A as to B; but 
it hath: Therefore A is neceſlarily B 
equal to B. Therefore, Magnitudes 
that have the ove Proportion to one 
and the ſame Magnitude, are equal to one another; and, 
if a Magnitude has the ſame Proportion to other Magni- 
tudes, theſe Aygnitudes are equal to one another; which 
was to be demonſtrated, | 


PROPOSITION X. 


THEOREM. 


Of Magnitudes having Proportion to the. ſame 
Magnitude, that which has the greater Pro- 
portion, is the greater Magnitude: And that 
Magnitude to which the ſame bears a greater 
Porpertion, is the leſſer Magnitude. | 

LET A have a greater Proportion to C, than B has 

to C. I ſay, A is greater than B. 
For, if it be not greater, it will either be equal or 
leſs. But A is not equal to B, becauſe 

then both A and B would have + the 

ſame Proportion to the Magnitude C; | A 

but they have not. Therefore A is | 

not equal to B: Neither is it leſs than b 

B; for then A would have + a leſs 0 

Proportion to C, than B would have; | B 


fore A is not leis than B. But it has 
been proved likewiſe not to be equal to 
it: T herefore A ſhall be greater than B, 


Again, let C have a greater Proportion to B than to A. 


I lay, B is Jeſs than A. 's 38" 
© IS For, 


A 
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For, if it be not leſs, it is greater, or equal, Now, 
B is not equal to A, for then C would have“ the * 7 ef ebir. 
fame Proportion to A as to B; but this it has not. 
Therefore A is not equal to B; neither is B greater 
than A; for if it was, C would have + a leſs Propor- +48 bu. 
tion to B than to A; but it has not: Therefore B is 
not greater than A. But it has alſo been proved not 
to be equal to it. "Wherefore B ſhall be leſs than A. 
Therefore of Magnitudes having Proportion to the ſame 
Magnitude, that which has the greater Proportion, is the 
greater Magnitude: And that Magnitude to which tbe 
ſame bears a greater Proportion, is the lefſer Magnitude ; 
which was to be demonſtrated, A 


PROPOSITION XI. 
PROBLEM. e 


Proportions that are one and the ſame to any third 
are alſo the ſame to one another. _ _ 
ET A be to B, as C is to D; and C to D, as E to 

+ F. I ſay, A is to B. as E is to F. ; | 
- For, take G, H, and K, Equimultiples of A, C, and 


G I — ER ——— 
A — | $4 . 3 
3 5 —— 
1 — M— N ——— 


E; and L, M, and N, other Equimultiples of B, D, 

and F. Then, becauſe A is to B, as C is to D, and 

there are taken G and H, the Equimultiples of A and 

C,and Land M, any other Equimultiples of B and C 
D; if G exceeds L, * then H will exceed M; and if + p,; ;. 
G be equal to L, H will be equal to M; and if leſs, eric. 
leſs, Again, becauſe as C is to D, ſo is E to F; and 
H and K are taken Equimultiples of C and E; as like- 


wiſe M and N, any other A Pers se of br _ Fi 
exceed N; and if H be 


if H exceeds M, then K wi 
equal to M, K will be equal to N; and if leſs, leſs. 
But if H exceeds M, G will alſo exceed L; if equal, 
ual; and if leſs, leſs, Wherefore, f G exceeds L, 
will alſo exceed N; ney G be equal ta L, K wlll 
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5 equal to N; and if lefs, leſs. But G and K ate 
quimultiples of A and E; and L and N are Equi- 

multiples of B and F. Conſequently, as A is to B, ſo 
of * „ is E to F. Therefore, Proportions that are one and 
of b the ſame to any third, are alſs the ſame to one another; 


- - 


which was to 'be demonſtrated. 
P RO POSITION XII. 
G ene ot EOS 
If any Number of 'Magnitudes be proportional, at 
one of the Antecedents is to one of the Conſr 
quents, ſo are all the Antecedents to all the 
Conſequents, ER 


JF ET' there be any Number of Proportional Mag- 
nitudes, A, B, C, D, E, F; whereof as A is to B, 


7 7 . "—_— * "Ry in N : a . 4 
G- 1 LED | 4 N e 2 b 
— — — — — 
hy 6 * o = c X 
A — 63.2 —— Emo ——— 
% 
2 — F 3 Mn F ——ů — 
13989 18 0 : ” „ E 
ol * v C . 4 n U Y bs pu « * * . + 
— —  — — — > — —— — — 


” T 4 


ſo C is to D, and ſo E to F. I fay, as A is to B, ſo are 

all the Antecedents A, C, and k together, to all the 
Conſequents, B, D, and F, together. 

For, let G, H, and K, be Equimultiples of A, C, and 

E; and L, M, and N, any other Equimultiples of B, 

D, and F. os e 

Ten, becauſe as A is to B, ſo is C to D, and ſo E ta 

F; and G, H, and K, are Equimultiples of A, C, and 

725 Def. x E ; and L, M, and N, EauicaMoles of B, D, and F; 

of tha,” if G exgeeds I., H * will alfo exceed M, and K will 

ee kxcced N; if G be equal to L, H will be equal to M, 

and K to N; and if leſs, leſs, Wherefore, alſo, if G 

exceeds, L, then G, H, and K, together, will likewiſe 

exceed L. M. and N together; and, if G be equal to 

L. then G, H, and K, together will be equal to L. M. 

and N, together; and if leſs, leſs: But G, and G. H. 

and K, arg Equimultiples of A, and A, C, and E; 

bec-uſe, if there are any Number of Magnitudes Equi- 

multiples to a like Number of Magnitudes, each to 

the — the ſame Multiple that one Magnitude is o 

17 of bis. one, ſo ſhall + all the Magnitudes be of all. And, — 

; | = k 8 


® | 
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che ſame Reaſon, L, and L, M, and N, are Equimul- 


tiples of B, and B, D, and F. Therefore, as A is to B, | 
it's is A, C, and E together, to B, D, and F, together. D 5. 


18 


| Wherefore, if there be any Number of Mami es pro- fr 1 


tonal, as one of the Antecedents is to one of the Conſe- 
quents, ſo are all the Antecedents to all the Conſequents ; 
which was to be demonſtrated. 


PROPOSITION XIII. 


THEOREM. 


If the ff has the ſame Proportion to the ſecond, 
as the third to the fourth, and if the third has 


. a greater Proportion 10 the fourth, thanthefifth 


to the fixth; then alſo ſhall the firſt have a 
greater Proportion 10 4 ſecond, ban the fifth 
bas to the ſixib. | 


| JET the firſt A have the ſame Duane to the ſe- 


cond B, as the third C has to the fourth D; and let 
the third C have a greater Proportion to the fourth D, 
than the fifth E to the ſixth F. I ſay, likewiſe, that the 


A — — — E———— 

B ———— D—_— F— 

No — KR — ä — 

firſt A, to the ſecond B, has a grenter Proportion than . 


the fifth E, to the fixth F. 

For, becauſe C hast greater Proportion to D, than 
E has to F; there are “ certain Equimultiples of C and * DF. . 
E, and others of D and F, ſuch that the Multiple of N this, 
may exceed the Multiple of D; but the Multiple of E 
not that of F, Now let theſe Equimuſtiples of C and 
E be Gand H; and K and L thoſe of D and F; fo 
that G exceeds K, and H not L: Make M the ſame 
Multiple of A, 25 Gis of C; and N the ſame of B, 


asK is of D. 


Then, becauſe A is to B, as C is to D; 400 M and 
G are Equimultiples of A and C; and N and K of B 


and D: If M exceeds N, then * G will exceed K; and 4 D, 5. 


# M be equal to N, G will be. equal to K; and it Jeſs. 
K 4 leſo. 


— —V — — 


* 
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Jeſs. But G does exceed K: Therefore M will alſo 
exceed N. But H does not exceed L. And M and 
H are Equimultiples of A and E; and N and L any 
* Def. 3, others of B and F. Therefore Ahas a + greater Pro- 
of this, portion to B, than E has to F. Wherefore, if the firf 
has the ſame Proportion to the ſecond, as the third to the 
ourth ; and if the third has a greater Proportion ta the 
fourth, than the fifth to the fixth; then, alſo, ſhall the 
firſt have a greater Proportion to the ſecond, than the fifth 
has to the ſixth; which was to be demonſtrated, 


PROPOSITION XIV. 
THEOREM. 


If the firſt has the ſame Proportion to the ſecond, 
as the third has to the fourth, and if the firſt be 
greater than the third; then will the ſecond be 
greater than the fourth. But, if the firſt be equal 
to the third, then the ſecond jha'l be equal to the 
fourth ;, and, if the firſt be leſs than the third, 
then the ſecond will be leſs than the fourth. 


11 the firſt A have the ſame Proportion to the ſe- 

cord B, as the third C has to the fourth D; and 

let A be greater than C. I ſay, B is alſo greater than 
D 


For, becauſe A is greater than C, and 
Bis any other Magnitudez A will have 
* 2 of this, * preater Proportion to B, than C has to [ 
; B: But as A is to B, ſo is C to D; there- | 
t 13 of this. fore, alſo, C ſhall 4 have a greater Pro- 
| portion to D, than C hath to B. But 1 
that Magnitude to which the ſame bears | 
+ 10 ibis a greater Proportion, is + the leſſer Mag- 
nitude: Wherefore D is leſs than B; and | oy 
conſequently B will be greater than D. 1 | | 
In like manner we demonſtrate, if A be ABC 
equal to C, that B will be equal to D; 
and if A be leſs than C, that B will be leſs than D. 
Therefore, if the firſi has the ſame Proportion to the ſe- 
cond, as the third has to the fourth ; and if the firſt be 
reater than the third; then will the ſecond be greater 
than the fourth, But if the firſi be equal to the 51. 
| x ; then 
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then the ſecond ſhall be equal to the fourth; and if the 
fir be 40 than the third, then the ſecond will be leſs than 
the fourth ; which was to be demonſtrated, 


PROPOSITION XV. 


THEOREM. 


Parts have the ſame Proportion as their like Mul- 
tiples, if taken correſpondently. 


LET AB be the ſame Multiple of C, as DE is of F. 
I fay,asCis to F, fo is AB to DE. 

For, becauſe AB and DE are A 

uimultiples of C and F, there 
ſhall be as many Magnitudes equal 
to Cin AB, as there are Magnitudes 
equal to F in DE. Now, let AB G 
be divided into the Magnitudes AG, | 
GH, HB, each equal to C; and | 
ED into the Magnitude DK, KL, H 
LE each equal to F; then the ” 
Number of the Magnitudes AG, 
GH, HB, will be equal to the Num- 
ber of the Magnitudes DK, KL, 
LE. Now, becauſe AG, GH, HB, 
are equal, as likewiſe DK, KL, LE; it ſhall be“, as 7 ef chic. 
AG is to DK, ſo is GH to KL, and fo is HB to LE. 
But as one of the Antecedents is to one of the Conſe- oe 
quents, ſo + all the Antecedents to all the Conſe- t 12 of this. 

uents. Therefore, as AC is to DE, ſo is AB to 

E. But AG is equal to C, and DK to F. Whence, 
as C is to F, fo ſhall AB be to DE. Therefore, 
Parts bave the ſame Proportion as their like Multiples, 
4 = correſpondently ; which was to be demon- 

ated, 
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PROPOSITION XVI. 


THEOREM. _ 
Tf four Magnitudes of the ſame Kind are propor. 
tional, they ſhall alſo be alternately propor. 


JT four Magaitudes A, B, C, D, be proportional; 

whereof A is to B, as C.is to D. I ſay, likewiſe, 
that they will be alternately proportional; v:z. as Ais 
to C, ſo is B to D: For take E and F, Equimultiples of 
A and B; and G 


and H, any Equi- E—————— G--——— 
multiples of C and A —— — 
D. | D_—_—_—— | + WORE 

Then, becauſe Fo————— | * ROS TRE 
E is the ſame Mul- 


tiple of A, as F is of B, and Parts have the ſame Pro- 

15 of this portion “ to their like Multiples, if taken coreſpond- 

ently ; it ſhall be, as A is to B, ſo is E to F. But a 

A is to B, fois C to D. Therefore, alſo, as C is to 

fir this. D, ſo q is E to F. Again, becauſe G and H are Equi- 

multiples of C and D, and Parts have the ſame Pro- 

p-r:ion with their like Multiples, if taken correſpond- 

ently, it will be, as C is to D, fois G to N; but as C 

is to D, ſo is E to F. Therefore, alſo, as E is to F, fo 

is G to H; and if four Magnitudes be proportional, 

and the firſt greater than the third, then the ſecond 

24 b. will be 4 greater than the fourth; and if the firſt be 

N equal to the third, the ſecond will be equal to the 

fourth; and if leſs, leſs. Therefore, if E exceeds G, 

F will exceed H; and if E be equal to G, F will be 

equal to H; and if leſs, leſs. But E and F are any 

Equimultiples of A and B; and G and H, any Equi- 

multiples of C and D. Whence as A is to C, ſo ſhall 

Der z. B be“ to D. Therefore, if four Magnitudes of the 

fame Kind are proportional, they fhall alſo be alternately 
proportional; which was to be demonſtrated. 
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rt PROPOSITION XVII - 
— : TuEOARE A. 3 
If Mag nitudes compounded are proportional, they 
Ppall alſo be proportional when divided. 
LET the compounded Magnitudes AB, BE, CD, 
DF, be proportional; that is let AB be to BE, as 
CDis to DF. I ſay, theſe Maude divided are pro- 
ortional; viz. as AE is to EB, ſo is CF to FD. 
For let GH, HK, LM, and X 
MN, be Equimultiples of AE, | 
EB, CF, and FD; and KX, 
and NP, any Equimultiples of 


EB and FD, 7 K + p 
Becauſe GH is the ſame 
Multiple of AE, as HK is of B N 
EB; gherefore GH * is the | | 
ſame Multiple of AE, as GK H- 35 D * 1 of thit, 
is of AB. But 2 is oe E 
ſame Multiple of AE, as | 
is of CF. Wherefore GK is G } L 
the ſame Multiple of AB, as 
LM is of CF, Again, becauſe LM js the ſame Mul- 
tiple of CF, as MN is of FD, LM will be * the ſame 
Multiple of CF, as LN is of CD. Therefore GK is 
the ſame Multiple of AB, as LN is of CD. And fo 
GK and LN will be Equimultiples of AB and CD. 

ain, becauſe HK is the ſame Multiple of EB, as 

is of FD; as likewiſe KX the ſame Multiple of 

EB, as NP is of FD; the compounded Magnitude HK 
is + alſo the ſame Multiple of EB, as MP is of FD. + 2 ei, 
Wherefore, ſince it is, as AB is to BE, ſo is CD to 
DF; and GK and LN are Equimultiples of AB and 
CD; and alſo HX and MP any Equimultiples of EB 
and FD; if GK. exceeds HX, then LN will t exceed : py. 5, 
MP; and if GK be equal to HX, then LN will be 
equal to MF; if leſs, leſs. Now let GK exceed 
HX; then, if HK, which is common, be taken away, 
GH ſhall exceed KX. But when GK exceeds HX. 
then LN exceeds Mp; therefore LN does exceed 
MP, If MN, which is common, be taken away, 
8 then 
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then LM will exceed NP. And fo, if GH exceeds 
KX, then LM will exceed NP. In like manner we 
demonſtrate, if GH be equal to KX, that LM will be 
equal to NP; and if leſs, leſs, But GH and LM are 
Equimultiples of AE and CF; and KX and NP are 
Df 5. any Equimultiples of EB and FD. Whence, “ as AE 
is to EB, ſo is CF to FTD. Therefore, if Magnitude: 
compounded are proportional, they ſhall alſo be propor. 
tional when divided ; which was to be demonſtrated, 


PROPOSITION XVIII. 


THEOREM. 


If Magnitudes divided be proportional, the ſame 
alſo being compounded, ſhall be proportional. 


LE the divided proportional Magnitudes be AE, 
EB, CF, FD; that is, as AE, is to EB, fo is CF 
to FD. I fay, they are alſo proportional 

when compounded ; v:z. as AB is to BE, A | 
ſo is CD to DF. [4 

For, if AB be not to BE, as CD is to 

DF, AB ſhall be to BE, as CD is to a | | 
Magnitude, either greater or leſs than E F 


FD. | 

Firſt, Let it be to a leſſer, viz. to GD. GT 
Then, becauſe AB is to BE, as CD is to f 
DG, compounded Magnitudes are pro- D 


* 17 of chin, portional; and conſequently * they will 
be proportional when divided. Therefore AE is to 
EB, as CG is to GD. But (by the hp) as AE is to 
EB, fo is CF to FD. Wherefore, alſo, as CG is to 

+17. 7. GD, ſo+is CF to FD. But the fift CG is greater 
than the third CF ; therefore the ſecond DG ſhall be 

274. of this. I greater than the fourth DF. But it is leſs, which is 
abſurd. Therefore AB is not to BE, as CD is to DG. 
We demonſtrate in the ſame manner, that AB to BE 
is not as CD to a greater than DF. Therefore AB 
to BE muſt neceſſaaily be as CD is to DF. And fo, 
if Magnitudes divided be proportional, they will alſo be 
prepertional when compounded ; which was to be de- 
monſtrated. 
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PROPOSITION XIX. 


THEOREM. 


If theWhole be to theWhole, as a Part taken away 


is to a Part taken away; then ſhall the Reſidue 


be to the Refidue, as the whole is to the Whole. 


ET the Whole AB be to the Whole CD, as the 
Part taken away AE, is to the Part taken away 
CF. I fay, the Reſidue EB is to the Reſidue FD, as 
the Whole AB is to the Whole CD. 
For, becauſe the Whole AB is to the Whole CD, 
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as AE is to CF; it ſhall be“ alternately, as AB is to“ 16 b. 


AE, fo is CD to CF, Then, becauſe compounded 


Magnitudes, being proportional, will be 


+ alſo proportional when divided; as BE A 
is to EA, fois DF to FC: And again, it | 
will be by * Alternation, as BE is to DF, | 
ſo is EA to FC. But as EA is to FC, fo E C 
(by the Hyp.) is AB to CD. And there- 
fore the 4 Reſidue EB ſhall be to the Re- 
ſidue FD, as the Whole AB to the Whole | 
CD. Wherefore, if the Whole be to the D 
Whole, as a Part taken away is to a Part 
taken away ; then ſhall the Reſidue be to the Reſidue, as 
— Whole is to the M bole; which was to be demon- 
rated. 
Corll. If four Magnitudes be proportional, they will 
be likewiſe converſly proportional. For let AB be 
to BE, as CD to DF; then 10 Alternation, ) it 
ſhall be, as AB is to CD, ſo is E to DF. Where- 
fore, ſince the Whole AB is to the Whole CD, as 
the Part taken away BE is to the Part taken away 

DF; the Reſidue AE to the Reſidue CF ſhall be 

as the Whole AB to the Whole CD. And again, 

(by Inverſion and Alternation) as AB is to AE, fo 

is CD to CF, Which is by converſe Ratio. 

The Demonſtration of converſe Ratio, laid down in 
this Corollary, is only particular. For Alternation 
(which is uſed herein) cannot be applied but when the 
four proportional Magnitudes are al of the fame Kind, 
as will appear from the 4th and 17th Definitions 7 this 
Book, But converſe Ratis may be vſjed ben the Terms 


of 


+ 17 of this, 


+ OR 
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of the firſt Ratio are not of the ſame Kind with the Term: 
of the latter. Therefore, in/lead of that, it may not be in- 
proper to add this Demonſtration follpwing : If four Mag. 
nitudes are proportional, they witt be ſo converſly : Fer 
let AB be to BE, as CD to DF. + And then dividing, it 

® 17ef this. ig, ® as AE is to BE, ſa is CF t DF and this inverſy 

+ Cor. 4+ it, as BE is to AE, ſo is DF to CF; which by compound. 


PROPOSITION XX. 
THEOREM. 

If there be three Magnitudes, and others equal t1 
them in Number, which, being taken two and tus 
in each Order, are in the ſame Ratio; and if the 
firſt Magnitude be greater than the third, then 
the fourth will be greater than the ſixth: Butif 
the firſt be equal to the third, then the fourth will 
be equal to the ſixth ;, and if the firſt be leſs than 
the third, the fourth will be leſs than the ſixth. 

LET A, B, C, be three Magnitudes, and | 

D, E, F, others equal to them in Num- 12 
ber, which being taken two and to in each 

Order, are in the ſame Proportion, viz. let 

A be to B, as D is to E; and B to C, as | | 

E to F; and let the firſt Magnitude A be 

age than the third C. I ſay, the fourth | 
is alſo greater than the ſixth F. And if A B 

A be equal to C, D is equal to F. But if A 

be leſs than C, D is leſs than F. | 
For, becauſe A is greater than C, and B 


is any other Magnitude; and fince a greater | 
* $ of th. Magnitude hath * a greater Proportion to | | 
the ſame Magnitude than a leſſer hath; A | 
will have a greater Proportion to B, than C | | 
+ D Hip. hath to B. MA B, ſo is D to EAT; DE 


therefore D hath a greater Proportion to E, 5 
than C hath to B. Now inverſly, as C is to B, ſo is F 
to E. Therefore alſo D will have a greater Proportion 
| to E, than F has to E. But of Magnitudes having Fro- 
| portion to the ſame Magnitude, that which has the 

| oreatet 
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greater Proportion is* the N Magnitude. There- 10 abe 


fore D is greater than F. In the ſame manner we de- 
monſtrate, if A be equal to C, then D will be alſo 
equal to F; and if A be leſs than C, then D will be 
leſs than F. Therefore, if there be three Magnitudes, 
and others equal to them in Number, which being taken 
two and two in each Order, are in the ſame Ratio; if 
the firſt Magnitude be greater than the third, then the 
fourth will be greater than the ſixth : But if the fir/t be 


equal to the third, then the fourth will be equal to the 


h; and if the fir/t be leſs than the third, the fourth will 
47 0 than the Jixth; which was to be demonſtrated. 


PROPOSITION XXI. 
THEORE M. 


If there be three Magnitudes, and others equal to 
them in Number, which taken two and two, are 
in the ſame Proportion, and the Proportion be 
perturbate; if the firſt Magnitudebe greater than 
the third, thenthe fourth will be greater than the 
ſixth; but if the firſt be equal ro the third, then 

is the fourth equal to the fixth ; if leſs, leſs. 

ET three Magnitudes, A, B, C be proportional ; 

and others, D, E, F, equal to them in Number, 

Let their Analogy likewiſe be perturbate; 

viz. as A is to B, ſo is E to F; and as Bis 

to C, ſo is D to E: if the firſt Magnitude | 

A be greater than the third C, I ſay, the 

fourth D is alſo greater than the fixth F. 

And if A be equal to C, then I is equal to 

F; but if A be leſs than C, then D is leſs | | 

than F. A 
For, ſince A is greater than C, and Bis 

ſome other Magnitude, A will have“ a | 

2 Proportion to B, than C has to B. | 

ut as A is to B, ſo is E to F; whence E 
has a greater Proportion to F, than C hath | 
| 
D 


to B: Now inverſly, as C is to B, ſo is E to 
D: Wherefore alſo, E ſhall have a greater 
Proportion to F, than E to D. But that 
Magnitude to which the ſame Magnitude 


®$ of rh:,, 
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+ 20 of this. bears a greater Proportion, + is the leſſer Magnitude, 


* 4 of this. 


| 
. will beasK is to M, fois LtoN, | | 
| 


Therefore F is leſs than D; and fo D ſhall be greater 
than F. After the ſame manner we demonſtrate, if 
A be equal to C. D will be alſo equal to F; and if A 
be leſs than C, D will alſo be leſs than F. ½, there- 
fore, there are three Magnitudes, and others equal to them 
in Number, which, taken two and two, are in the ſame 
Proportion, and the 1 ns be perturbate; if the firſt 
Magnitude be greater than the third, then the fourth will 
be greater than the ſixth; but if the firſt be equal to the 
third, then is the 7 nog equal to the fixth; if leſs, leſs; 
which was to be demonſtrated. 


PROPOSITION XXIL 


THEOREM. 


* 

If there be any Number of Magnitudes and others 
equal to them in Number, which, taken two and 
two, are in the ſame Proportion; then they 

Hall be in the ſame Proportion by Equality. 

LET there be any Number of Magnitudes, A, B, 

and C; and others, D, E, and F, equal to them in 

Number, which, taken two and two, ate in the ſame 

Proportion; that is, as A is to B, ſo is D to E; and as 

Bis to C, ſo is E to F. I ſay, they are 

alſo proportional by Equality; viz. | 

as A is to C, ſo is D to F, — 
For let G and H be any Equimul- | 

tiples of A and D; and K and L any 

Equimultiples of B and E; and like- | 


wiſe M and N, any Equimultiples of | 
C and F. Then, becauſe A is to B, A 
as D is toE; and G and H are 

Equimultiples of A and D; and K GK! 
and L Equimultiples of B and E, E 
it ſhall be, “ as G is to K, fois H | 
to L. For the ſame Reaſon, alſo, it | 


And ſince there are three Magnitudes 
G, K, and M, and others H, L, and 
N, equal to them in Number, which | 
deing taken two and two, in each 
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Order, are in the ſame Proportion; therefore if G ex- 

ceeds M, * H will exceed N; if G be equal to M, 20 this 
then H ſhall be equal to N; and if G be leſs than M, 

H ſhall be leſs than N. But G and H are Equimul- 

tiples of A and D; and M and N, any other Equi- 

multiples of C and F. Whence as A is to C, fo ſhall 5 

D be to F. Therefore, if there be any Number 7 L hn” 
Magnitudes, and others equal to them in Number, which, | 
taken two and two, are in the ſame Proportion ; then 

they ſhall be in the ſame Proportion by Equality ; which 

was to be demonſtrated. 9 24 


PROPOSITION XXII. 


THEOREM. 


If there be three Magnitudes, and others equal to 
them in Number, which, taken two and two, 
are in the ſame Proportion; and if their Ana- 
logy be perturbate; then ſhall they be alſo in the 
ſame Proportion by Equality. 

LE T there be three Magnitudes 

A, B, and C; and others equal | 
to them in Number, D, E, and F, | 
which, taken two and two, are in 
the ſame Proportion, and their Ana- 
logy be perturbate; that is as A is | | 

to B ſo is E to F; and as B is to C, 1 

H 
| 


ſois D to E. I ſay, as A is to C, ſo A 

is D to F. 

For, let G, H, and L, be Equi- G 
| | 


K 
multiples of A, B, and D; and K, | 
M, and N, any Equimultiples of C, 

E, and F. f | 1414 
Then becauſe & and H are Equi- | 


multiples of A and B, and ſince; Parts L +4 
have the ſame Proportion: av their 44 
like Muldples,. when taken corre- i 
ſpondentiy; it hall be *, as A is to B, ſo is G to H; *5 bir. 
and, wy the ſame Reaſon, as E is to F, fois M. to N. % 
But A is to B, as E is to F. Therefore. f as G is to + «1 of «bir, 
H, ſo is Mto N. Again, becauſe B is to C as D 

is to E; and H and L are 5 of B and D; 
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as likewiſe K and M any Equimultiples of C and E; 
it ſhall be, as H is to K, ſo is L to M. But it has been 
alſo proved, that as G is to H, fo is M to N. There. 
fore, becauſe three Magnitudes G, H, and K, and 
others, L, M, and N, equal to them in Number, which, 
taken two and two, are in the ſame Proportion, and 

* +: of 14, tbeir Analogy is perturbate; then if G exceeds K, 
21 of this. Alo L. * will exceed N; and G be equal to K, then 
L will be equal to N; and if G be leſs than K, L wil 
likewiſe be leſs than N. But G and L are Equimul. 
tiples of A and D; and K and N Equimultiples of C 
and F. Therefore, as A is to C, fo ſhall D be to f. 
Wherefore, if there be three Magnitudes, and othn; 
2 to _ Number, 4 _ = and two, ar 
in the ſame Praportion; and if their Analogy be pr. 
| alon?'y then al they be alſo in the ſame ne 
Equality; which was to be demonſtrated. 


PROPOSITION XXIV. 


THEOREM, 


bf Tf the firſt Magnitude has the ſame. Proportion i 

| the ſecond, as the third to the fourth; and if the 
fifth has the ſame Proportion to the ſecond, as tht 
fixth bas to the fourth; then ſhall the firſt con. 
pounded with the fifth, have 
the ſame Proportion to the ſe- © 
cond, as the third, compounded | 
with the fixth, bas to the | H| 
fourth, | | 


| LL the firſt Magnitude AB have | 
| the ſame Proportion to the ſe- 
cond C, as the third DE has to the B+ EA 
fourth F. Let alſo the fifth BG have | 
the ſame Proportion to the ſecond C, 
as the ſixth EH has to the fourth F. 
| Ifay, AG, the firſt compounded with | 
1 — the fifth has the ſame Proportion to 
| the ſecond C, has DH, the third com- | | 
br pounded with the ſixth, bas to the | | 
| 1 fourth F. — A C D 
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For, becauſe BG is to C, as EH is to F; it ſhall be 
(inverſly), as C is to BG, fo is F to EH. Then, ſince 
ABistoCas DE is to F; and as C is to BG, ſo is F 
to EH; it ſhall be,“ hy Equality, as AB is to BG, ſo is * 22 F this. 
DE to EH. And becauſe Magnitudes, being divided, 
are proportional, they ſhall alſo be+ proportional when f 18 of bis. 
compounded. Therefore, as AG is to GB, ſo is DH 
to HE: But as GB is 1 to C, fo alſo is HE to F. 1 Hy 
Wherefore, by Equality “, it ſhall be, as AG is to C, 
ſois is DH to F. Therefore, if the firſt Magnitude has 
the ſame Proportion to the ſecond, as the third to the 
fourth; and if the fifth has the ſame Proportion to the 
ſecond, as the ſixth has to the fourth; then ſhall the firſt, 
compounded with the Jfih, have the ſame Proportion to 
the ſecond, as the third, compounded with the ſixth, has to 
the fourth; which was to be demonſtrated. 


PROPOSITION: XXV. 
THEOREM. 


If four Magnitudes be proportional; the greateſt, 
and the leaſt of them, will be greater than the 
other two. 


JET four Magnitudes, AB, CD, E, F, be propor- 
| tional, whereof AB is to CD, as E is to F; Jet 
AB be the greateſt of them, and F 
the leaſt, f ſay, AB, and F are B 
greater than CD and E. 

For, let AG be equal to E, and | 
CH to F. Then becauſe AB is to | 
CDas E is to F; and fince AG G | 
and CH are each equal to E and F; | D 
it ſhall be as Ag is to DC, ſo is AG 1 
to CH. And becauſe the Whole | H+ 
AB is to the Whole CD, as the 
Part taken away AG is to the Part 
taken away CH; it ſhall alſo be, “ | | * 19 ef thi 
as the Reſidue GB to the Reſidue | 
HD, fo is the Whole AB to the | 
Whole CD. But AB is greater A CEF 
than CD; therefore, alſo, GB ſhall 
be greater than HD, And ſince AG is equal to E, 

L 2 and 
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and CH to F; AG and F will be equal to CH ay 
E. But if equal Things are added to unequal Thing, 
the Wholes ſhall be unequal. Therefore GB, RB 
being unequal, for GB is the greater, if AG and F ut 

added to GB; and CH and E to HD; then AB and] 

| will neceflarily be greater than CD and E. Where. 
fore, if four Magnitudes be proportional; the great!f, 
and the leaſt of them will be greater than the other tus; 
which was to be demonſtrated. . 


The Env of the Fr Book, 


EUCLID: 


4123 UC LI D's 
ELEMENTS. 


— 


. * * — 


BOOK VL 


— 4 — „ 


DEFINITIONS. 


. * MIL AR Right-lined Figures are ſuch 

as have each of their ſeveral Angles equal 

to one another, and the Sides about the equal 
Angles proportional to each other. 

II. Figures are ſaid to be reciprocal, when the 
antecedent and conſequent Terms of the Ratios 
are in each Figure. 

III. 4 Right Line is ſaid to be cut into mean and 

extreme Proportion, when the Whole is to the 
greater Segment, as the greater Segment is to 
the leſſer £5 

IV. The Altitude of any Figure is a perpendicu- 
lar Line drawn from the Top, or Vertex, to 
the Baſe. | 

V. A Ratio is ſaid to be compounded of Ratios, 
when the Quantities of the Ratios, being multi- 
lied into one another, do produce a Ratio. 
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PROPOSITION I. 
| TarzOR EM 


Triangles and Parallelograms, that have the ſam, 
Altitude, are to each other as their Baſes, 


ET the Triangles ABC, ACD, and the Pa- 
+ -rallelograms EC, CF, have the ſame Altitude, 
viz. the Perpendicular drawn from the Point 
A to BD. I ſay, as the Baſe BC is to the Baſe CD, 
ſo is the Triangle ABC, to the Triangle ACD ; 2nd 
ſo is the Parallelo ram EC to the Parallelogram CF, 
For, produce BD both ways to the Points H and L; 
and take GB, GH, any Number of Times equal to 
the Baſe BC; and DK, KL, any Number of Times 
equal to the Baſe CD; and join AH, AG, AK, AL. 
Then, becauſe CB, BG, GH, are equal to one an- 
other, the Triangles AHG, AGB, ABC, alfo, wil 
be * equal to one another: Therefore the ſame Mul- 
tiple that the Baſe HC is of the Baſe BC, ſhall the 
Triangle AHC be of the Triangle ABC. By the ſame 
Reafori, the ſame Multiple that the Baſe LC is of the 


. Baſe CD, ſhall the Triangle ALC be of the Triangle 


4 Def. 5: 5. 


ACD. And if the Baſe HC be equal to the Baſe CL, 
the Triangle AHC is alſo “ equal to the Triangle 
ALC: And if the Baſe HC exceeds the Baſe CL, 
then the Triangle AHC will exceed the Triangle 
ALC. And if the Baſe HC be lefs than CL, then the 
Triangle AC will be leſs than ALC. "Therefore, 
ſince there are four Magnitudes, viz. the two Baſes 
BC, CD, and the two Triangles ABC, ACD ; and 
ſince the Baſe HC, and the Triangle AHC, are Equi- 
multiples of the Baſe BC, and the Triangle ABC: And 
the Baſe CL, and the Triangle ALC, are Equimulti- 
ples of the Baſe CD, and the Triangle ADC: Andit 
has been proved, that if the Baſe HC exceeds the Baſe 
CL, the Triangle AHC will exceed the Triangle 
ALC; and if equa], equal; if leſs, leſs: Therefore, 
as the Baſe BC is to the Baſe CD, ſo + is the Triangle 
ABC to the Triangle ACD, 


And 
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And becauſe the Parallelogram EC is + double to f 41. x. 
the Triangle ABC; and the Parallelogram FC, double 
+ to the Triangle ACD; and Parts have the fame Pro- 
jon “ as their like Multiples: Therefore, as the 15. 1. 
Triangle ABC is to the Triangle ACD, ſo is the Pa- 
rallelogram EC to the Parallelogram CF. And ſo, 
ſince it has been proved that the Baſe BC is to the 
Baſe CD, as the Triangle ABC is to the Triangle 
ACD; and the Triangle ABC is to the Triavg'e 
ACD, as the Parallelogram EC is to the Parallelo- 
am CF; it ſhall bet, as the Baſe BG is to the Baſe f 11. f. 
CD, fo is the Parallelogram EC to the Parallelogram 
FC. Wherefore, Triangles and Parallelograms, that 
have the ſame Altitude, are to each other as their Baſes; 
which was demonſtrated. | 


PROPOSITION II. 


THEOREM. 


If a Right Line be drawn parallel to one of the 
Sides of a Triangle, it ſhall cut the Sides of the 
Triangle proportionally ; and if the Sides of the 
Triangle be cut proportionally, then a Right 
Line, joining the Points of Section, ſball be pa- 

rallel to the other Side of the Triangle. 


ET DE be drawn parallel to BC, a Side of the 
Triangle ABC. I ſay, DB is to DA, as CE is to 
FA. | 


For, let BE, CD be joined. 
Then the Triangle BDE is * equal to the Triangle ;,, 1. 


CDE; for they ſtand upon the ſame Baſe DE, and 
are oetween the ſame Parallels DE and BC; and ADE 
is ſome other Triangle. But equal Magnitudes have 
+ the ſame Proportion to one and the ſame Magnitude. + 7. 5, 
Therefore, as the Triangle BDE is to the Triangle 
ADE, ſo is the Triangle CDE to the Triangle ADE. 

But as the Triangle BDE is ta the Triangle ADE, 
ſo t is BD to DA; for ſince they have the ſame Alti- x , r.2;u 
tude, viz. a Perpendicular drawn from the Point E to | 
AB, they are to each other as their Baſes; And, fox 
the ſame Reaſon, as the Triangle CDE is to the Tri- 

da a. ah _ angle 
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angle ADE, ſo is CE to EA: And therefore as BD 
is to DA, ſo “ is CE to EA. 

And if the Sides AB, AC, of the Triangle ABC, 
be cut proportionally , that is, ſo that BD be to Da, 
as CE is to EA; and if DE be joined; I fay, DE is 
parallel to BC, 

Eor, the ſame Conſtruction remaining, becauſe BD 
is to DA, as CE is to EA; and BD is 4 to DA, ag 
the Triangle BDE is to the Triangle ADE ; 2nd CE 
is to EA, as the Triangle CDE 1s to the Triangle 
ADE; it ſhall be as the Triangle BDE is to the Tri. 
angle ADE, ſo is * the Triangle CDE to the Triangle 
ADE. And fince the Triangle BDE, CDE, have 
the ſame Proportion to the Triangle ADE, the Tri. 
angle BDE ſhall be + equal to the Triangle CDE; 
and they have the ſame Baſe DE: Eut equal Tri- 
angles, being upon the ſame Baſe, are between the 
ſame Parallels; therefore DE is parallel to BC, 
Wherefore, if a Right Line be drawn parallel to one o 
the Sides of a Triangle, it ſhall cut the Sides of the Tri. 
angle proportionally ; and if the Sides of the Triangle be 
cut proportionally, then a Right Line, joining the Paints 
of Section, hall be parallel to the other Side of the Tris 
angle; which was to be demonſtrated. 


PROPOSITION III. 


THEOREM, 


If one Angle of a Triangle be biſected, and the 
Right Line, that biſetts the Angle, cuts the Baſe 
alſo ; then the Segments of the Baſe will haus 
the ſame Proportion as the other Sides of the 
Triangle. And if the Segments of the Baſe 
have the ſame Proportion that the other Sides 
of the Triangle have; then a Right Lins, 
drawn from the Vertex, to the Point of Section 
of the Baſe, will biſect ihe Angle of the Tri- 
angle, 


LET there be a Triangle ABC, and let its Angle 
BAC be“ biſected by the Right Line AD. 1 
fay, as BD is to DC, ſo is BA to AC. | 


For 7 
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For, thro' C draw * CE parallel to DA, and pro- 3% 1. 
duce BA, till it meets CE in the Point E. 

Then, becauſe the Right Line AC falls on the Pa- 
rallels AD, EC, the oY. ACE will bet equal to the I 29. 1+ 
Angle CAD : But the Angle CAD (by the Hypetbefis) 
is equal to the Angle BAD. Therefore the Angle 
BAD will be equal to the Angle ACE. Again, be- 
@uſe the Right Line BAE falls on the Parallels AD, 
EC, the outward Angle BAD is + equal to the inward 7 7.5. 
Angle AEC; but the Angle AEC has been proved 
equal to the Angle BAD; Therefore ACE ſhall be 
equal to AEC; and ſo the Side AE is equal © to the 1 6. . 
Side AC. And becauſe the Line AD is drayn parallel 
to CE, the Side of the Triangle BCE, it ſhall be, “ as 9 z of chi 
BD is to DC, ſo is BA to AE; but AE is equal to AC, 
Therefore, as BD is to DC, fo is 4 BA to AC. 

And if BD be to DC, as BA is to AC; and the 
Right Line AD be joined; then, I ſay, the Angle 
BAC is biſected by the Right Line AD. | 

For, the ſame Conſtruction remaining, becauſe BD 
is to DC, as BA is to AC; and as BD is to DC, fo 
is 1 BA to AE; for AD is drawn parallel to one Side Þ 2 of thin, 
EC of the Triangle BCE; it ſhall be, as BA is to 
AC, ſo is BA to AE. Therefore AC is equal to AE +; 1 9. 4 
and, accordingly, the Angle AEC is equal to the Angle 
ECA: But the Angle AEC is equal“ to the outward * 29, 9 
Angle BAD ; and the Angle ACE equal to the alter- | 
nate Angle CAD. Wherefore the Angle BAD is alſo 
equal to the 8 CAD; and ſo the Angle BAC is 
biſected by the Right Line AD. Therefore, if one 
Angle of a Triangle be biſected, and the Right Line, 
that biſefts the Angle, cuts the Baſe alſo ; then the Seg- 
ments of the Baſe will havg the ſame Proportion as the 
other Sides of the Triangle. And if the Segments of the 
Baſe have the ſame Proportion that the other Sides of the 
Triangle haue; then a Right Line, drawn from the Ver- 
tex, to the Pint of Section of the Baſe, will biſeft the 
Angle of the Triangle; which was to be demouſtrated, 
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PROPOSITIONIV. 


THEOREM. 


The Sides about the equal Angles of equiangular 
Triangles are proportional, and the Sides, 
which are ſubtended under ihe equal Angles, 
are bomologous or of like Ratio. 


LET ABC, DCE, be equiangular Triangles, having 

the Angle ABC equal to the Angle DCE, the 
Angle ACB equal to the Angle DEC, and the Angle 
BAC equal to the Angle CDE. 1 fay, the Sides that 
are about the equal Angles of the Triangles ABC, 
DCE, are proportional; and the Sides that are ſub- 


tended under the equal Angles, are homologous, or of 


like Ratio. 

Set the Side BC in the ſame Right Line with the 
Side CE; and becauſe the Angles ABC, ACB, are 
* leſs than two Right Angles, and the Angle ACB 
is equal to the Angle DEC, the Angles ABC, DEC, 
are leſs than two Right Angles. And ſo BA, ED, 
produced, will meet + each other ; let them be pro- 
duced, and meet in the Point F, Then, becauſe the 
Angle DCE. is equal to the Angle ABC, BF ſhall be 
x parallel to DC, Again, becauſe the Angle ACB is 
equal to the Angle DEC, the Side AC will be t paral- 
lel to the Side FE; therefore FACD is a Parallelo- 
gram, and conſequently FA is / equal to DC, and AC 
to FD; and becauſe AC is drawn parallel to FE, the 
Side of the Triangle FBE, it ſhall + be, as BA is to 
AF, ſo is BC to CE: But CD is equal to AF, and 
(by Alternation) as BA is to BC, ſo is CD to CE. 
Again, becauſe CD is parallel to BF, it ſhall be, + as 
BC is to CE, ſo is FD to DE, but FD is equal to 


AC. Therefore as BC is to CE, ſo is | AC to DE: 


And ſo by Alternation, as BC is to CA, fo is CE to 
ED. Wherefore, becauſe it is demonſtrated, that AB 
is to BC as DC is to CE; and as BC is to CA, ſo is 
CE to ED; it ſhall be, * by Equality, as BA is to 
AC, ſo is CD to DE. Therefore, the Sides about the 
equal Angles of equiangular Triangles are proportional ; 
and the Sides, which are ſubtended under the equal 5 

k . 
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are homologous, or of like Ratio; which was to be de- 
monſtrated. 0 


PRO POSITION v. 


THEOREM, 


If the Sides of two Triangles are proportional, 
the Triangles ſhall be equiangular; and their 
Angles, under which the bomologous Sides are 
ſubtended, are equal. 


LEF there be two Triangles ABC, DEF, having 
their Sides proportional, that is, let AB be to BC, 
as DE is to EF; and as BC toCA, fo is EF to FD: 
And, alſo, as BA to CA, ſo ED to DF. I ſay, the 
Triangle ABC is equiangular to the Triangle EF ; 
and the Angles are equal, under which the homolo- 
gous Sides are ſubtended; viz, the Angle ABC equal 
to the Angle DEF; and the Angle BCA equal to the 
Angle EFD ; and the Angle BAC equal to the Angle 
EDF. 
For, at the Points E and F, with the Line EF, make 
* the Angle FEG equal to the Angle ABC; and the 2z, 1. 
Angle EFG equal to the Angle BCA: Then the re- 
, Ang's BAC is + equal to the remaining An- + Cer. 32[# 
e . . 
e And ſo the Triangle ABC is equiangular to the 
Triangle EGF; and, conſequently, the Sides that are 
ſubtended under the equal Angles, are proportional. 
Therefore, as AB is to BC, ſo is | GE to EF; but 14. / bin 
| (bythe 5753 as A; is to BC, ſo is DE to EF: There- 
fore, as DE is to EF, fois * GE to EF. And ſince » 1x, f. 
DE, EG, have the ſame Proportion to EF; DE ſhall 
be + equal to EG. For the ſame Reaſon DF is equal t 2. 5. 
to FG; but EF is common. Then, becauſe the two | 
dides DE, EF, are equal to the two Sides GE, EF, 
and the Baſe DF is equal to the Baſe FG, the Angle 
DEF is t equal to the Angle GEF; and the Triangle $8.% f 
DEF equal to the Triangle GEF; and the other An- 
gles of the one equal to the other Angles of the other, 
which are ſubtended by the equa] Sides, Therefore 
the Angle DFE is equal to the Angle GFE, and the 
Angle Eb equal to 80 EGF » And _ | 
| : 8 
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the Angle DEF is equal to the Angle GEF ; and the 
Angle GEF equal to the Angle ABC; therefore the 
Angle ABC ſhall be alſo equal to the Angle DEF. 
For the ſame Reaſon, the Angle ACB ſhall be equal 
to the Angle DFE; as alſo the Angle A equal to the 
Angle D: Therefore the Triangle ABC will be equi- 
angular to the Triangle DEF. Wherefore, if the 
Sides of two Triangles are proportional, the Triangles 
Hall be equiangular ; and their Angles, under which the 
homologous Sides are ſubtended, are equal; which was 
to be demonſtrated. 


PROPOSITION VI. 


THEOREM. 


If two Triangles have one Angle of the one equal 
to one Angle of the other ;, and if the Sides about 
the equal Angles be proportional; then the Tri- 
angles are equiangular ; and have thoſe Angles 
equal, under which are ſubtended the bomolo- 
gous Sides. = 


q | ET there be two Triangles ABC, DEF, having 
h one Angle BAC, of the one, equal to the Angle 
| EDF of the other; and let the Sides about the equal 
Angles be proportional ; viz. let AB be to AC, as 
ED is to DF. I fay, the Triangle ABC is equian- 
gular to the Triangle DEF; and the Angle ABC. 
equal to the Angle DEF; and the Angle ACB equal 
to the Angle DFE, © , 
For, at the Points D and F, with the Right Line 
*23-7 DF, make * the Angle FDG equal to either of the 
Angles BAC, EDF; and the Angle DFG equal to the 
Angle ACB. 

Then the other Angle B is + equal to the other 
Angle G ; and fo the Triangle ABC is equiangular 
to the Triangle DGF ; and, conſequently, as BA is 
14% bu. to AC, ſo is GD to DF; But (by the 15 Jas BA 
11. 5. is to AC, fois ED to DF. Therefore, as ED is * to 
t95 DPF, ſo is GD to DF; whence EN is + equal to DG, 

and DF is common; therefore the two Sides ED, 
DF, are equal to the two Sides GD, DF; and the 
Angle EDF equal to the Angle GDF; — 


— — c_—_ 
— 
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the Baſe EF is * equal to the Baſe FG, and the Tri- 4.1. 


angle DEF equal to the Triangle DGF; and the 
other Angles of the one equal to the-other Angles of 
the other, each to each; under which the equal vides 
are ſubtended. Therefore the Angle DFG is equal to 
the AngleDFE, and the Angle G equal to the Angle 
E ; but the Angle DFG is equal to the Angle ACB : 
Wherefore the AngleACB is equal to the Angle DFE; 
but the Angle BAC 

Therefore the other Angle at 
Angle at E; and ſo the Triangle ABC is equiangular 
to the Triangle DEF. Therefore, if two Triangler 
have one Ang, of the one equal to one Angle of the other ; 
and if the Sides about the equal Angles be proportional ; 
then the Triangles are eguiungular; and have thoſe Ang les 
equal, under which are ſubtended the homologous Sides ; 
which was to be demonſtrated. 


PROPOSITION VII. 


THEOREM. 


If there are two Triangles, having one Angle of the 

one equal to one Angle of the other, and the Sides 
about the other Angles proportional; and if the 
remaining third Angles are either both leſs, or 
both not leſs, than Right Angles ;, then ſhall the 
Triangles be equiangular, and have thoſe Angles 
equal, about which are the proportional Sides. 


LT two Triangles ABC, DEF, have one Angle 
of the one equal to one Angle of the other, viz. 
the Angle BAC equal to the Angle EDF; and let the 
Sides about the other Angles ABC, DEF, be propor- 
tional; viz. as DE is to EF, ſo let AB be to BC; and 
let the other Angles at C and F be both leſs, or both 
not leſs, than Right Angles. I ſay, the Triangle ABC 
1s equiangular to the Friangle DEF; and the Angle 
ABC is equal to the Angle DEF; as alſo the other 
Angle at C equal to the other Angle at F. 
For, if the Angle ABC be not equal to the Angle 
DEF, one of them will be the greater, which let be 
ABC. Then at the Point B with the Right Line 


AB, 


is ꝓ alſo 1 to the Angle EDF: f ByHyp. 
is + equal to the other Þ 32. n+ 
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23. i. AR. wks * the Angle ABG equal-to the Angle 


Now, becauſe the Angle A is equal to the Angle 

D, and the Angle ABG equal to the Angle DEF; 

+ Cer. 3a. 1. the remaining Angle AGB is + equal to the remain. 
ing Angle DFE : And therefore the Triangle ABG 

is equiangular to the Triangle DEF; and ſo, as AB 


74 ef this. is to BG, ſo is 1 DE to EF; but as DE is to EF, & 


* By Hyp. is * AB to BC. Therefore, as AB is to BC, ſo is 
311-5 AC totBG; and ſince AB has the ſame Proportion 
T9:5- to BC, chat is as to BG, BC ſhall be + equal to BG; 
5 1% and, conſequently, the Angle at C *'equal to the 
Angle BGC. Wherefore each of the Angles BCG, 
or BGC, is leſs than a Right Angle; and conſe- 
quently AGB is greater than a Right Angle. But 
the Angle AGB has been proved equal to the Angle 
at F; therefore the Angle at F is greater than a Right 
Angle: But (by the Hyp.) it is not greater, ſince C is 
not greater than a Right Angle, which is abſurd, 
Wherefore the Angle ABC is not unequal to the An- 
gle DEF; and ſo it muſt be equal to the ſame ; but 
the Angle at A is equal to that at D ; wherefore the 
Angle remaining at C is equal to the remaining Angle 
at F; and, worde the Triangle ABC is equi- 
angular to the Triangle DEF. Therefore, if there 
are two Triangles having. one Angle of the one equal to 
one Angle of the other, and the Sides about the other An- 
gles proportional; and if the remaining third Angles are 
& either both leſs, or both not leſs, than Right Angles ; then 
ball the Triangles be eguiangular, and have thoſe Angles 
equal, about which are the proportional Sides; which 
was to be demonſtrated,” | 


1 | PRO- 
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PROPOSITION VII. 


THEOREM. 


If a Perpendicular be drawn, in a Right-angled 
Triangle, from the Right Angle to the Baſe, 
then the Triangle on each Side of the Perpen- 

dicular are fimilar, both to the Whole, and alſa 
to one another. | | 


ET ABC be a Right-angled Triangle, whoſe 

Right Angle is BAC; and let the Perpendicular 
AD be drawn from the Point A to the Baſe BC. I 
fay, the Triangles ABD, ADC, are ſimilar to one an- 
other, and to the whole Triangle ABC. 
For, becauſe the Angle BAC is equal to the Angle 
ADB, for each of them is a Right Angle; and the 

Angle at B is common to the two Tnangles ABC, 
| ABD ; the remaining Angle ACB ſhall be ® equal to C. 32. 1. 
the remaining Angle BAD. Therefore the Triangle 
ABC is equiangular to the Triangle ABD; and ſo, 
as + BC, which ſubtends the Right Angle of the Tri- + 4 ef bis, 
angle ABC, is to BA, ſubtending the Right Angle of 
the Triangle ABD, ſo is AB, ſubtending the Angle C 
of the Triangle ABC, to DB, ſubtending an Angle 
. to the Angle C; viz. the Angle BAD, of the 

tiangle ABD; and ſo, moreover, is AC to AB, ſub- 

tending the Angle B, which is common to the two 
Triangles. Therefore the Triangle ABC is equi- f DJ r. 
angular to the Triangle ABD; and the Sides about 7 ] 
the equal Angles are proportional. Wherefore the 
Triangle ABC is ſimilar to the Triangle ABD. By 
the ſame way we demonſtrate, that the Trian le ADC 

is alſo ſimilar to the Triangle ABC, Wherefore each 
of the Triangles ABD, ABC, is ſimilar to the whole 
Triangle. | | 

1 L ſay, the ſaid Triangles are alſo ſimilar to one an- 
Other. | 

F or, becauſe the Right Angle BDA is equal to the 
Right Angle ADC, and the Triangle BAD has been 
proved equal to the Angle C; it follows, that the re- | 
manning Angle at B“ ſhall be equal to the remaining ' & 3% 
Angle 
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Angle DAC. And ſo the Triangle ABD is equi. 


+ 4 of this. angular to the Triangle ADC. Wherefore as + BD, 


ſubtending the Angle BAD of the Triangle ABD, i; 
to DA, fubtending the Angle at C of the Triangle 
ADC, which is equal to the Angle BAD; ſo is Ah, 


| ſubtending the Angle B of the Triangle ABD, to DC, 


23 1. 
Þ+ 3. I» : 


} 2 of this. 


ſubtending the Angle DAC, equal to the Angle B. 
And, moreover, ſo is BA to AC, ſubtending the Right 
A_ at D; and, conſequently, the Triangle ABD 
is ſimilar to the Triangle ADC. Wherefore, if ; 
Perpendicular be drawn in a Right-angled Triangh, 


from the Right Angle to the Baſe, then the Triangles mn 


each Side of the Perpendicular are fimilar, both to th: 
I hole, and alſo to another; which was to be demon- 
ſtrated. | 


Coroll. From hence it is manifeſt, that the Perpendi. 
cular drawn in a Right-angled Triangle from the 
Right Angle to the Baſe, is a mean Proportional be- 
tween the Segments of the Baſe. Moreover, either 

of the Sides containing the Right Angle, is a mean 
Proportional between the N. Baſe, and the Seg- 
ment thereof, which is next to the Side. 


PROPOSITION IX, 


PROBLEM. 
To cut of any Part required from a given Right 
Ne. 


LET AB be a Right Line given, from which muft 
be cut off any required Part; ſuppoſed a third. 
Draw any Right Line AC from the Point A, mak- 
ing an Angle at Pleaſure with the Line AB. Aſſume 
any Part D in the Line AC; make * DE, EC, each 
. ual — AD; join BC, and draw t DF thro' D, paral- 
to . | . | 
Then, becauſe FD is drawn parallel to the Side BC 


of the Triangle ABC, it ſhall be, f as CD is to DA, 
O 


is BF to FA. But CD is double to BA. Therefore 
BF ſhall be double to FA; and fo BA is triple to AF. 
Wherefore, there is cut off AF, a third Part required, 
of the given Right Line AB; which was to be 2 
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PROPOSITION: x. 


Pact ic 


To vide a given undivided Rig bt £86; as an- 
other given Right Line is divided. | 


17 AB be a given undivided Right Line, and AC 
a divided Line, It is * to divide AB, as 
AC is divided. | 

Let AC be divided in the Points D and E, and.ſo 
placed, as to contain any Angle with AB. Join the 
Points C and B; thro D and E let DF, EG, be 


drawn * parallel to BC; and thro D draw BHK, pa- 31.1. 


rallel to AB. 
Then FH, HB, are each of them Parallelograms ; 


and fo DH is + equal to FG, and HK to GB. And +34 t. 


becauſe HE is drawn parallel to the Side KC of the 


Triangle DKC, it ſhall bet as CE is to ED, fo is7 24 


KH to HD. But KH is equal to BG, and HD to 
GF. Therefore, as CE is to ED, fo is BG to GF. 

Again, . becauſe FD is drawn parallel to the Side EG 
of the Triangle AGE, as ED is to DA, ſo ſhall t 
GF be to FA. But it has been proved, that CE is to 
ED, as BG is to GF. Therefore, as CE is to ED, 
ſois BG to GF; and as ED is to DA, ſo is GF to FA. 
Wherefore the given undivided Line AB is divided as 
the given Line AC is; which was to be done. 


PROPOSITION XI. 
PROBLEM: 


| Two Right Lines being given, to find a Aid 
Proportional to them. 


TE T AB, AC, be two glven Right Lines, ſo laced, 
as to make any Angle with each other. It is re- 
quired to find a third proportional to AB, AC. | 
 Praduce AB, AC, to the Points D and E ; make 


D equal to AC; join the Points B, C; and draw $137. 14 


| the Ne Line DE thro' P parallel to DC's 57 
M Then, 
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Then, becauſe BC is drawn parallel to the Side DE 


t PTY of the Triangle ADE, it ſhall be, 1 as AB & to BD, 


+ 31. 7. 


II. 1. 


+ 31. 3. 


ſo is AC to CE. But BD is equal to AC. Hence, 
as AB is to AC, fois AC to CE. Therefore, a third 
Proportional CE is found to two given Right Lines AB, 
AC; which was to be done. 


PROPOSITION XI. 
PROBLEM. 


Three Right Lines being given, to find a fourth 
Proportional to them. 


2 A, B, C, be three Right Lines given. It 
uired to find a fourth Proportional to them. 
Let DE and DF be two Right Lines, making am 
Angle EDF with each other. Now make DG equi 
to A, GE equal to B, DH * to C; and draw the 
Line GH, as alſo, EF thro' E, parallel to GHl. 
Then, becauſe GH is drawn parallel to EF, the 
Side of the Triangle DEF, it ſhall be, as DG is to 
GE, fois DH to HF. But DG is equal to A, GE 
to B, and DH to C. Conſequently, as A is to B, fois 
C to HF. Therefore, the Right Line HF, a 
Proportional to the three given Right Lines A, 0 C, i 
found ; which was to be done. 


PROPOSITION XIII. 


PROBLEM. 


To find a mean Proportional between two * 
Rigbt Lines. 


ET the two given Right Lines be AB, BC. It is 
required to find a mean Proportional between 
them. Place AB, BC, in a direct Line; and on the 
Whole AC deſcribe the Semicircle ADC, and 1 draw 
BD at Right Angles to AC from the Point B; and let 


AD, DC, be joined. 


| Then, becauſe the Angle, ADC, in a Semicirels 
is + a Right Angle; and fince the Perpendicular DB is 
drawn from the Right Angle to the Baſe ;. ho” 


b HE REO. | CY \ 
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DB is | « mean Proportional between the Segments f Cr. 3 
of the Baſe AB, BC. Wherefore, à an Propor '*"* 
foal betivern the tts given Lines AB, BC, is found 
which was to be done, | 
' PROPOSITION XV. 
Tur ORE N. 
Equal Parallelograms, having one Angle of the one 
val to one Angle of the other, have the Sides 
Gout the equal Angles reciprocal; and thoſe 
Parallelograms that have one Angle of the one 
al 40 one Angle of the other, and the Sides 
that are about the equal Angles reciprocal, are 
equal. wa | 
LET AB, BC, be equal Parallelograns, having the | 
Angles at B equal; and let the Sides DB, BE, be | 


in one trait Line; then alſo will t the Sides FB, BG, t 12,1. © 
be in one ſtrait Line. I ſay, the Sides of the Parallelo- 


grams AB, BC, that are about the equal Angles, are 
reciprocal ; that is, as DB is to BE, fo is GB to BF. 
For, let the Parallelogram FE be completed. 
Then, becauſe the Parallelogram AB is equal to the 
Parallelogram BC, and FE is ſome other Parallelo- 
Tam; it Chall be, as AB is to FE, ſo is f BC to FE; + 7. 5. 
ut as AB is to FE, ſo is 1 DB to BE; and ab BC is f of tbiw 
to FE, ſo is GB to BF, Therefore as DB is to BE, 
ſois GB to BF. Wherefore the Sides of the Paralle- 
lograms AB, BC, that are about the equal Angles, are 
reciprocally proportional. | | 
And if the Sides that are about the equal Angles are | 
reciprocally proportional ; viz. if DB be to BE, as GB 
is to BF; I fay, the Parallelogram AB is equal to the 
Parallelogram BC. WY i | 
For, ſince DB is to BE, as GB is to BF; and DB 
to BE as the Parallelogram AB f to the Parallelo- 
gram FE; and GBjto BF, as the Parallelogram 
to the Parallelogram FE; it ſhall be as AB is to 
FE, ſo is BC f to FE. Therefore the Parallelogram 
* is equal to the Parallelogram BC. And ſo, equal 
Farallelograms,. having one Angle of the one equal to ont 
Angle of the other, have the Sides about the equal Au- 
M 2 | gles 


* 
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gles reciprocal; and thoſe Parallelograms that have one 
Angle f the one equal to one Angle of the other, and the 
Sides that are about the egual Angles reciprocal, are equal; 
which was to be demonſtrated. 


PROPOSITION XV. 
Tr EOREM. 


Equal Triangles, having one Angle of the one equal 
to one Angle of the other, have their Sides about 
the equal Angles reciprocal; and thoſe Triangle 
that bave one Angle of the one equal to one An. 
gle of the other, and have alſo the Sides about 

* the equal Angles reciprocal, are equal. 


ET the equal "Triangles ABC, ADE, have one 
Angle of the one equal to one Angle of the other; 
viz, the Angle BAC equal to the Angle DAE. I ay, 
the Sides about the equal Angles are reciprocal ; that 
is, as CA is to AD, ſo is EA to AB. 
For, place CA and AD in one ftrait Line; then 
EA and AB ſhall be ſ alſo in one ſtrait Line; and let 
BD be joined, Then, becauſe the Triangle ABC is 
equal to the Triangle ADE, and ABD is ſome other 
Trian le, the [Triangle CAB ſhall be + to the Tri- 
angle BAD, as the Triangle ADE is to the Triangle 
BAD. But, as the Triangle CAB is to the Triangle 
BAD, fo is CA f to AD; and as the Triangle EAD 
is to the Triangle BAD, fo t is EA to AB, There- 
fore, as CA is to AD, * fo is EA to AB. Wherefore 
the Sides of the Triangles ABC, ADE, about the equal 
Angles are reciprocal. | 
And, if the Sides about the equal Angles of the Tri- 
angles ABC, ADE, be reciprocal, viz. if CA be to 
AD, as EA is to AB; I fay, the Triangle ABC is 
equal to the Triangle ADE, Sa 
For, again, let BD be joined. Then, becauſe CA 
is to AD, as EA is to AB; and CA to AD, as the 
Triangle ABC to the Triangle BAD; and EA to 
AB, as the Triangle EAD to the Triangle BAD; 
therefore, as the 'I riangle ABC is to the Triangle 
BAD, * fo ſhall the Triangle EAD be to 8 le 
| | 8 | l 
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BAD, - Whence the Triangles ABC, ADE, have the 


fame Proportion to the Triangle BAD; and ſo the 
Triangle ABC is 1 _ 2 the Triangle ADE 7. 5. 
ng 


Therefore, equal Triangles, having one Angle of the one 
equal to one Angle of the other, have their Sides about the 
equal Angles reciprocal ; and thoſe Triangles that have 
one Angle of the one equal to one Angle A the other, and 
have alſo the Sides about the equal Angles reciprocal, are 
equal; which was to be demonſtrated. | 


PROPOSITION XVI. 


THEOREM. 


If four Right Lines be proportional, the Refangle 
contained under the Extremes is equal to the 
Rectangle contained under the Means; and if the 


Rectangle contained under the Extremes be equal 


to the Rectangle contained under the Means, 
then are tbe four Right Lines proportional. 


ET four Right Lines AB, CD, E, F, be propor- 
tional, ſo that AB be to CD, as E is to F. I ſay, 
the Rectangle contained under the Right Lines AB and 
F, is equal to the Rectangle contained under the Right 
Lines CD and E. A DP 
For, draw AG and CH, from the Points A and C, 
at Right Angles to AB and CD ; and make AG equal 
to F, and CH equal to'E; and let the Parallelograms 
BG, DH, be completed. | 
Then, becauſe AB is to CD, as E is to F; and ſince 
CH is equal to E, and AG to F; it ſhall be, as AB is 
to CD, ſo is CH to AG. Therefore, the Sides that are 
about the equal Angles of the Parallelograms BG, DH, 
ae reciprocal ; and ſince thoſe Parallelograms are 


equal *, that have the Sides about the equal Angles * 14. 7518. 


reciprocal ; therefore the Parallelogram BG is-equal to 
the Parallelogram DH. But the Parallelogram BG is 
equal to that contained under AB and F; for AG is 


equal to F, and the r DH equal to that 
1 


contained under CD and E, fince CH is equal to E. 


Therefore the Rectangle contained under AB and F, is 
equal to that contained under CD and E. 
| M 3 And 
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And if the Rectangle contained under AB and F be 
ſay, the four Right Lines are Proportionals ; viz, x 
ABistoCD, © i E io F. | ; | 

For, the ſame ConſtruRion remaining, the ReQan- 
gle contained under AB. and F is equal to that con- 
tained under CD and E ; but the ReQangle contained 
under AB and F is the Rectangle BG; for AG is equal 
to F; and the Rectangle contained under CD and E 
is the Rectangle DH; for CH is equal to E. Tbere- 
fore the lone RG ſhalt be equal to the Para. 
lelogram DH, and they are equiangular ; but the Sides 
of equal and equiangular Parallelograms, which are 
about the equal Angles, are * reciprocal. Wherefore, 
as ABis to CD, fo is CH to AG; but CH is equal to 
E, and AG to F; therefore, as AB is to CD, fo is Eto 
F. Wherefore, if four Right Lines be proportional, th 
Rectangle contained under the Extremes is equal to the 
Rectangle contained under the Means; and if the Rull. 
angle contained under the Extremes be equal to the Rib 
angle contained under the Means, then are the four Right 
Lines proportional; which was to be demonſtrated, 


PROPOSITION XVI. 


THEOREM. 


If three Right Lines be proportional, the Reftang| 
contained under the Extremes is equal 10 tht 
Square of the Mean; and if the Retiangit 
under the Extremes be equal to the Square i 

tbe Mean, then tbe three Right Lines are pri 
bor onal, _ | | 

LET there be three Right Lines, A, B, C, propot- 

tional; and let A be to B, as B is to C. I ay, 

tne Rectangle, contained under A and C, is equal iv 

ne Sa nn 

For, make D equal toB. 
Then, becauſe A is to B as B̃ is to C; andB i 

equal to D; it ſhall be *, as A is to B ſo is D to C. 

But, if four Right Lines be Proportionals, the Rectan- 


1 116 of this. pc contained under the Extremes is + equal to the 


ectangles under the Means, Therefore the Ren 
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contained under A and C is to the Rectangle 
under B and D: But the under B and D is 
equal to the Square of D; for B is equal to D: Where- 
fore the Rectangle contained under A, C, is equal to 
the Square of B. 

And if the ReQangle eontained under A and C be 
equal to the Square of B: I ſay, as A is to B, ſo is B to 


C. | 
For, the ſame Conſtruction remaining, the Rectan- 
le contained under A aad C, is equal to the Square of 
; but the Square of B is the Rectangle contained un- 
der B and D; for B is equal to D; and the Rectangle 
contained under A and Cthal be equal to the Rectangle 
contained under B and D. But it the Rectangle con- 
tained under the Extremes be equal to the Rectangle 
contained under the Means, the four Right Lines ſhall 


is to C. Therefore, if three Right Lines be propor- 
tial, the Rectangle contained under the Extremes is equal 
to the Square of the Mean; and if the Rectangle under 
the Extremes be equal to the Square of the Mean, then the 
three Right Lines are proportional ; which was to bg 
demonſtrated. 


PROPOSITION XVIII, 


4 


PROBLEM. 


Upon a given Right Line, to deſcribe a Right-lined 
Figure, fimilar, and ſimilarly ſituate, to a 
Right-lined Figure given. 

LETAB be the Right Line given, and CE the Right- 

— lined Figure. It is required to deſcribe upon the 

Right Line AB a Figure ſimilar, and fimilarily ſituate, 

to the Right-lined F igure CE. 
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be + Proportionals. Therefore A is to B, as D is to f 16 J. 
C; but B is equal to D. Wherefore A is to B, as B 


Join DF, and make, * at the Points A and B, with * 23. 1. 


the Line AB, the Angles GAB, ABG, ſeverally equal 
to the Angles C and CDF. Whence the other An- 


gle CFD is + is equal to the other Angle AGB; and ſo t Cr. 32. A 


the Triangle FCD is equiangular to the Triangle 
GAB: And, conſequently, as FD is to GB, ſo is 


FC to GA; and ſo is CD to AB. Again, make t 4 UT thin 


M 4 | the 
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the Angles BGH, GBH, at the Points B and G, 

with the Right Line BG, ſeverally equal to the Angles 

+ Cr. 32. 1. EFD, EDF. : then the 3 at E is + equa] 
to the remaining Angle at H. Therefore the Triangle 

FDE is yang to the Triangle GBH; and, con- 

4 of this. ſequently, awFD is to GBp is t FE to GH; and ſo 
| E to HB. But it has been proved, that FD is to GB, 
as FC is to GA, and as CD to AB. And therefore, as 

*11.5, FC is to AG, fois *CD to AB; and fo FE to GH; 
and ſo ED to HB. and becauſe the Angle CFD is 
equal to the Angle AGB; and the Angle DFE equal 

to the Angle BGH ; the whole Angle CFE ſhall be 

equal to the whole Angle AGH. By the ſame Reaſon, 

the Angle CDE is equal to the Angle ABH ; and the 

Angle at C equal to the Angle at A; and the Angle E 

equal to the Angle H. Therefore the Figure AH i; 
equiangular to the Figure CE ; and they have the 

Sides about the equal Angles proportional. - Conſe- 

Lp . quently, the Right-lined Figure AH will be“ fimilar 
yi tothe Right-lined Figure CE. Therefore, there is di. 
ſeribed upon the given Right Line AB, the Right-lined 

Figure AH, ſimilar, and familarly ſituate, to the given 
Right-lined Figure CE; which was to be done, 


in PROPOSTION XIX. 


THEOREM, 


1 * 
K K 
We 1 8 * 
r 


Similar Triangles are in the duplicate Proportion 
of their homologous Sides, 


ET ABC, D F, be fimilar Triangles, having the 
Angle B equal to the Angle E; and let Ah be to 
BC, as DE is to EF, fo that BC be the Side homolo- 
gous to EF. I ſay, the Triangle ABC, to the Ti- 
angle DEF, has a duplicate Proportion to that of the 
Side BC to the Side EF. | 
® x1 ef this. For, take # BG a third Proportion to BC and EF; 
| that is, let BC be to EF as EF is to BG, and join GA. 
Then, becauſe AB is to BC, as DE is to EF; it 
ſhall be · (by Alternation), as AB is DE, fo is BC 
to EF; but as BC is to EF, ſo is EF to BG. There- 
11. 5. fore, as AB is to DE, fo is} EF to BG: Conſe- 
| quently, the Sides that are about the equal Angles o 
| 7 the 


9 
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the Triangles ABG, DEF, are reciprocal :- But thoſe 
Triangles that have one Angle of the one equal to one 

Angle of the other, and the Sides about the equal An- 
ges reciprocal, are + equal. Therefore the Triangle f Ji 
ABG is equal to the Triangle DEF; and becauſe BC | 

is to EF, as EF is to BG; and if three Right Lines 

be proportional, the firſt has * a duplicate Proportion * Def. to. 5+ 
to the third, of what it has to the ſecond; BC to BG. 

ſhall have a duplicate Proportion of that which BC has 

to EF; and as BC is to BG, ſo is the Triangle ABC 

to the Triangle ABG; whence the Triangle ABC 

bears to the Arian le ABG a duplicate proportion to 

what BC doth to EE; but the Triangle ABG is equal 

to the Triangle DEF, Therefore the Triangle ABC, 

tothe Triangſe DEF, ſhall be in the duplicate Proportion 

of that which the Side BC has to the Side EF. Where- 

fore, ſimilar Triangles are in the Duplicate Proportion of 

their homologous Sides; which was to be demonſtrated. 
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Coroll. From hence it is manifeſt, if three Right Lines 
be proportional; then, as the firſt is to the third, fo 
is a Triangle made upon the firſt, to a ſimilar and 
ſimilarly deſcribed Triangle upon the ſecond ; be- 
cauſe it has been proved, that as CB is to BG, ſo is 
the Triangle ABC to the Triangle ABG; that is, to 
the Triangle DEF; which was to be demonſtrated. 


PROPOSITION XX. 
THEOREM. 


Similar Polygons are divided into fimilar Trian- 
gles, equal in Number, and homologous to the 
Wholes ; and Polygon to Polygon, is in the du- 
plicate Proportion of that which one bomolo- 
gous Side bas to the other. 

JE T ABCDE, FGHEL, be ſimilar Polygons, and 

let the Side AB be homologous to the Side FG. 

I ſay, the Polygons ABCDE, FGHKL, are divided 

into equal Numbers of ſimilar 'Triangles, and homolo- 

2 to the Wholes; and the Polygon ABCD E, to the 

olygon FGHKL, is in the duplicate Proportion of 
that which the Side AB has to the Side FG. | 

For let BE, EC, GL, LH, be joined. 


Then, 
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Then, becauſe the Polygon ABCDE is ſimilar to 
the Pol gon FGHEL, the Angle BAE is equal to the 
Angle G L; and BA is to AE, as GF is to FL, 

Now, fince ABE, FGL, are two Triangles havi 
one Angle of the one equal to one Angle of the other, 
andthe Sides about theequal Angles proportional; the 
thin. Triangle ABE will be * equiangular to the Triangle 
- FGL, and alſo ſimilar to it. Therefore the Angle 
AE is equal to the Angle FGL ; but the whole An- 
* Def. 1, gle ABC is ® equal to the whole Angle FGH, becauſe 
V. ofths Similarity of the Polygons; therefore the re. 

. maining Angle EBC is equal to the remaining 

LGH: (And ſince by the Similarity of the Triangles 
ABE, F GL), as EB is to BA, ſo is LG to GF; and 
fince, alſo, by the Similarity of the Polygons, AB is to 
BC as FG is to GH; it ſhall be , by Equality of Pro- 
8 as EB is to 6 mY WW H =_ 7 that is, the 
ices about the e | 8 „are propor- 
tional. Wherefore the Frangle EBC is — 
to the Triangle LGH, and, conſequently, alſo ſimilar 
to it. For the ſame 2 the Triangle ECD is 


722. 5. 


likewiſe ſimilar to the Triangle LH; therefore the 
ſimilar Polygons ABC DE, FGHKL, are divided inta 
equal Numbers of ſimilar Triangles. 

1 ſay, they are alſo homologous to the Wholes; that 
is, that the Triangles are proportional; and the An- 
tecedents are A EBC, ECD; and their Conſe- 
quents FGL, LGH. LHK. And the Polygon ABCDE, 
to the Polygon FGHKL, is in the duplicate Proportion 
of an homologous Side of the one, to an homologous 
Side of the other; that is, as AB to FG. 

For, becauſe the Triangle ABE is ſimilar to the 

1 Jb. Triangle FGL, the Friangle ABE ſhall be * to the 
Triangle FGL, in the duplicate Proportion of BE to 
, GL: For the ſame,Reaſon, the Triangle BEC, to 

the 199 GLH, is “ in a D rtion of 
1 1. BE to GL: Therefore the Triangle ABE is f to 


| the Triangle FGL, as the Triangle BEC is to the 
Triangle GLH. Again becauſe the Triangle EBC, 

is ſimiſar to the Triangle LGH, the Triangle EBC, 

to the Triangle LGH, ſhall be in the duplicate Pro- 

poition of the Right Line CE to the Right Line 

HL; and fo, likewiſe, the Triangle ECD to the Io 

MR angle 
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le LHK, ſhall be in the duplicate P of 
or to Hr Therefore the Triangle BEC is to the 
Triangle LGH, as the Triangle CED is to the Tri- 
angle LHK. But it has been proyed, that the Tri- 
angle EBC is to the Triangle LGH, as the Triangle 
ABE is to the Triangle FGL: Therefore, as the 
Triangle ABE is tothe Triangle FG, ſo is the Tri- 
angle BEC to the Triangle GHL; and ſo is the Tri- 
angle ECD to the Triangle IHK. But as one of the 
Antecedents is to one of the Conſequents, ſo are all t 12. 5. 
the Antecedents to all the Conſequents. Wherefore, 
as the Triangle ABE is to the Triangle FGL, fo is 
the Polygon XBCDE to the Polygon FGHEL : But 
the Triangle ABE, to the Triangle FGL, “ is in the * 19 of thi, 
duplicate Proportion of the homologous Side AB ta the 
homologous Side FG; for ſimilar Triangles are in 
the duplicate Proportion of the homologous Sides. 
Wherefore the Polygon ABCDE, to the Polygon 
FGHEKL, is in the duplicate Proportion of the homo- 
logous Side AB to the homologous Side FG. There- 
fore, ſimilar Polygons, are divided into ſimilar Triangles, 
equal in Number, and homologous to the Wholes ; and Po- 
lygon to Polygon, is in the duplicate Proportion of that 
which ane homologous Side has to the other; which was 
to be demonſtrated. 
It may be demonſtrated, after the ſame manner, that 
ſimilar quadrilateral Figures are to each other in the 
duplicate Proportion of their homologous Sides; and 
this has been already proved in Triangles. 


Coroll. 1. Therefore, univerſally, fimilarly Right-lined 4 
Figures are to one another in the duplicate Propor- 

tion of their homologous Sides ; and if X be taken 
a third Proportional to AB and FG, then AB will 
have to X a duplicate Proportion of that which AB | | | 
has to FG ; and a Polygon to a Polygon, and a qua- 
drilateral Figure to a quadrilateral Figure, will be in 
the duplicate Proportion of that which one homo- 5 
logous Side has to the other; that is, AB to FG; 
but this has been proved in Triangles. 

2. Therefore, univerſally, itjis manifeſt, if three Right 
Lines be proportional, as the firſt is to the third, fo 

. 1ga Figure deſcribed upon the firſt, to a ſimilar and 


ſimilarly 


* 
- 
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fimilarly deſcribed Figure on the ſecond ; which was to 
be demonſtrated. 


PROPOSITION XXI. 


, " 


- THEOREM. 


Figures that are fimilar to the ſame Right- lined 
Figure, are alſo ſimilar to one another. 


LET each of the Right-lined Figures A, B, be 
ſimilar to the Right-lined Figure C. I ſay, the 
Right Hoes Figure A is alſo ſimilar to the Right-lined 

igure B. 

For, becauſe the Right-lined Figure A is ſimilar to 
the Right-lined Figure C, it ſhall be * equiangular 
thereto; and the Sides about the equal Angles pro- 
portional. Again, becauſe the Right-lined Figure B 
is ſimilar to the Right-lined Figure C, it ſhall “ be 
equiangular thereto; and the Sides about the equal 
Angles will be proportional. Therefore each of the 
Right-lined Figures A, B, are equiangular to C, and 
they have the Sides about the equal Angles propor- 
tional. Wherefore the Right-lined Figure K is equian- 
cular to the Right-lined Figure B; and the Sides about 
the equal Angles are proportional. Wherefore, A is 
ſimilar to B; which was to be demonſtrated. 


PROPOSITION XXI. 


THEOREM. 


four Right Lines be proportional, the Right- 


lined Figures, ſimilar and fimilarly deſcribed 
upon them, ſhall be proportional; and if ſimi- 
lar Right-lined Figures ſimilarly deſcribed upon 
Lines be proportional, then the Right Lines 
Hall be alſo proportional. 

ET four Right Lines AB, CD, EF, GH, be pro- 
portional; and as AB is to CD, ſo let EF be to 


GH. | 
Now, let the ſimilar Figures KAB LCD, be ſi- 


v 18 V :bis, milarly deſcribed * upon AB, CD; and the ſimilar 


F igures 
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Figures MF, NH, ſimilarly deſcribed upon the Right 
Lines EF, GH. I fay, as the Right-lined Figure 
KAB is to the Right-lined Figure LCD, ſo is the 
Right-lined Figure MF to the Right-lined Figure NI. 
or, take * X a third Proportional to AB, CD; 1 fbi, 
and O a third Proportional to EF, GH. | 
Then, becauſe AB is to CD, as EF is to GH; and 
as CD is to X ſo is GH to O; it ſhall be t, by f 22. 5 
Equality of Proportion, as Ah is to X, ſo is EF to G. 
But AB is to X, as the Right-lined Figure KA; is t to — 20. 
the Right-lined Figure LCD ; and as EF is to O, fo * 
is t the Right-lined Figure MF, to the Right -· lined 
Figure NH. Therefore, as the Right-lined Figure 
B is to the Right-lined Figure LCD, fo is the . 5 
Right-lined Figure MF to the Right-lined Figure NH. 
And, if the Right-lined Figure KAB be to the 
Right-lined Figure LCD, as the Right-lined Figure 
MF is to the Right-lined Figure NH ; I fay, as AB is 
to CD ſo is EF to GH. | 
For, make + EF to PR, as AB is to CD, and de- f 12 ef cir. 
ſcribe upon PR a Right-lined Figure SR ſimilar, and 
, Aike fituate, to either of the Figures MF, NH. | 
Then, becauſe AB is to CD, as EF, is to PR; and 
there are deſcribed upon AB, CD, ſimilar and alike 
ſituate Right-lined Figures KAB, LCD; and upon 
EF, PR, ſimilar and alike ſituate Figures MF, SR; 
it hall be (by what has been already proved), as the 
Right · lined Figure KAB is to the Right- lined Figure 
LCD, ſo is the Right-lined Figure to the Right- 
lined Figure SR : Bur (by the Hp.) as the Right-lined 
Figure KAB is to the Right-lined Fi LCD, fo 
is the Right-lined Figure MF to the Right-lined Fi- | 
e NH. Therefore, as the Right-lined Figure MF | 
is to the Right-lined Figure NH, ſo is the Right-lined | 
Figure MF to the Right-lined Figure SR : And ſince 
the Right-lined Figure MF has the ſame Proportion 
to NH. has it hath to SR, the Right-lined Figure NH 
ſhall be 1 equal to the Right-lined Figure SR; it is 1 g. 5. 
alſo ſimilar to it, and alike deſcribed ; therefore GH" 
is equal to PR. And becauſe AB is to CD, as EF 
is to PR; and PR is equal to GH ; it ſhall be as AB is 
to CD, ſo is EF to GH. Therefore, if four Right 
Lines be proportional, the Right-lined Figures, ſimilar 
end ſimilarly deſcribed upon them, ſhall be proportional; 


and 
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| 2 if fimilar Right-lined Figuren, familarly deferited 


ines, be proportionat, then rhe Right Lines ſhall 
a be propertt 3 which was to be demonſtrated. 


LEMM A. 

Any three Right Lines A, B, and C, being ng given, 
The Ratio of the firſt A, to the Third C is equal 
to the Ratio c of the Ratio of the firſt 


A to the ſecond B, and of the Ratio to the ſe- 
cond B to the third C. 


FOR Example, Let the Number 3 be the E xponent 
or Denommator of tht Ratio of A to B; that is, 
let A be three times B, and let the Number 4 be the 
Exponent of the Ratio B to C; then the Number 
12, produced by the Multiplication of 4 and F is the 
compounded Exponent of x Rath of Ato C. For, ſince 
A contains B thrice, and B contains C four times, A will 
contain C thrice four times, that is, 12 times. This is 
alſo true of other Multiples, or Submultiples ; but thi; 
Theorem may be univerſally demonſtrated thus: The 


A 
Quantity of the Ratio of A to B, is the Number 


which, multiplying the Conſequent, produced the Antece- 
dent. '$o kikeiſe the Quantity of the Ratio of B 1 C, is 


2 And theſe two Rpantities, multiplied by each other, 


produce the Number AXE, which is the Quantity of the 


| Ratio that the Rectangle, comprehended under the Right 
| | Lines A and B, has to the Rectangle comprehended under 
ABC the Right Lines B and C, and ſo the ſaid Ratio 0 boo 
Rectangie under A and B, to the el under 

C, is that which, in the Senſe 0 of Def. 5. of this Biol, is 
. compounded of the Ratios of A to B, and B te C; but 
( 2 I, 6. , 177 Redangle contained under A and B is to the 
Reclangle contained under B and C, as A it to C; thert- 
fore the Ratio of A to C, is equal to the Ratio compounded 
o the Ratios of A u B. and of B te C. 


if 
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If any four Right Lines A, B, C, and D, be pro- 
ſad, th Ratio of the firfl A to the fourth D, is equal 
to the Ratio compounded of the Ratio of the firſt A to 
the ſecond B, and of the Ratio of the /e to the 
third C, and of the Ratio of the third C to the fourth 


D. 
For, in three Right Lines A, C and D, the Ratio of 
A to D is equal to the Ratio compounded of the Ratios of 


A to C, and of Cto D; and is has been already demon- 


Arated, that the Ratio of A to C is equal to the Ratio 
compounded of the Ratios of A to B, and of B to C. 
Therefore the Ratio of A to D is equal to the Ratio tom- 
d of the Ratios of A to B, of B to C, and of C to 

. After the ſame manner we demonſtrate, in any 
Number of Right Lines, that the Ratio of the firſt to the 
laft is equal to the Ratio compounded of the Ratios of the 

t to the ſecond, of the ſecond to the third, of the third & 
to the fourth, and ſo on to the laſt. +7 

This is true of any other Quantities beſides Right 
Lines, which will be manifeſt, if the ſame Number 6 
Right Lines A, B, C, &c. as there are Magnitudes, be 
aſſumed in the ſame Ratio; viz. ſo that the Right Line 
A ts to the Right Lide B, as the firſt Magnitude is to 


the ſecond, and the Right Line B to the Right Line C, 


as the ſecond Magnitude is to the third, and ſo on. It 
is manifeſt ( by 22. 5725 by = px Proportion, that 
Py Right Line 5 * ght Line, 2 
tude is to the laſt ; but t tio of the Ri 

ne Ia laft Right Line is equal to Rat 7 
pounded of the Ratios of A to B, B to C, and ſo on to the 
loft Right Line: But (by the Hyp.) the Ratio of any aue 
1 Right Lines to that neareſt to it, is the ſame as the 
Ratio of a Magnitude CR Order to that neareſt 
it. And therefore the Ratio of the Magnitude to 
the lat is equal to the Ratio c of the Rativs 
the firſt Magnitude to the ſecond, of the ſecond ta 
third, and ſo on to the laſt ; which was to be demon- 
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PROPOSITION XXIli, 
THEOREM. | 


Equiangular Parallelograms have the Proportion 
lu one another that is compounded of their Sides. 


ET AC, CF, be equiangular Parallelograms, hay- 

ing the Angle BCD equal to the Angle ECG, | 

fay, the Parrllelogram AC to the Parallelogram CF; 

is in the Proportion compounded of their Sides; viz. 

compounded of the Proportion of BC to CG, and of 
DC to CE. 6 4 

For, let BC be placed in the ſame Right Line with 


CG. f 
14. 1. Then DC ſhall be * in a ſtrait Line with CE, and 
+ 12 of chin. complete the Parallelogram DG; and then +, as BC 
is to CG, ſo is ſome Right Line K to L; and as DC 
is to CE, ſo let L be to M. 25 | 
Then the Proportions of K to L, and of L to M, 
are the ſame as the Proportions of the Sides; viz. of 
BC to CG, and DC to CE; but the Proportion cf 
1 — K to M is | compounded of the Proportion of K to L, 
fecedl. and of the Proportion of L to M. Therefore, alſo, 
K to M hath a Proportion compounded of the Sides. 
Then, becauſe BC is to CG as the Parallelogram AC 
* ref *bis, is & to the Parallelogram CH: And fince BC is to 
111. 55. CG, as K is to L; it ſhall be +, as K is to L, fo is the 
Parallelogram AC to the Parallelogram CH. Again, 
4 becauſe DC is to CE, as the Parallelogram CH is to the 
Parallelogram CF; and ſince as DC is to CE, ſo is L 
to M; therefore as L is to M, ſo ſhall + the Paralle- 
| logram CH be to the Parallelogram CF: And con- 
ſequently ſince it has been proved that K is to L, as 
the Parallelogram AC is to the Parallelogram CH; 
and as L is to M, ſo is the Parallelogram CH to the 
122. 3. Parallelogram CF; it ſhall be t, by Equality of Pro- 
portion, as K is to M, ſo is the Parallelogram AC to the 
Parallelogram CF; but K to M hath a Proportion 
compounded of the Sides: Therefore, alſo, the Paral- 
lelogram AC, to the Parallelogram CF hath a Pro- 
portion compounded of the Sides. Wherefore, equi- 
angular Parallelograms have the Proportion to * 
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other that is compounded of their Sides; which was to EE 


be demonſtrated, | 
PROPOSITION XXIV. 


THEOREM. 


In every Parallelogram, the Parallelograms that 
are about the Diameter, are ſimilar to the 
Whole, and alſo to one another. 


ET ABCD be a Parallelogram, whoſe Diameter 

is AC; and EG, HK, be Parallelograms about 

the Diameter AC. I ** Parallelograms EG, 

HK, are ſimilar to the ole ABCD, and alſo to 

each other. oy | | 
For, becauſe EF is drawn parallel to BC, the Side 

of the Triangle ABC, it ſhall be *, as BE is to EA, 2 b:. 

ſo is CF to FA. Again, becauſe FG is drawn paral- 

lel to CD, the Side of the Triangle ACD, it ſhall be 

as CF is to FA, ſo is * DG to GA. But CF is ta 

FA (as has been proved), as BE is to FA. There- 

fore, as BE is to EA, ſo is 1 DG to GA; and by + 11. f. 

compounding, as BA is to AE, fo is 4 DA to AG; is. 3. 

and, by Alternation, as BA is to AD fo is AE to 

AG. Therefore the Sides of the Parallelograms 

ABCD, EG, which are about the common Angle 

BAD are proportional. And becauſe GF is paral- 

lel to DC, the Angle AGF is“ equal to the Angle 29. 1. 

ADC, and the Angle GFA equal to the Angle DCA 3 | 

and the Angle DAC is common to the two Trian- 

gles ADC, AGF. Wherefore the Triangle ADC 

will be equiangular to the Triangle AGF. For the 

ſame Reaſon, the Triangle ACB is equiangular to the 

Triangle AFE. Therefore the whole Parallelogram 

ABCD is equiangular to the Parallelogram EG ; 

and ſo AD is to DC, as AG is f to GF; DC is to 14 this. 

CA, as GF is to FA; and AC is to CB, as AF is to 

FE; and, moreover, CB is to BA, as FE is to EA. 

Wherefore, ſince it has been proved, that DC is to CA, 


as G is to FA; and AC is to CB, as AF is to FE; 

it ſhall be, by Equality of Proportion, as DC is to CB, 

o is GF to FE. Therefore the Sides that are about 

the equal Angles of the 3 ABCD, EG, 
are 
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are proportional; and, accordingly, the Parallelogram 
ABC is ſimilar to the Parallelogram EG. For the 
ſame Reaſon, the Parallelogram ABCD is ſimilar to 
the Parallelogram KH. Therefore both the Paralle- 
lograms EG, HK, are fimilar to the Parallelogram 
g ABCD. But Right-lined Figures that are ſiguilar to 
+ 21 of thi. the + ſame Right-lined Figure, are ſimilar to ðne an- 
other. Therefore the Parallelogram EG is ſimilar to 
the Parallelogram HK. And ſo, in every Parallels 
gram, the Parallelograms that are about the Diameter, 
are ſimilar to the whole, and alſo to one another; which 

was to be demonſtrated. 


PROPOSITION XXV. 


PROBLEM. 


To deſcribe a Right-lined Figure fimilar to 4 
Right-lined Figure which ſhall be given, and 
equal to another Right-lined Figure given, 

FT ABC, and D, be two given Right-lined Fi- 


gures; it is required to deſcribe another Figure, 
ſimilar to ABC and equal to D. 
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44. 1. On the Side BC of the given Figure ABC * make 


the Parallelogram BE equal to the Right-lined Figure 
ABC; and on the Side CE make * the Parallelo- 
gram CM equal to the Right-lined Figure D, in the 
Angle FCE, equal to the Angle CBL. Then BC, 
14. CF, as alſo LE, EM, will be + in two ſtrait Lines. 
113 7 bin. Find 41 H a mean Proportional between BC and CF; 
* 18 ef this. and on GH let there be deſcribed “ the Right-lined 
Figure EGH, fimilar, and alike ſituate, to the Right- 

lined Figure Ns 
And then, becauſe BC is to GH, as GH is to CF; 
and fince, when three Right Lines are proportional, the 
Gr. 20. firſt is to the third, as the Figure deſcribed on the fuk 
ef this, is f to a ſimilar and alike "SF Figure deſcribed on 
the ſecond ; it ſhall be, as BC is to CF, ſo is the 2 
lined Figure ABC to the Right-lined Figure KGH. 
| : ibis. But as BC is to CF, ſo is the Farallelogrom BE to 
the Parallelogram EF. Therefore, as the Right-lined 
Figure ABC is to the Right-lined Figure KG, ſo 
is the Parallelogram BE to the e oy 
ES ere- 
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Wherefore (by Alternation), as the Right-lined Figure 
ABC is to the Parallelogram BE, fo is the Right-lined 
Figure KGH to the Parallelogram EF. But the 
-— Figure ABC is equal to the Parallelogram ; 
BE. Therefore the Right- ned Figure KGH is alſo | 
equal to the Parallelogram EF. But the Parallelogram 
EF is equal to'the Right-lined Figure D. Therefore 
the Right-lined Figure K GH is equal to D. But 
KGH is ſimilar to ABC. Conſequently, there is de- 
ſcribed the Right-lined Figure KGH ſimilar to the given 
Figure ABC, and equal to the given Figure D; which 
was to be done, 1 | — 


PRO POSITION XXV. 
| THEOREM. 
If from a Parallelogram be taken away another 
femilar to the Whole, and in like manner fitu- 


ate, having alſo an Angle common with it; then 
is that Parallelogram about the ſame Diameter 


with the Whole. 
LET the Parallelogram AF be taken away from the 
Parallel BCD, fimilar to ABCD, and in 


like manner fituate, having the Angle DAB common. 
I fay, the Parallelogram D is about the ſame Dia- 
meter with the Parallelogram AF. 
For, if it be not, let AHC be the Diameter of the 

| Parallelogram BD, and let GF be produced to H; 
| alſo let HK be drawn parallel to AD, or BC. 
| Then, becauſe the Parallelogram ABCD is about 

the ſame Diameter as the Parallelogram KG, the Pa- 

rallelogram ABCD ſhall be * ſimilar to the Parallelo- * 24 of thin 
; ram KG; and fo, as DA is to AB, t GA td + Dy. 
K. But becauſe of the Similarity of the Parallelo- of this 
grams * ABCD, EG; as DA is to AB, ſo is GA to · ryp. 
: AE. And therefore, as GA is to AE, ſo is GA to f 11. 5. 

AK. And fince GA has the ſame Proportion to AK 
. as to AE, AE is + equal to AK, the leſs to à greater, + 9- 5 
F or the greater to a leſs ; which is abſurd. Therefore 
, the Parallelogram ABCD is not about the ſame Dia- - / 
. meter as the Parallelogram AH. And therefore it will 
i be about the ſame r with the Parallelogram 

| 5 * 


180 Euclid's EL EMTNTS. Book VI. 


AF. Therefore, if from a Parallelogram be taken away 
another ſimilar to the Whole, and in like manner ſituate, 
having alſo an Angle common with it; then is that Pa- 
rallelogram about the ſame Diameter with the Whol; 
which was to be demonſtrated. 


PROPOSITION XXVIL 


THEOREM. 


2 
Of all Parallelograms applied to the ſame Right 
Line, and wanting in Figure by Parallelograms 
fimilar, and alike ſituate, to that deſcribed on the 
half Line, the greateſt is that which is applied ta 
the balf Line, and it is ſimilar to the Defe#, 


FT AB be a Right Line, biſected in the Point C; 
Land let the Parallelogram AD be applied to the 
Right, Line AB, wanting in Figure the Parallelogram 
CE ſimilar and alike ſituate to that deſcribed on half 
of the Right Line AB. I fay, AD is the greateſt of all 
Parallelograms applied to the Right Line AB, wanting 
in Figure by Parallelograms ſimilar and alike fituate to 
CE. For, let the Parallelogram AF be applied to the 

Right Line AB, wanting in Figure the Parallel 
HR, ſimilar and alike ſituate to the Parallelogram CE, 
1 tays the 7 Sn a AD is greater than the Paral- 

AF. 

or, becauſe the Parallelogram CE is ſimilar to the 
® 26 of this, Parallelogram HK, they ſtand “ about the ſame Dia- 
meter. Let DB, their Diameter, be drawn, and the Fi- 
443-1, gure deſcribed; then, fince the Parallelogram CF is + 
equal to FE, let HK, which is common, be added ; 
| and the Whole CH is equal to the Whole EE. But 
76. 2. CH is tequal to CG, becauſe the Right Line AC is 
equal to CB; therefore CG is equalto KE ; add the 
common 4 47 7 CF, and the Whole AF is equal 
to the Gnomon LNM; and fo CE, that is the Paral- 
lelogram AD, is greater than the Parallelogram AF. 
Therefore, of all the Parallelograms applied to the ſame 
Right Line, and wanting in «Figure by Parallelograms 
ſimilar and alike ſituate, ta that deſcribed on the half Line, 
the gr:ateſt is that which is applied to the hal, Line, and 
it is ſimilar to the Defett; which was to be ene 


R O- 
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PROPOSITION XXVII. 


PROBLEM. | 


To a Right Line given to apply a Parallelogram 
equal to a Rig bi- lined Figure given, deficient by 
a Parallelogram, which is fimilar to another 
given Parallelagram; but it is neceſſary that the 
Right-lined figure given, to which the Paralle- 
logram tobe applied muſt be equal, be not greater 
than the Parallelogram which is applied to the 
balf Line, fince the Defects muſt be fimilar, viz. 
the Defect of the Parallelogram applied to the 
balf Line, and the Defect of the Parallelogram 
to be applied. | 
ET AB be a given Right Line, and let the given 
Right-lined Figure, to which the Parallelogram to 
be applied to the Right Line AB muſt be equal, be C, 
which muſt not be greater than the Parallelogram ap- 
mou to the half Line, the Defects being ſimilar; and 
e D be the Parallelogram, to which the Peſect of the 
Parallelogram to be applied is ſimilar. Now it is re- 
uired to apply a Parallelogram equal to the given 
Right-lined F igure C to the given Right Line AB, de- 
ficient by a Parallelogram ſimilar to D. 


Let AB be biſected in E, and on EB deſcribe o the * 13 li. 


Parallelogram EBFG, ſimilar and alike ſituate to D; 
and complete the Parallelogram AG. 

Now, AG is either equal to C, or than it, 
becauſe of the Determination. If AG be equal to C, 
what was propoſed will be done; for the Parallelogram 
AG is applied to the Right Line ABequal to the given 
Right-lined Figure C, deficient by the Parallelogram 
EF, fimilar to the Parallelogram D. But, if it be not 
equal, then HE is greater than C ; but EF is equal to 
HE ; therefore EF ſhall alſo be greater than C. Now 
make + the Parallelogram KLMN fimilar and alike 
ſituate to D, and equal to the Exceſs, by which EF ex- 
ceeds C. But D is ſimilar to EF; wherefore EM 
ſhall alſo be ſimilar to EF. Therefore let the Right 
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- 


t 25. of this, 


Line KL be homologous to GE, and LM to GF: 
Then, becauſe EF is equal to C and K M together, EF 


N 3 


—— ——U— — — 
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will be greater than KM; and fo the Right Line GE 
is greater than KL, and GF than LM. Make GX 
equal to KL, and GO equal to LM, and complete the 
Parallelogram XGOP. Therefore XO is equal and 
® a1 of thi, ſimilar to KM; but KM is ſimilar to EF therefore 
+ 26 „fcb. XO is * ſimilar EF; and fo XO is + about the 
ſame Diameter with FE: Let GPB be their Diame. 
ter, and the Figure be deſcribed. 
Then, fince EF is equal to C and KM together, 
and XO is equal to KM, the Gnomon Te remain- 
ing is equal to the remaining Figure C; and becauſe 
OR is equal to XS, let SR, which is common, be 
added; then the Whole OB. is equal to the Whole 
XB; but XB is equal to T'E, ſince the Side AE is 
equal to the Side EB. Wherefore TE is equal to OB, 
Add XS, which is common, and then the Whole TS 
is equal to the Whole Gnomon Te; but the Gnomon 
Tou has been proved equal to C; and T'S ſhall be 
equal to C; and ſo, the Parallelogram TS is applied to 
the Right Lint AB, equal to the given Right-lined Figure 
C, and deficient by a Parallelogram SR, ſimilar to the 


Parallelogram D, becauſe SR ſis ſimilar to FE; which 
was to be done, | 


"PROPOSITION xxx. 


PROBLEM. 


To'a Right Line given to apply.a Parallelogram 
equal to a Right-lined Figure given, exceeding 
by a Parallelogram, which fhall be fimilar to 
another given Parallelogram. 


LET AB be a given Right Line, and let C be the 
given Right-lined Figure, to which that to be ap- 
ng to AB muſt be equal: Likewiſe, let D be the 
Parallelogram, to which the exceeding Parallelogram 
is to be ſimilar; it is required to apply a Parallelogram 
to the Right Line AB, equal to the given Right-lined 

F gure C, exceeding by a Parallelogram ſimilar to D. 
iſe AB in E, and let the Paralallelogram EL, be 


# 13 of th;; deſcribed ® upon the Right Line EB, ſimilar and Alike 


+ 25 of bus, ſituate to D; and let + the Parallelogram GH be equal 
to EL-and © together, but ſimilar to D, ＋ alike 
a tuate; 


Ratio. | 
Deſcribe * CB, the Square of AB; and apply the» 46. 1. 
Parallelogram CD to AC, equal to the Square BC, 
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ſituate ; therefore GH is ſimilar to EL. Let KH be 
a Side homologous to FL, and KG to FE; then, be- 
cauſe the Parallelogram GH is ter than the Paral-' 


lelogram EL, the Right Line will be greater than 
FL, and KG greater than FE. Let FL, FE, be 
produced, and let FLM be equal to KH, FEN equal 
to KG, and complete the Parallelo MN; there- 
fore MN is equal and ſimilar to GH ; but H is ſimi- 
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lar to EL, and ſo MN ſhall be + ſimilar to EL; and, 121 of 6b. 
accordingly, EL is “ about the ſame Diameter with 26 bis. 


MN. Let FX be their Diameter, and deſcribe the 


Figure. | | 
Thea, ſince GH is equal to EL and C together, as, 
likewiſe, to MN ; therefore MN ſhall be equal to EL 
and C together. Let EL, which is common, be taken 
away; then the Gnomon remaining is equal to 


C; and fince AE is equal to EB, the Parallelogram 


AN will be alſo equal to the Parallelogram EP, that is, 
to LO; and if BX, which is common, be added, then 
the whole Parallelogram AX is equal to the Gnomon 
IH; but the Guomon ®TY is equal to C; there- 
fore AX ſhall alſo be equal to C. Wherefore the Pa- 


rallelbgram AX is 2 to the given Right Line AB, 


equal to the given Right-lined Figure C, and exceeding by 
the Parallelogram PO, fimilar to the Parallelogram D; 
which was to be done. 


PROPOSITION XXX. 


PROBLEM. 


To cut a given terminate Right Line according to 
extreme and mean Ratio. 


ET AB be a given terminate Line ; it is required 
to cut the ſame according to extreme and mean 


- 


exceeding + by the Figure AD fimilar to BC; but + 29 Fibis. 


BC is a Square; therefore AD ſhall alſo be a Square. 


Now, becauſe BC is equal to CD, take away CE, 
Which is common ; then 3 F remaining ſhall be equal 
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to AD remaining ; but BF is equiangular to AD, 
therefore the Sides that are about the equal Angles are 
t 14 ibis. T reciprocally proportional; and ſo as FE is to ED, 
34. 1. ſo is AE to EB; but FE is * equal to AC, that is, to 
AB; and ED to AE: Wherefore, as AB is to AF, 
ſo is AE to EB; but AB is you than AE ; there- 
+ 14-5. fore AE is + greater than EB; and ſo the Right Line 
AB is cut, according to extreme and mean Ratio, 
in the Point E ; and AE is the greater Segment there- 
of; which was to be done. 
Otherwiſe thus ; Let AB be the Right Line given; 
it is required to cut the ſame into extreme and mean 
Ratio. 
t 12. 2, Divide | AB ſo in C, that the Rectangle contained 
under AB, BC, be equal to the Square of AC. | 
Then, becauſe the ReQangle under AB, BC, is 
® x7 of this. equal to the Square of AC, it ſhall be “, as AB is to 
AC, ſo is AC to CB; and fo, the Right Line AB is cut 
into mean and extreme Ratio; which was to be done. 


PROPOSITION XXXI. 
THEOREM. 


Any Figure deſcribed upon the Side of a Right- 
angled Triangle ſubtending the Right Angle, is 
equal to the two Figures deſcribed upon the Sides 
containing the Right Angle, being ſimilar and 
alike fituate to the former Figure. 


LET ABC be a rectangular Triangle, having the 
*- Right Angle BAC. 7 ſay, the F igure deſcribed 
on BC is equal to the two Figures deſcribed on BA, 
AC, together, which are ſimilar and alike ſituate to the 
: F , deſcribed on BC. 
or, draw the Perpendicular AD. 

Then, becauſe the Right Line AD is drawn in the 
Right-angled Triangle ACB, from the Right Angle A, 
perpendicular to the Baſe BC ; the Triangles ABD, 
ADC, which are about the Perpendicular AD, will 

ehe, be“ ſimilar to the whole Triangle ABC, and alſo to 
each other. Then, becauſe the Friangle ABC is ſimi- 
lar to the Triangle ABD, it ſhall be “, as CB is to * 
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ſo is BA to BD: And ſince, when three Right Lines 
are proportional, the firſt ſhall be + to the third, as a + Gr. 20. 
Figure deſcribed on the firſt, to a ſimilar and alike Y . 
fituate Figure deſcribed on the ſecond ; therefore, as 
CB is to BD, ſo is a Fi deſcribed on CB, to a 
fimilar and a like fituate Figure deſcribed on BA. For 
the ſame Reaſon, as BC is to CD, ſo is a Figure de- 
ſcribed on BC to one deſcribed on CA. Wherefore, 
alſo, as BC is to BD and DC together, ſo is 1 the f 24-5- 
Figure deſcribed on BC to thoſe two t er, that 
are deſcribed ſimilar and alike ſituate on BA and AC; 
but BC is equal to BD and DC er: Therefore 
the Figure deſcribed on BC is equal to thoſe t er, 
which are deſcribed on BA and AC, fimilar and alike 
fituate to that on BC, Wherefore, any Figure deſcribed 
n the Side of a Right-angled Triangle, ſubtending the 
Rick Angle, is equal to the Figures deſcribed upon the 
Sides containing the Right Angle, being fimilar and alike 
ſituate to the former Figure; which was to be demon- 
ſtrated. 


PROPOSITION XXXI. 


THEOREM. 


If two Triangles, having two Sides proportional fo 
two Sides, be ſo compounded, or ſet together, at 
one Angle, that their homologous Sides be paral- 
lel ; then the other Sides of theſe Triangles will 
be in one ſtrait Line. 


ET there be two Triangles ABC, DCE, having 
two Sides BA, AC, of the one, proportional to 
two Sides CD, DE, of the other : viz. let BA be to 
AC, as CD is to DE; alſo let AB be parallel to DC, 
and AC to DE. I fay, BC, CE, are both in one ſtrait 
+ 
For, becauſe AB is parallel to DC, and the Right 
Line AC falls on them, the alternate Angles BAC, 
ACD, will be * equal to each other. And by the * 29. t. 
lame Reaſon the Angle CDE is equal to the Angle 
ACD; wherefore the Angle BAC is equal to the 
Angle CDE. Then, becauſe ABC, DCE, are two 
Triangles, having one Angle A equal to one Angle 


D ; 


* 6 of this, 


1 32. 1. 


Þ 14. 1. 
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D, and the Sides about the equal Angles proportional, 
viz. BA to AC, as CD to DE; the Triangle ABC 
will be“ equiangular to the Triangle DCE ; where. 
fore the Angle ABC is equal to the Angle DCE; 
but the Angle ACD has been proved to be equal to 
the Angle BAC; therefore the whole Angle ACE is 
equal to the two Angles ABC, BAC; and if ACB, 
which is common, be added, then the Angles ACE, 
ACB, are equal to the Angles BAC, ACB, CBA; 
but the Angles BAC, ACB, CBA f are equal to two 
Right Angles. Therefore the Angles ACE, ACE, 
will alſo be equal to two Right Angles ; and ſo at the 
Point C, in the Right Line AC, two Right Lines BC, 


CE, tending contrary ways, make the adjacent An- 


les ACE, ACB, equal to two Right Angles ; there- 
— BC ſhall be + in the ſame Right Line with CE, 
Wherefore, if two Triangles having two Sides propor- 
tional to two Sides, be ſo compounded or ſet together, at 
one Angle, that their homologous Sides be parallel; then 
the other Sides of theſe Triangles will be in one ſtrait 
Line ; which was to be demonſtrated. 


PROPOSITION XXXIII. 


THEOREM. 


In equal Circles the Angles have the ſame Propor- 
tion with the Circumferences on which they 
ſtand, whether the Angles be at the Centres, or 
at the Circumferences ; and ſo likewiſe are ile 
Sefors, as being at the Centres. 


ET ABC, DEF, be equal Circles; and let the 

- Angles BGC, EHF, be at their Centres G, H; 

and the Angles BAC, EDF, at their Circumferences. 

J ſay, as the Circumference BC is to the Circumte- 

rence EF, ſo is the Angle BGC to the Angle EHF; 

and ſo is the Angle BAC to the Angle EDF; and ſo 
is the Sector BGC to the Sector EHF. 

For, aſſume any Number of continuous Circumſe- 
rences CK, KL, each equal to BC; and alſo an 
Number FM, MN, each equal to EF; and join G 
GL, HM, HN. 1 | | 5 

Then, 
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Then, becauſe the Circumferences BC, CK, KL, 
are equal to each other; the Angles BGC, CGK 
KGL, will be * alſo equal to one auother; and fo » 25. 3. 
the Circumference BL is the ſame Multiple of the 
Circumference BC, as the Angle BGL is of the An- 
le BGC. For the ſame Reaſon, the Circumference 
NE is the ſame Multiple of the Circumference EF, as 
the Angle EHN is of the Angle EHF ; but if the 
Circumference BL be equal to the Circumference 
EN, then the Angle BGL ſhall be equal to the An- 
gle EHN; and if the Circumference BL be greater 
than the Circumference EN, the Angle BGL will 
be greater than the Angle EHN ; and if leſs,lefs. 
Therefore here are four Magritudes, wiz. the two 
Circumferences BC, EF, and the two Angles BGC, 
EHF ; and fince there are taken Equimultiples of the 
Circumference, BC, and the Angle BGC, to wit, 
the Circumference BL, and the Angle BGL ; as alſo 
Equimultiples of the Circumference EF, and the 
Angle EHF, viz. the Circumference EM, and the 
Angle EHN; and becauſe it is proved, if the Cir- 
cumference BL exceeds the Circumference EN, the 
Angle BGL will likewiſe exceed the Angle EHN ; 
and, if equal, equal; if leſs, leſs ; it ſhall be, as the 
Circumference BC is to the Circumference EF, ſo is | 
+ the Angle BGC to the Angle EHF; but as the + Df 5. 5. 
Angle BGC is to the Angle EHF, fo is t the Angle f 15. 5. 
BAC to the Angle EDF for the former are “ double . . 3. 
to the latter: 1 herefore, as the Circumference BC is 
to the Circumference EF, ſo is the Angle BGC to the 
hn EHF; and ſo the Angle BAC to the Angle 
Wherefore, in equal Circles, the Angles have the ſame 
Proportion as the Circumferences they fland on, whether 
they be at the Centres, or at the Circumferences. 
I fay, moreover, that as the Circumference BC is to 
Circumference EF, ſo is the Sector GBC to the 
Sector HFE. 
For, join BC, CK, and aſſume the Points X, O, 


in the Circumferences BC, CK; and join BX, XC, 
CO, OK. | 


Then, becauſe the two Sides BG, GC, are equal 
to the two Sides CG, GK, and they contain _ 
Angles, the Baſe BC ſhalt be + equal to — * + 
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CK; as likewiſe the Triangle GBC to the Triangle 
GCE. And, becauſe the Circumference BC is equal 
to the Circumference CK, and the Circumference 
remaining, which makes up the whole Circle ABC, 
is equal to the rays ew RE which make; 
up the ſame Circle ABC, the Angle BXC is equal to 
the Angle COK ; and fo the Segment BXC is ſimilat 
to the Segment COKE ; and they are upon equal Right 
Lines BC, CK; but ſimilar Segments of Circles, that 
24.3 ſtand upon equal Right Lines, are “ equal to each 
« other: Therefore the Segment BXC is equal to the 
Segment COK. But the Triangle B is alſo 
equal to the Triangle CGK, and fo the whole Sector 
BGC will be equal to the whole Sector CGK. By 
the fame Reaſon, the Sector GKL will be equal to 
the Sector GBC, or GCK ; therefore the three Sec- 
tors BGC, CGK, EGL, are equal to one another; 
fo likewiſe are the Sectors HEF, HFM, HMN. 
Wherefore the Circumference LB is the ſame Mul- 
tiple of the Circumference BC as the Sector GR 
is of the Sector GBC. For the fame Reaſon, the 
Circumference NE is the ſame Multiple of the Cit- 
cumference EF, as the Sector HEN is of the Sector 
HEF ; but if the Circumference BL be equal to the 
Circumference EN, then the Sector BGL will be 
equal to the Sector EHN ; and if the Circumference 
BL exceeds the Circumference EN, then the Sector 
BG will alfo exceed the Sector EHN ; and, if lefs, 
Jeſs. Therefore, ſince there are four Magnitudes, to 
wit, the two Circumferences BC, EF, and the two 
Sectors GBC, EHF; and there are taken the Circum- 
ference BL, and the Sector GBL, Equimultiples of 
the Circumference CB, and the Sector GBC; as alſo 
the Circumference EN, and the Sector HEN Equi- 
multiples of the Circumference EF, and the Sector 
HEF ; and becauſe it is proved, that, if the Circum- 
ference BL exceeds the Circumſerence EN, the Sector 
BG will alſo exceed the Sector EHN ; and, if equal, 
+ Def. 5. 5, equal; if leſs, leſs; therefore, + as the Circumference 
RC is to the Circumference EF, ſo is the Sector GBC 10 
the Seftor HEF : which was to be demonſtrated. 


Corll. 1. An Angle at the Centre of a Circle is to 


four Right Angles, as an Arc on which it ſtands is 
to 


* 
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to the whole Circumference ; for as the Angle BAC 
is to a Right Angle, ſo is the Arc BC to a Quadrant 
of the Circle : erefore if the Conſequents be 
quadrupled, the Angle BAC ſhall be to four Right 
Angles as the Arc BC is to the whole Circumfe- 


rence. 

2. The Arcs IL, BC, of unequal Circles, which ſub- 
tend equal Angles, whether at their Centres, or 
Circumferences, are fimilar ; for IL, is to the whole 
Circumference ILE, as the Angle IAL is to four 
Right Angles ; but as IAL, or BAC, is to four 
Right Angles, ſo is the Arc BC to the whole Cir- 
cumference BCF. Therefore, as IL is to the whole 
Circumference LLE, fo is BC to the whole Circum- 
ferenceBCF ; and ſo the Arcs IL, BC are ſimilar. 

3. Two Semidiameters AB, AC cut off ſimilar Arcs 
IL, BC, from concetric Circumferences. 
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DEFINITIONS. 


I. Solid is that which has Length, Breadth, 

and Thickneſs. - 

II. The Term of a Solid is a Superficies. 

III. 4 Right Line is perpendicular to a Plane, 
when it makes Right Angles with all the 
Lines that touch it, and are drawn in the ſaid 
Plane. | 

IV. A Plane is perpendicular to a Plane, when 
all the Right Lines in one Plane, drawn at 
Right Angles to the common Section of the two 
Planes, are at Right Angles to the other Plane. 

V. The Inclination of a Right Line to a Plane, is 
the acute Angle contained under that Line, and 
another Right one drawn in the Plane from 
that End of the inclining Line which is in the 
Plane, to the Point where a Right Line falls 


from the other End of the Inclining Line per- { 


pendicular to the Plane. 
VI. The Inclination of a Plan. to a Plane is the 
acute Angle contained under the Right Lines 
SR drawn 


B 
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drawn in both the Planes to the ſame Point of 
their common Inter ſection, and making Right 


Angles with it, | 
VII. Planes are ſaid to be inclined fimilarly, 
when the ſaid Angles of Inclination are equal. 
VIII. Parallel Planes are ſuch, which, being 
oduced, never meet. 
IX. Similar ſolid Figures are ſuch as are con- 
tained under equal Numbers of fimilar Planes. 
X. Equal and ſimilar ſolid Figures are thoſe that 
are contained under_ equal Numbers of fimilar 
and equal Planes. 

XI. A /olid Angle is the Inclination of more than 
two Right Lines, that touch one another, and are 


not in the ſame Superſicies: Or, a ſolid Angle 


is that which is contained under more than two 
plane Angles, which are not in the ſame Super- 


fices, but being all at one Point. 

XII. A Pyramid is à ſolid Figurs comprebended 
under divers Planes ſet upon one Plane, and 
put together at one Point. 

XIII. A Priſm is a Solid Figure contained under 
Planes, whereof the two oppoſite are equal, ſimi- 
lar, and parallel, and the other Parallelograms. 

XIV. A Sphere is a ſolid Figure, made when the 
Diameter of a Semicircle remaining at Reſt, the 
Semicircle is turned about till it returns to the 
ſame Place from whence it begin to move. 

XV. The Avis of a Sphere is that fixed Line; 
about which the Semicircle is turned, . 
XVI. The Centre of a Sphere is the ſame with 

that of the Semicircle. 

XVII. The Diameter of a Sphere is a Right Line 

drawn through the Centre, and terminated on 

eitber Side by the Superficies of the Sphere. 

XVIII. 2 Cone is 4 Figure deſcribed when one of 
the Sides of a Right-angled Triangle, contain! 15 


19% 


XXVIII. A Dodecabedron is a ſolid Figure con- 


XXX. A Parallelepipedon is @ Figure contained 
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the Right Angle, remaining fixed, the Triangle 
in turned about until it returns to the Place from 
whence it firſt began to move. And if the fixed 
Right Lines be equal lo each other, that contain 
the Right Angle, then the Cone is à reflangular 
Cone; but, if it be leſs, it is an obtuſe-angled 
Cone; if greater, an acute-angled Cone. 

XIX. The Axis of 4 Cone is that fixed Right 
Line, about which the Triangle is moved, 

XX. The Baſe of a Cone is the Circle deſcribed by 

_. the Right Line moved about. 

XXI. A Cylinder is a Figure deſcribed by the Mp. 
lion of a Right-angled Parallelogram, one of th: 
Sides containing the Right Angle, remaining fix. 
ed while the Parallelogram is turned about to the 
fame Place from whence it began to be moved. 

XXII. The Axis of a Cylinder is that fixed Right 
Line, about which the Parallelbgram is turned, 

XXIII. And the Baſes of a Cylinder are the Cir- 
cles that are deſcribed by the Motion of the two 
oppofiie Sides of the Parallelogram. 

XXIV. Similar Cones and Cylinders are ſuch, 

whoſe Axes and Diameters of their Baſes are 
proportional. 

XXV. A Cube is a Solid Figure contained under 

fix equal Squares. | | 

XXVI. A Tretrabedron is a Solid Figure contained 
under four equal equilateral Triangles. 


XXVII. An Ofabedron is a ſolid Figure con- 


tained under eight equal equilateral Triangles. 


tained under twelve equal equilateral and equi- 
angular Pentagons. 

XXIX. An Icoſabedron is a ſolid Figure contained 
under twenty equal equilateral Triangles. 


under fix quadrilateral Figures, whereof 1 boſe 
which are oppoſite are parallel. po 
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PROPOSITION I. 


THEOREM, 


One Part of a Right Line cannot be in a plane 
Superficies, and another Part above it. 
OR, if poflible, let the Part AB of the Right 
| Line ABC be in a plane Superficies, and the 
Part BC above the ſame. 
There will be ſome Right Line in the aforeſaid 
Plane, which, with AB, will be but one ſtrait Line. 
Let this Line be DB. | 


Then the two given Bight Lines ABC, ABD, have 
one common Segment AB, which is impoſlible ; for 


one Right Line will not meet another in more Points - 


than one. Wherefore, one Part of a Right Line can- 
not be in a plane Super ficies, and another Part above 
it ; which was to be demonſtrated. - 


PROPOSITION I. 


THEOREM. 


If two Right Lines cut each other, they are both 


in ons Plane; and every Triangle is in one 
Plane, 


LET two Right Lines AB, CD, cut each other in 
the Point E. I ſay, they are both in one Plane; 

and every Triangle is in one Plane. 

For, take any Points F, and G, in the Right Lines 

AB, CD; and join CB, FG ; and let there be drawn 

FH, GK. In the firſt Place, I ſay, the Triangle EBC 


is in one Plane, 


For, if one Part FHC, or GBK, of the Triangle | 


EBC, be in one Plane, and the other Part in another 
Plane; then one Part of each of, the Lines EC, EB, 
ſhall be in one Plane, and the other Part in another 
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Plane; which we have proved * to be abſurd. There- ; of thits | 


fore the 8 EBC is one Plane; but both the 
Right Lines EC, EB, are in the ſame Plane as the 


O Triangle 
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Triangle BCE is; and AB, CD), are both in the fame 
Plane as EC, EB, are. Whereiore, the Ripht / in; 
AB, CD, are both in one Plane; and every Triars iy 
is in one Plane; which was to be demonſtrated. 


PROPOSITION Ill. 


THEOREM. 


If two Planes cut each other, their common Ser. 
tion will be a Right Line. 


JET two plains AB, BC, cut each other, whoſe 
common Section is the Line DB; I ſay, DB is 


2 Right Line. 


For if it be not, draw the Right Line DEB in the 
Plane AB, from the Point D to the Point B, and the 
Right Line DFB in the Plane BC, 8 


Then two Right Lines DEB, DFB, have the ſame | 


Terms, and include a Space, which is * abſurd, 
Therefore DEB, DFB, are not Right Lines. In 
the ſame manner we demonſtrate, that no other Line 
drawn from the Point D to the Point B, is a Right 
Line, beſides DB, the common Section of the Planes 
AB, BC. F, therefore, two Planes cut each other, 
their common Section will be a Right Line; which was 
to be demonſtrated. 


PROPOSITION IV. 


THEOREM. 


F to two Right Lines, cutting one another, a 
third ſtands at Right Angles in the common 
Section, it ſhall be alſo at Right Angles tothe 
Plane drawn thro the ſaid Lines. 


JET the Right Line EF ſtand at Right Angtes to 
the two Right Lines AB; CD, in the common 
Section E. I fay, EF is alſo at Right Angles to the 


Plane drawn through AB, CD, 
| F ory 


a« r 2 „B 
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For, take the equal Right Lines EA, EB, CE, 
DE; and thro' E any-how draw the Right Line 
GEH, and join AD, CB; and from the Point F let 
there be drawn FA, FG, FD, FC, FH, FB: Then, 
becauſe two Right Lines AE, ED, are equal to two 
Right Lines CE, EB, and they contain “ the equal '5: 1. 
Angles AED, CEB; the Baſe AD hall be + equal to f 4.1. 
the Baſe CB, and the Triangle AED equal to the Tri- 
angle CEB; and fo, likewiſe, is the Angle DAE equal 
to the Angle EBC; but the Angle AEG is “ equal to 
the Angle BEH ; therefore AGE, BEH, are two Tri- 
angles, having two Angles of the one equal to two 
Angles of the other, each to each, and one Side AE 
equal to one Side EB; vi. thoſe that are at the equal 
Angles; and ſo the other Sides of the one will be 5 f 26. x, 
equal to the other Sides of the other. Therefore GE _. 
is equal to GH, and AG to BH: and ſince AE is equal 
to EB, and FE is common and at Right Angles, the 
Baſe AF ſhall be + equal to the Baſe FB,: For the f 4 1. 
ſame Reaſon, likewiſe, ſhall CF be equal to FD. 
Again, becauſe AD is equal to CB, and AF to FB, 
the two Sides FA, AD, will be equal to the two Sides 
FB, BC, each to each; but the Baſe DF has been 
proved equal to the Baſe FC. Therefore the Angle 
FAD is “ equal to the Angle FBC: Moreover, AG *8. *« 
has been proved equal to BH ; but FB, alſo, is equal 
to AF, therefore the two Sides FA, AG, are equal to 
the two Sides FB, BH; and the Angle FAG is equal 
| to the Angle FBH, as has been demonſtrated ; where- 
fore the Baſe GF is + equal to the Baſe FH. Again, 
becauſe GE has been proved equal to EH, and EF is 
common, the two Sides GE, EF, are equal to the 
two Sides HE, EF; but the Baſe HF is equal to the 
Baſe FG; therefore the Angle GEF is “ equal to 
the Angle HEF ; and fo both the Angles GEF, 
HEF, are Right Angles: Therefore FE makes Right 
Angles with GH, which is any-how drawn thro' E. 
After the ſame manner we demonſtrate, that FE is 
at Right Angles to all Right Lines that are drawn in 
the Plane to it; but a Right Line is * at Right Angles * Def z. 
to a Plane, when it is at Right Angles to all Right 777. 
Lines drawn to it in the Plane. Therefore FE is at 
Right Angles to a Plane drawn thro' the Right Lines 
O 2 | AB, 
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AB, CD. Wherefore, if two Right Lines, cutting 
one another, a third lands at Right Angles in the con- 
mon Section, it ſhall be alſo at Right Angles to the Plan- 
drawn thro' the ſaid Lines; which was to be demon- 


ſtrated. 
PROPOSITION V. 


THEOREM. 


Tf to three Right Lines, touching one another, 4 
fourth ſtands at Right Angles in their common 
Section, thoſe three Right Lines ſhall be in one 


and the ſame Plane, 


LET the Right Line AB ſtand at Right Angles, in 

the Point of Contact B, to the three Right Lines 
BC, BD, BE. I ſay, BC, BD, BE, are in one and 
the ſame Plane. 

For, if they are not, let BD, BE, be in one Plane, 
and BC above it; and let the Plane paſſing thro' AB, 
BC, be produced, and it will * make the common 
Section, with the other Plane, a ſtrait Line, which 
let be BF; then three Right Lines AB, BC, BF, are 
in one Plane drawn thro' AB, BC: And fince AB 
ſtands at Right Angles to BD and BE, it ſhall be at 
Right Angles to a Plane drawn thro' BE, DB; and ſo 
AB ſhall make 1 Right Angles with all Right Lines 
touching it that are in the ſame Plane: But BF, being 
in the ſaid Plane, touches it; wherefore the Angle 
ABF is a Right Angle : But the Angle ABC (by the 
Hyp.) is alſo a Right Angle; therefore the Angle ABF 
is equal to the Angle ABC, and they are both in the 
ſame Plane, which cannot be; and fo the Right Line 
BC is not above the Plane paſſing thro* BE, and BD. 
Wherefore the three Right Lines BC, BD, BE, arein 
one and the ſame Plane. Therefore, if to three Right 
Lines, touching one another, a fourth ſtands at Right An- 
gles in their common Section, thoſe three Right Lines 
ſhall be in one and the ſame Plane; which was to be 


demonſirated, 
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PROPOSITION VI. 


THEOREM. 


If two Right Lines be perpendicular to one and 
the ſame Plane, thoſe Right Lines are parallel 
to one another, | 


LET two Right Lines AB, CD, be perpendicular 
to one and the ſame Plane. I fay, AB is parallel 
to CD. 

For, let them meet the Plane in the Points B, D; 
and join the Right Line BD, to which let DE be 
drawn in the ſame Plane, at Right Angles, make 
DE equal to AB; and join BE, AE, AD. 

Then becauſe AB is at Right Angles to the afore- 
ſaid Plane, it ſhall be“ at Right Angles to all Right „% 
Lines, touching it, drawn in the Plane; but AB touches TOM.» 
BD, BE, which are in the ſaid Plane; therefore each 
of the. Angles ABD, ABE, is a Right Angle. So, for 
the fame Reaſon, likewiſe, is each of the Angles 
CDB, CDE, a Right Angle. Then, becauſe AB 
is equal to DE, and BD is common ; the two Sides 
AB, BD, ſhall be equal to the two Sides ED DB; 
but they contain Right Angles : Therefore the Baſe 
AD is + equal to the Baſe BE. Again, becauſe AB f 4. 1. 
is equal to DE, and, AD to BE; the two Sides AB, 

BE, are equal to the two Sides ED, DA; but AE, 

their Baſe, is common; wherefore the Angle ABE 

is | equal to the Angle EDA. But ABE is a Right f 8. r. 
Angle; therefore EDA is alſo a Right Angle; and ſo 

ED is perpendicular to DA: But it is alſo perpendicu- 

lar to BD and DC; therefore ED'is at Right Angles, 

Ih the Point of Contact, to three Right Lines BP, DA, | 
DC: Wherefore theſe three laſt Right Lines are * * 5 ibis. 
in one Plane. But BD, DA, are in the ſame Plane as 

AB is; for every Triangle is +in the ſame Plane + 2 of bis, 
therefore it is neceſſary, that AB, BD, DC, be in one 

Plane. But both the Angles ABD, BDC, are Right 

Angles; wherefore AB is f parallel to CD. There- f 23. r, 
fore, if two Right Lines be perpendicular to oue and 

the ſame Plane, thoſe R ight Lines are parallel ta one 


another; which was to be demonſtrated. 
O 3 PR O- 
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PROPOSITION VII. 
THEOREM. 


Tf there be two parallel Lines, and any Points by 
taken in both of them, the Right Line joining 
thoſe Points ſhall be in the ſame Plane as the 

Parallels are. 


LE AB, CD, be two parallel Right Lines, in 
which are taken any Points E, F. I ſay, a Right 
Line joining the Point E, F, is in the ſame Plane as 
the Parallels are. 
For, if it be not, let it be elevated above the ſame, 
if poſſible, as EGF, thro* which let ſome Plane be 
dran, whoſe Section, with the Plane in which the 
* 3ef this, Parallels are, let * be the Right Line EF ; then the 
two Right Lines EGF, EF, will include a Space, 
+ 4x. 10.1. which is + abſurd; Therefore a Right Line, drawn 
from the Point E to the Point F, is not elevated above 
the Plane; and, conſequently, it muſt be in that 
paſſing thro* the Parallels AB, CD. Wherefore, if 
there 5 two parallel Lines, and any Points be taken in 
both of them, the Right Line joining theſe Points ſbull 
be in the ſame Plane as the Parallels arg; which was to 
be demonſtrated. 


PROPOSITION VIII, 
| THEOREM. 


If there be two parallel Right Lines, one of which 
is perpendicular to ſome Plane; then ſhall tht 
other be perpendicular jo the ſame Plane, 


ET AB, CD, be two parallel Right Lines, one 
of which, as AB, is perpendicular to ſome Plane, 
* the other, CD, is alſo perpendicular to the ſame 
Plane, 
9 | For, let AB, CD, meet the Plane in the Points B, 
7 Vb P and let BD be joined; then AB, CD, BD, are“ in 
one Plane. Let P be drawn in the other Fa 


— — a — — — 
- 


See the Fig, 
\ of Prep. VI. 
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Right Angles to BD, and make DB equal to AB; and 
join BE, AE, AD: Then, fince AB is perpendicular 
to the Plane, it will“ be perpendicular to all Right * Def. z. 
Lines touching it, that are drawn in the ſame Plane; 
therefore each of the Angles ABD, ABE, is a Right 
Angle. And ſince the Right Line BD falls on the 
Right Lines AB, CD; the Angles ABD, CDB, ſhall 
be equal to two Right Angles : Therefore the Angle Þ 29. 1. 
CDB is alſo a Right Angle; and fo CD is perpendi- 
' cular to DB. And fince AB is equal to DE, and BD 
is common; the two Sides AB, BD, are equal to the 

two Sides ED, DB. But the Angle ABD is equal to 
the Angle EDB; for each of them is a Right Angle; \ 
therefore the Baſe AD is 4 equal to the Baſe BE. t 4. 1. 
Again, fince AB is equal to DE, and BE to AD; the 
two Sides AB, BE, ſhall be equal to the two Sides 
ED, DA, each to each: But the Baſe AE is common; 
wherefore the Angle ABE is “ equal to the Angle * 8. 1. 
EDA: But the Angle ABE is a Right Ang e; there- 
fore EDA is alſo a Right Angle, and ED is perpendi- 
cular to DA: But it is likewiſe perpendicular to DB; 
therefore ED ſhall alſo be + perpendicular to the Plane + 4 ibis. 
paſſing thro' BD, DA, and, likewiſe, ſhall be þ at f D 3. 
Right Angles to all Right Lines, drawn in the ſaid 
Plane that touch it. But DC is in the Plane paſſing 
thro' BD, DA, becauſe AB, BD, are “ in that Plane; 2 ef ir. 
and DC is Fin the ſame Plane that AB and BD are in; t7 Yb. 
wherefore ED is at Right Angles to DC, and ſs CD 
is at Right Angles to DE, as alſo to DB. Therefore, 
CD Hands at Right Angles, in the common Section D, to 
two Right Lines DE, DB, mutually cutting one another ; 
and, accordingly, is at Right Angles to the Plane paſſing 
thre DE, DB; which was to be demonſtrated, 
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PROPOSITION IX. 


THEOREM. 


Right Lines that are parallel to the ſame Right 
Line, not being in the ſame Plane with it, art 
alſo parallel to each other, 


ET both the Right Lines AB, CD, be parallel to 
the Right Line EF, not being in the ſame Plane 
with it, I ſay, AB is parallel to CD. 
Wor aſſume any Point G in EF, from which Point 
G let GH be drawn, at Right Angles to EF, in the 
Plane paſling thro” EF, | AB: Alfo, let GK be drawn 
at Right Angles to EF in the Plane paſſing thro' EF, 
CD: Then, becauſe EF is perpendicular to GH and 
® 4 of this, GK, the Line EF ſhall alſo be * at Right Angles to a 
Plane paſting thro*' both GH and GK: But EF is pa- 
+6 of this, rallel to AB; therefore AB is + alſo at Right Angles to 
the Plane paſſing thro' HGK. For the ſame Reaſon, 
; CD is alſo at Right Angles to the Plane paſſing thro' 
HGK ; and therefore AB, and CD, will be both at 
Right Angles to the Plane paſſing thro' HGK. But if 
two Right Lines be at Right Angles to the ſame Plane, 
16. % this, they ſhall be * parallel to each other; therefore AB is 
| parallel to CH. And fo, Right Lines that are parallel 
to the ſame Right Line, not being in the ſame Plane 
with it, are alſo parallel to each other; which was to 
be demonſtrated, 


PROPOSITION X., 
THEOREM 


. If two Right Lines, touching one another, be pa- 
rallel to two other Right Lines, touching one 
another, but not in the ſame Plane, thoſe Right 
Lines contain equal Angles. 

T ET two Right Lines AB, BC, touching one an- 
+ other, be parallel to two Right Lines DE, EF 
touching one another, but not in the ſame Plane. | 

ſay, the Angle ABC is equal to the Angle DEF. 5 

| | ory 
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For, take BA, BC, ED, EF, equal one to another, 
and join AD, CF, BE, AC, DF: Then, becauſe BA 
is equal and parallel to ED, the Right Line AD ſhall 
alſo be “* equal and parallel to BE. For the ſame * 33. 1. 
Reaſon, CF will be equal and parallel to BE; there- 
fore AD, CF, are both equal and parallel to BE. But 
Right Lines that are paralle] to the ſame Right Line, 
not being in the fame Plane with it, will be + parallel f 9 15. 
to each other, Therefore AD is parallel and equal to 
CF; but AC, DF, join them; wherefore AC is 4 f 33. 1. 
equal and parallel to DF, And becauſe the two Right 
Lines AB, BC, are equal to the two Right Lines DE, 
EF, and the Baſe AC equal to the Baſe DF ; there- 
fore the Angle ABC will be“ equal to the Angle DEF. *8. 1. 
Whence, if two Right Lines, touching one another, be 
parallel to two other R ight Lines touching one another, 
but not in the ſame Plane, tbaſe Right Lines contain 
equal Angles; which was to be demonſtrated, 


PROPOSITION XI, 


PROBLEM, 


From a Point given above a Plane, to draw a 
Right Line perpendicular to that Plane. 


1 A be the Point given, above the given Plane 
BH. It is required to draw a Right Line from 
the Point A, perpendicular to the Plane BH. 

Let a Right Line BC be any-how drawn in the Plane 
BH; and let AD be drawn * from the Point -A * 22. 1. 
perpendicular to BC ; then if AD be perpendicular to 
tne Plane BH, the Thing required is already done; 
but, if not, let DE be drawn in the Plane trom the 
Point D, at Right Angles to BC; and let AF be drawn 
* from the Point A perpendicular to DE : Laſtly, 
thro' F draw GH, parallel to BC. 

Then, becauſeBC is perpendicular to both DA and 
DE, BC will alſo be + perpendicular to a Plane paſſing + 4 of thi 
thro' ED, DA. But GH is parallel to EC; and it 
there are two Right Lines parallel, one of which is at 
Right Angles to ſome Plane, then ſhall the other be 1 8 ;-:4ir, 
at Right Angles to the ſame Plane: Wherefore GH is 
at Right Angles to ihe P lane paſſing thro" ED, DA, 

8 ; ** 
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and fo is * perpendicular to all the Right Lines, in che 


ſame Plane that touch it. But AF, which is in the 
Plane paſſing thro ED and DA, doth touch it. There. 
fore GH is perpendicular to At; and ſo AF is perpen- 
dicular to GH; but AF, likewiſe, is perpendicular to 
DE ; therefore AF is perpendicular to both HG, DE, 
But if a Right Line ſtands at Right Angles to two 
Right Lines, in their common Section, that Line will 
be + at Right Angles to the Plane paſſing thro” thed 
Lines. Therefore AF is perpendicular to the Plane 
drawn thro' ED, GHz; that is, to the given Plane BH, 
Therefore, AF is drawn from the given Point A, 
above the given Point BH, perpendicular to the ſaid 
Plane; which was to be done. 


PROPOSITION XIL 


PROBLEM. 


To ere a Right Line perpendicular to a given 
Plane, from a Point given therein. 

ET A be a given Point in a given Plane MN. It 

is required to draw a Right Line from the Point 


A, at Right Angles to the Plane MN. 
Let ſome Point B be ſuppoſed above the given Plane, 


 ® 11 of this. from which let BC be drawn“ perpendicular to the 


131. 1. 


; 8 of this, 


ſaid Plane; and let AD be drawn + from A parallel 
to BC. 


Then, becauſe AD, CB, are two parallel Right 
Lines, one of which, viz. BC, is perpendicular to the 
Plane MN; the other, AD, ſhall be þ alſo perpendi- 
cular to the ſame Plane. Therefore, a Right Line is 
erected perpendicular to à given Plane, from a Point 
given therein; which was to be done. 


PRO» 
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TREOR RM. : 
Two Right Lines cannot be erected at Right An- 


gles to a given Plane, from a Point therein 
given. 


OR, if it is poſſible, let two Right Lines AB, AC, 

be erected perpendicular to a given Plane on the 
ſame Side, at a given Point A, in the given Plane. 

Then let a Plane be drawn thro' BA, AC, cutting 

the given Plane thro” A in the Right Line * DAE ; * 3 li 
but the Line DAF being in the given Plane, touches 
it; therefore the Right 12 AB, AC, DAE, are in 
one Plane: And becauſe CA is perpendicular to the 

wen Plane, it ſhall alſo be + perpendicular to all f P/. 
Right Lines drawn in that Plane, and touching it: 
Therefore the Angle CAE is a Right Angle. For the 
ſame Reaſon, BAL is alſo a Right Angle; wherefore 
the Angle CAE is equal to BAE, and they are both 
in one Plane; which is abſurd. Therefore, 0 
Right Lines cannot be erefted at Right Angles, to a 
given Plane, from a Point therein given ; which was 
to be demonſtrated. 


PROPOSITION XIV. 


THEOREM. 


Phoſe Planes, to which the ſame Right Ling is 
perpendicular, are parallel to each other. 


ET the Right Line AB be perpendicular to each 
* the Planes DC, EF. I ſay, theſe Planes are 
parallel. 8 | 

For, if they be not, let them be produced till they 
meet each other, and Jet the Right Line GH be the 
common Section, in which take any Point K, and 
join AK, BK. Then, becauſe AB is perpendicular | 
to the Plane EF, it ſhall alſo be perpendicular to the 1 
Right Line BK, being in the Plane EF produced; ö f 
wherefore the Angle ABK is a Right Angle. And, | 
for the ſame Reaſop, BAK is alſo 3 Right 2 
| And 


þ a Yew þ 
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And ſo the two Angles ABK, BAK, of the Triangle 
ABK, are equal to two Right Angles, which is “ im- 
poſſible: Therefore the Planes CD, EF, being pro- 
duced, will not meet each other; and ſo are neceſſa- 
rily parallel. Therefore, thoſe Planes, to which ihe 


fame Kight Line is perpendicular, are parallel to each 


* 11 of this, 


131. 1. 


® Def. 3. 


: ® 29, I's 


} 4 of this. 


other; which was to be demonſtrated, 


-PROPOSITION XV. 


THEOREM. 


If two Right Lines, touching one another, be pa- 
rallel to two Right Lines, touching one another, 
and not being in the ſame Plane with them; 
the Planes drawn thro” thoſe Right Lines ar: 
parallel to each other. 


LET two Right Lines AB, BC, touching one an- 
other, be parallel to two Right Lines DE, EF, 
touching one another, but not in the ſame Plane with 
them. I fay, the Planes paſſing thro' AB, BC, and 
DE, EF, being produced, will not meet each other. 
For, let BG be drawn, + from the Point B, perpen- 
dicular to the Plane paſſing thro' DE, EF, meeting 
the ſame in the Point G; and thro' G let GH be 
drawn ; parallel to ED, and GK parallel to EF; then, 
becauſe BG is perpendicular to the Plane paſſing thro' 
DE, EF, it ſhall alſo make * Right Angles with all 
Right Lines that touch it, and are in the fame Plane. 
But GH and GK, which are both in the ſame Plane, 
touch it; therefore each of the Angles BGH, BGR, 
is a Right Angle. And ſince BA is parallel to GH, 
the Angles GBA, BGH, are * equal to two Right An- 
den But GA is a Right Angle; wherefore GBA 
all alſo be a Right Angle; and ſo BG is perpendi- 
cular to BA. For the ſame Reaſon, GB is alſo perpen- 
dicular to BC; therefore fince a Right Line BG 
ſtands at Right Angle to two Right Lines, BA, BC, 
mutually cutting each other; BG ſhail alſo be gat 
Right Angles to the Plane drawn thro' BA, BC. But 
it is perpendicular to the Plane drawn thro DE, EF; 
therefore BG is perpendicular to both the Planes r 
thro 
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thro! AB, BC, and DE, EF. But thoſe Planes to 

which the ſame Right Line is perpendicular, are * pa- 14 of this, 
rallel; therefore the Plane drawn thro' AB, BC, is pa- 

rallel to the Plane drawn thro' DE, EF. Wherefore, 

if two Right Lines, touching one another, be parallel to 

two Right Lines touching one another, and not being in 

the ſame Plane with them; the Planes drawn thro 

thoſe Right Lines are parallel to each other; which was 

to be demonſtrated. | 


PROPOSITION XVI. _— 


THEOREM. 


If two parallel Planes are cut by another Plane, 
their common Sections will be parallel. 


1 two parallel Planes AB, CD, be cut by any 
Plane EFGH ; and let their common Sections be 
EF, GH. I fay, EF is parallel to GH. 

For, if it is not parallel, EF, GH, being produced, 
will meet each other either on the Side FH, or EG. 
Firſt, let them be produced on the Side FH, and meet 
in K ; then, becauſe EFK is in the Plane AB, all 
Points taken in EF K will be in the ſame Plane. But 
K is one of the Points that as in EFK ; therefore K is 
in the ſame Plane AB. For the ſame Reaſon K is 
alſo in the Plane CD; wherefore the Planes AB, CD, 
will meet- each other. But they do not meet, fince 
they are ſuppoſed parallel; therefore the Right Lines 
EF, GH, will not meet on the Side FH. After the 
ſame manner it is proved, that they will not meet, if 
produced, on the Side EG. But Right Lines, that 
will neither Way meet each other, are parallel; there- 
fore EF, is parallel to GH. V/, therefore, two parallel 
Planes are cut by any other Plane, their common Sections 
will be parallel; which was to be demonſtrated, 
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16 this, 


+2- 6. 


1 11. 8. 


If two Right Lines are cut by. parallel Planet, 


| Euclid's ELEMENTS. Book Xl, 


PROPOSITION XVI. 


THEOREM. 


they ſhall be cut in the ſame Proportion. 


ET two Right Lines AB, CD, be cut by parallel 

Planes GH, KL, MN, in the Points A, E, B, C, 

F, D. I ſay as the Right Line AE is to the Right Line 
EB, ſo is CF to FD. 

For. let AC, BD, AD, be joined, ; let AD meet the 


Plane KL in the Point X; and join EX, XF. Then, 


becauſe two parallel Planes KL, MN, are cut by the 
Plane EBDX, their common Sections EX, BD, are - 
parallel. For the ſame Reaſon, becauſe two parallel 
Planes GH, KL, are cut by the Plane AXFC, their 
common Sections AC, FX, are parallel; and becauſe 
EX is drawn parallel to the Side BD of the Triangle 
ABD, it ſhall be, as AE is to EB, ſo is + AX to x. 
Again, becauſe XF is drawn parallel to the Side AC of 
the Triangle ADC, it ſhall be t, as AX is to XD, ſo is 
CF to FD. But it has been proved, as AX is to XD, 
ſo is AE to EB. Therefore, as AE is to EB, ſo ist CF 
to FD. Wherefore, if two Right Lines are cut by 


parallel Planes, they ſhall be cut in the ſame Propor- - 


tion; which was to be demonſtrated. 


PROPOSITION XVII. 


THEOREM. 


If a Right Line be perpendicular to ſome Plane, 
then all Planes paſſing thro” that Line will be 
perpendicular to the ſame Plane. | 


ET the Right Line AB be perpendicular to the 
Plane CL. I ay, all Planes that paſs thro AB, 


are likewiſe perpendicular to the Plane CL. 


For, let a Plane DE paſs thro? the Right Line AB, 
whoſe common Section, with the Plane CL, is the 
Right Line CE; and take ſome Point F in CE; from 
which let FG be drawn in the Plane DE, * 
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lar to the Right Line CE: Then becauſe AB is per- 
pendicular to the Plane CL, it ſhall alſo be “ perpen- * Def. 3. 
dicular to all the Right Lines which touch it, and are in | 
the ame Plane: W herefore it is perpendicular to CE; 
and, conſequently, the Angle ABF is a Right Angle : 
But GFB is likewiſe a Right Angle; therefore AB is 
parallel to FG. But AB is at Right Angles to the 
Plane CL; therefore FG will be + at Right Angles to 39/ bin. 
that fame Plane. But one Plane is perpendicular to | 
mother, when the Right Lines drawn in one of the 

Planes, perpendicular to the common Section of the 

Planes, are perpendicular to the other Plane. But 1 De, 4+ 
FG is drawn in one Plane DE, perpendicular to the *em 
common Section CE of the Planes, and it has been 

proved to be perpendicular to the Plane CL: In like 

manner any other Line in the Plane DE, drawn per- 
pendicular to CE is proved to be perpendicular to the 

Plane CL. Therefore the Plane DE is at Right An- 

to the Plane CL. After the ſame manner we de- 

monſtrated, that all Planes paſſing thro' the Right 

Line AB, are perpendicular to the Plane CL. There- 

fore, if a Right Line be perpendicular to ſome Plane, then 

all Planes, paſſing thro that Line, will be perpendicu- 

lar to the ſame Plane; which was to be demonſtrated. 


PROPOSITION XX. 


THEOREM. 


If two Planes, cutting each other, be perpendicu- 
lar to fome Plane, then their common Seftion 
will be perpendicular to that ſame Plane. | 


ET two Planes AB, BC, cutting each other, be 

perpendicular to fome third Plane, and let their 

common Section be BD. I ſay, BD is perpendicular 
to the ſaid third Plane, which let be ADC. 

For, if poſſible, let BD not be perpendicular to 
the third Plane; and from the Point D let DE be 
drawn in the Plane AB, perpendicular to AD ; and 
let DF be drawn, in the Plane BC, perpendidular to 
CD: Then, becauſe the Plane AB is perpendicular to 
the third Plane, and DE is drawn in the Plane AB, 
perpendicular to . —— Se ion AD; 2 
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ſhall be“ perpendicular to the third Plane ADC, 1, 
like manner we prove, that DF alſo is perpendicular 
to the ſaid Plane; wherefore two Right Lines ſtand at 
Right Angles to this third Plane, on the ſame Side, at 
the ſame Point D; which is + abſurd: Therefore, to 
this third Plane cannot be erected any Right Lines 
perpendicular at D, and on the ſame Side, except BD, 
the common Section of the Planes AB, BC: -Where. 
fore DB is perpendicular to the third Plane. / there. 
fore, two Planes, cutting each other, be perpendicular 
to ſome Plane, then their common Section will be per. 
pendicular to that ſame Plane; which was to be de- 
monſtrated. 


PROPOSITION XX. 


THEOREM, 


If a ſolid Angle be contained under three plant 
Angles, any two of them, howſoever taken, art 
greater than the third. 


' ET the ſolid Angle A be contained under three 
plane Angles BAC, CAD, DAB. I ſay, any two 
of the Angles BAC, CAD, DAB, are greater than the 
third, howſoever taken. | 
For, if the Angles BAC, CAD, DAB, be equal, 
it is evident, that any two, howſoever taken, are great» 
er than the third ; but, if not, let BAC be the greater, 
and make“ the Angle BAE, at the Point A, with 
the Right Line AB, in a Plane paſſing thro' BA, AC, 
equal to the Angle DAB; make AE equal to AD; 
thro' E draw BEC, cutting the Right Lines AB, 
AC, in the Points B, C; and join DB, DC; 
Then, becauſe DA is equal to AE, and AB is com- 
mon, the two Sides DA, AB, are equal to the two 
Sides AE, AB; but the Angle DAB, is equal to the 
Angle BAE; therefore the Baſe DB is + equal to 
the Baſe BE: And fince the two Sides DB, DC, are 
greater than BC, and DB has been proved equal to BE; 
therefore the remaining Side DC ſhall be greater than 
the remaining Side EC ; and ſince DA is equal to 


AE, and AC is commom, and the Baſe DC greatet 
than the Bafe EC; the Angle DAC ſhall be * 


* 


„ „ 


A 


X * 
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than the Angle EAC. But, from Conſtruction, the 
Angle DAB, is equal to the Angle BAE; wherefore 
the Angles DAB, DAC, are greater than the Angle 
BAC. After this manner we demonſtrate, if any two 


. 


other nn be taken, that they are greater than the 


third. Therefore, if a ſolid Angle be contained under 


three plane Angles, any two of them, howſoever taten, 
1 


are greater than the t 


rd; which was to be demon- 
ſtrated. | | 


PROPOSITION XXI. 


THEOREM. 


Every ſolid Angle is contained under plane An- 


gles, together, leſs than four Right ones. 


ET A be” a ſolid Angle, contained under plane 
Angles BAC, CAD, DAB. I fay, the Angles 
= CAD, DAB, are leſs than four Right An- 
es. 
: For, take any Points B, C, D, in each of the Lines 
AB, AC, AD; and join BC, CD, DB: Then, 
becauſe the ſolid Angle at B is contained under three 
plane Angles CBA, ABD, CBD; 7 two of theſe 


209 


are * greater than the third: Therefore the Angles * 20 F K 


CBA, ABD, are greater than the Angle CBD. For 
the ſame Reaſon, the Angles BCA, ACD, are greater 
than the Angle BCD; and the Angles CDA, ADB, 
| (ea than the Angle CDB. Wherefore the fix 
ngles CBA, ABD, BCA, ACD, CDA, ADB, are 
ater than the three Angles CBD, BCD, CDB. 


ut the three Angle CBD, BCD, CDB, are + -—"h ＋ 32ote 


to two Right Angles ; wherefore the ſix Angles CBA, 


ABD, BCA, C, DCA, ADB, are greater than 


two Right Angles. And fince the three Angles of 
each of the "Triangles ABC, ACB, ADB, are equal 
to two Right Angle, the nine Angles of thoſe Tri- 
angles CBA, BCA, BAC, ACD, CAD, ADC, ADB, 
ABD, DAB, are equal to fix Right Angles; fix of 
which Angles CBA, BCA, ACD, ADC, ADB, ABD, 
are greater than two Right Angles. ' Therefore the 
three other Angles BAC, CAD, DAB, which contain 

P the 
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the ſolid Angle, will be leſs than four Right Angles, 
Wherefore, every jolid Angle is contained under Angles, 
together, leſs than four plane Right ones; which was to 
be demonſtrated, E Wits _ 


PROPOSITION XXII. 
THEOREM. | 

If there be three plane Angles, whereof two, am 
how taken, are greater than the third, and the 
Right Lines that contain them be equal ;, they 
it is poſſible 10 make a Triangle of the Right 
Lines joining the equal Right Lines which form 
the Angles. 


ET ABC, DEF, GHK, be given plane Angles, 
any two whereof are greater. than the third; and 
let the equal Right Lines AB, BC, DE, EF. GH, 


HK. contain them; and let AC, DF, GK, be joined, 


I fay, it is poſſible to make a Triangle of AC, DF, 
GK; that is, any two of them, howſocver taken, are 
greater than the third. | 
For, if the Angles. at B, E, H, are equal; then Ac, 
DF, GK, will be“ equat, and any two of them 
greater than the third; but, if not, let the Angles at 
B. E, H, be unequal; and let the Angle B be greater 
than either of the others at E, or H: Then the R ght 
Line AC will be + greater than either DF, or GK; 
and it is manifeſt, that AC, together with either DF, 
or GK. is greater than the other. I ſay, likewiſe, that 
DF, GK, together, are greater than AC. For make , 
at the Pont B, with the Right Line AB, the Angle 
ABL equal to the. Angle GHK ; and make BL equal 
| DE, EF, GH, HK; and join 

AL, CL. Then, becauſe the two Sides AB, BL, 
are equal to the two Sides GH, HK, each to each; 
and they contain equal Angles; the Baſe AL ſhall be 
equal to the Baſe GR. And ſince the Angle E and 
H are greater.than the Angle ABC, the Angle GH 
is equal to the Angle ABL, and therefore the other 
Angle at E ſhall be greater than the Angle LBC. 
And ſince the two Sides LB, BC, are equal to the 
two Sides DE, EF, each to cach, and the 19 
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DEF is greater than the Angle LBC, the Baſe DF 
ſhall be * greater than the Baſe LC. But GK has 24. 1, 
been proved equal to AL; therefore DF, GK, are 
greater than KL, LC: But AL, LC, are greater 

than AC; wherefore DF, GK, ſhall be much greater 

than AC. Therefore any two of the Right Lines 
AC, DF, GK, howſoever taken, are greater than the 

third: And fo, @ Triangle may be made of AC, DF, 

GK; which was to be demonſtrated, | 


PROPOSITION XXII. 
PROBLEM, 


Yo make a ſolid Angle of three plane Angles, 
whereof any two, howſoever taken, are greater 
than the tbird; but theſe three Angles muſt be 
leſs than four Right Angles. 


122 ABC, DEF, GHK, be three plane Angles 
given, whereof any two, howſoever taken, are 
greater than the third; and let the ſaid three Angles 
be leſs than four Right Angles; it is required to make 
a ſolid Angle of three plane Angles equal to ABC, 
DEF, GHK.. þ 

Let the Right Lines AB, BC, DE, EF, GH, HK, 
be cut off equal; and join AC, DF, GK; then it is 
poſſible to make “ a Triangle of three Right Lines +2 bin 
equal to AC, DF, GK: And fo + let the Triangle + 22. x. 
LMN be made, ſo that AC be equal, to LM, and DF 
to MN, and GK to LN; and let the Circle LMN 

be deſcribed t about the Triangle, whoſe Centre let 15. 
be X, which will be either within the Triangle LMN, 
or on one Side thereof, or without the ſame. : 

Firſt, let it be within, and join LK, MX, NX: 
I ſay, AB is greater than LX. For, if this be not ſoy 
AB ſhall be either equal to LX, or leſs. Firſt, let it 
be equal: then, becauſe AB is equal to LX, and alſo 
to BU, LX ſhall be equal to BC: But LX is equal 
to XM therefore the two Sides AB, BC, are equal 
to the two Sides LX, XM, each to each; but the 
Baſe AC is put equal to the Baſe LM; wherefote the 


Angle ABC ſhall be * equal to the Angle LXM. *8. 1. 
| P 2 For 
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For the ſame Reaſon, the Angle DEF is equal to the 
Angle MXN, and the Angle GHE to the Angle 
NXL; therefore the three Angles ABC, DEF, GHK. 
are equal to the three Angles LXM, MXN, NXL. 


*C.r.15.1. But the three Angles LXM, MXN, NXL, are * 


+ 2. 6. 


14. 6. 


* 


equal to four Right Angles; and ſo the three Angles 
ABC, DEF, GHE, ſhall alſo be equal to four Right 
Angles: But they are put leſs than four Right Angles, 
which is abſurd; therefore AB is not equal to LX. 
I fay, alſo, it is neither leſs than LX; for, if this be 
poſſible, make X) equal to AB, and XP to BC, and 


join OP: Then, becauſe AB is equal to BC, XO 


ſhall be equal to XP; and the remaining Part OL 
equal to the remaining Part PM; and ſo LM is þ pa- 
rallel to OP, and the Triangle LX is equiangular 
to the Triangle OPX: Wherefore XL is + to LM, as 
XO is to OP; and (by Alternation) as XL is to XO, 
ſo is LM to OP. But LX is greater than XO; there- 


fore LM ſhall alſo be greater than OP. But LM is 


« 25. 1. 


put equal to AC; wherefore AC ſhall be greater than 
OP; And ſo, becauſe the two Right Lines AB, BC, 
are equal to the two Right Lines OX, XP, and the 
Baſe AC greater than the Baſe OP; the Angle ABC 
will be“ greater than the Angle OXP. In like 
manner we demonſtrate, that the Angle DEF is 
greater than the Angle MXN, and the Angle GHK 
than the Angle NXL; therefore the three Angles 
ABC, DEF, GHK, are greater than the three An- 

les LXM, MXN, NXL: But the Angles ABC, 
DEF , GHK, are put leſs than four Right Angles; 
therefore the Angles LXM, MXN, NXL, ſhall 
be leſs by much than four Right Angles, and alſo 


+ + Cor. x5. 1. equal + to four Right Angles; which is abſurd: 


Wherefore AB is not leſs than LX. It has alſo 
been proved not to be equal to it; therefore it muſt 


4 12 ef «bis. neceſſarily be greater. On the Point X raife t XR, 
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4 


perpendicular to the Plane of the Circle LMN, 


| Whoſe Length let be ſuch, that the Square thereof be 


equal to the Exceſs by which the Square of AB ex- 
ceeds the Square of LX; and let RL, RM, RN, 
be joined: Becauſe RX is perpendicular to the Plane 
of the Circle LMN, it ſhall alſo be “ perpendicular 
to LX, MX, NX: And becauſe LX is * * 
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XM, and XR is common, and at Right Angles to 
them, the Baſe LR ſhall be * equal to the Baſe RM. 4. 1. 
For the ſame Reaſon, RN is equal to RL, or RM; 
therefore three Right Lines RL, RM, RN, are equal 
to each other. And becauſe the Square of XR is equal 
to the Exceſs by which the Square of AB exceeds the 
Square of LX, the Square of AB will be equal to the 
Squares of LX, XR, together: But the Square of RL 
is + equal to the Squares of LX, XR, for LXR is a 47.1 
Right Angle; therefore the Square of AB will be equal 
to the Square of RL; and ſo AB is equal to RL. But 
BC, DE, EF, GH, HK, are every one of them equal 
to AB; and RN, or RM, equal to RL; wherefore 
AB, BC, DE, EF, GH, HK, are each equal to RL, 
RM, or RN: And fince the two Sides RL, RM, are 
equal to the two Sides AB, BC; and the Baſe LM is 
put equal to the Baſe AC; the Angle LRM ſhall be 1 f 8. 1. 
equal to the Angle ABC, For the ſame Reaſon, the 
Angle MRN is equal to the Angle DEF, and the An- 
Ie LRN equal to the Angle GHK : Therefore, a 75 
d Angle is made at R of three plane Angles LRM, 
| MRN, LRN, equal to three plane Angles given ABC, 
| DEF, GHE. | 
Now, let the Centre of the Circle X be in one Side 
of the Triangle, viz. in the Side MN; and join XL. 
I ſay, again, that AB is greater than LX. For, if it 
be not ſo, AB will be either equal, or leſs than LX. 
| Firſt, let it be equal; then the two Sides AB, BC, are 
equal to the two Sides MX, LX, that is, they are 
| equal to MN; But MN is put equal to DF; there- 
fore DE, EF, are equal to DF, which is“ impoſſible; * 
therefore AB is not equal to LX. In like manner we 
prove, that it is neither leſſer; for the Abſurdity will 
much more evidently follow: Therefore AB is greater 
than LX. And if the Square of RX be made equal 
to the Exceſs by which the Square of AB exceeds the 
Square of LX, and RX be raiſed at Right Angles to 
the Plane of the Circle, the Problem may be done in 
like manner as before. | 
Laſtly, Let the Centre X of the Circle be without 
the Triangle LMN, and join LX. MX, NX: 
I fay, AB is greater than LX. For, if .it be not, it 
mult either be equal, or leſs. Firſt, let it be equal; 
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then the two Sides AB, BC, are equal to the two 
Sides MX, XL, each to each: and the Baſe AC is 
equal to the Baſe ML; therefore the Angle ABC is 
+ equal to the Angle MXL. For the ſame Reaſon, 
the Angle GHE is equal to the Angle LXN ; and fo 
the whole Angle MXN is equal to the two Angles 
ABC, GHE: But the Angles. ABC, GHEK, are 
reater than the Angle DEF ; theretore the Angle 
XN is greater than DEF : But becauſe the two 
Sides DE, EF, are equal to the two Sides MX, XN, 
and the Baſe DF is «qual to the Baſe MN; the Angle 
MXN ſhall be + equal t the Angle DEF: But it has 
been proved greater, which is abſurd ; therefore AB 
is not equal to LX. M-reover, we will prove, that 
it is not Jeſs, wheretore it {hall be neceſſarily greater. 
And if, again, XR beTaiſed at Right Angles to the 
Plane of the Circle, 21d made equal to the Side of 
that Square by which the Square of AB exceeds the 
Square of LX; the Probiem will be determined. 
Now, I ſay, AB is not leſs than L.: For, if it is 
poſſible that it can be leſs, maze XO equal to AB, 
and X? e qual to BC, and join OP; then, becauſe AB 
is equal to BC, XO ſhall be equal to XP, and the 
remaining Part OL equal to the remaining Part PM; 
therefore LM is * parallel to PO, and the Triangle 
LMX equangular to the Triangle PXO : Where- 
fore, as + XL is to LM, fo is XO © O; and (by 


Alter nation) as LX is to XO, fo is LM to OP: But 


LA is greater than XO; therefore LM is greater than 
OP; butLM is equal to AC; wherefore AC ſhall be 

reater than OP: and fo, becau® the two Sides AB, 

C, are equal to the two Sides OX, XP, each to 
each; and the Baſe AC is greater than the Baſe OP; 
the Angle ABC hall be I greater than the Angle 
OXP. So, likewiſe, if XK be taken equal to XO, 
or XP, and OR be joined, we prove, that the Angle 
GHK is greater than the Angle OXR. At the Point 
X, with the Right Line LX, make the Angle LXS 
equal to the Angle ABC, and the Angle LXT equal 
to the Angle GHX, and XS, X T, each equal to XO, 
and join OS, OT, ST; then, becauſe the two Sides 
AB, BC, are equal to the two Sides OX, XS, and 
the Angle ABC is equal to the Angle QX>, the oy 
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AC, that is LM, ſhall be equal to the Baſe OS. 
For the ſame Reaſon, LN is allo equal to OT: And 
ſince the two Sides ML, LN, are equal to the two 
Sides OS, OT; and the Angle MLN, or POR, is 
evidently greater than the Angle SOT; the Baſe MN 
ſhall be greater than the Baſe 8 T. But MN is equal to 
DF; therefore DF Hall be greater than ST. Where- 
fore, becauſe the two Sides EF, DE. are equal to the 
two Sides SX, XT); and the Baſe DF is greater than 
the Baſe ST; the Angle DEF ſhall be greater than the 
Angle SXT. But the Angle SXT is equal to the An- 
les ABC, GHK; therefore the Angle DEF is greater 
= the Angles ABC, GHK: Bur it is alſo leſs (by 
Hyp.), which is abſurd ; and conſ-quently AB is not 
leſs than LX. And fo, a ſolid Ang e may be made of 
three plane Angles that have the neceſſary Limitations ; 
which was to be done. 


PROPOSITION XXIV. 


THEOR EM. 


If a Solid be contained under fix parallel Planes, 
the oppoſite Planes thereof are equal Paralie- 


lograms. 


ET the Solid CDG be contained under parallel 
Planes AC, GF, BG, CE, FB, AE. I ſay, the 
oppoſite Planes thereof are equal rarallelograms. 

For, becauſe the Parallel Planes BG, CE, are cut 
by the Plane As, their common Sections are“ paral- 
lel; wherefore AB is parallel to CD. Again, becauſe 
the two parallel Planes BE, AE, are cut by the Plane 
AC, their common Sections are parallel ; therefore 
Ai) is parallel to BC. But AB has been proved to 
be parallel to CD; wherefore AC ſhall be a Parallelo- 
gram, After the ſame manner we demonſtrate, that 
CE, FG, GB BF. and AE, are Parallelograms. 

Let AH, DF, be joined: Then, becauſe AB is pa- 
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rallel to DC, and BH to CF; the Lines AB, BH, 


touching each other, ſhall be parallel to the Lines 
DC, CF, touching each other, and not being in the 
ſame Plane; wherefore they ſhall + contain equal An- 
gles: And ſo the Angle ABH is equal to the Angle 
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DCF. And fince the two Sides AB, BH, are ꝓ equal 
to the two Sides DC, CF, and the Angle ABH equal 
to the Angle DCF; the Baſe AH ſhall be * equal to 
the Baſe DF, and the Triangle ABH equal to the 
Triangle DCF: And ſince the Parallelogram BG is 
+ double to the "Triangle ABH, and the Parallelogram 


.CE to the Triangle DCF ; the Parallelogram BG 
| ſhall be equal to the Parallelogrant CE. In like man- 


ner we demonſtrate, that the Parallelogram AC is equal 
to the Parallelogram GF, and the Parallelogram AE 
equal to the Parallelogram BF. V therefore, a Solid 
be continued under ſix parallel Planes, the oppoſite Planes 
thereof are Parallelograms ; which was to be demon- 
ſtrated. | 


Coroll. It follows, from what has been now demon- 
ſtrated, that, if a Solid be contained under fix paral- 
lel Planes, the oppolite Planes thereof are ſimilar and 
equal, becauſe each of the Angles are equal, and the 
Sides about the equal Angles are proportional. 


PROPOSITION XXV. 


THEOREM. 


If a ſolid Parallelepipedon be cut by a Plane, 
parallel to oppoſite Planes, then, as Baſe is to 
Baſe, ſo is Solid to Salid, © 


LET the ſolid Parallelepipedon ABCD be cut by a 

Plane YE, parallel to the oppoſite Planes RA, 
DH. I fay, as the Baſe EF A is to the Baſe EHC, 
ſo is the Solid ABFY to the Solid EGCD. 

For, let AH be both ways produced, and make 
HM, MN, Sc. equal to EH, and AK, KL, C. 
equal to AE; and let the Parallelograms LO, K b, 
HX,MS, as likewiſe the Solids LP, KR,H on, 
MT, be completed: Then becauſe the Right Lines 
LK, KA, AE, are equal; the Parallelograms LO, 
K o, AF, ſhall be * alſo equal; as likewiſe the Pa- 


Þ+ 24 Jh. rallelogtams K =, KB, AG: And, moreover, f the 


Parallelograms LY, KP, AR, for they are oppoſite to 
one another. For the fame Reaſons, the Parallelograms 
EC, HX, Ms, alſo, are equal to each other; as = "w 

aral 
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Parallelograms HG, HI, IN; and fo are the Paralle- | 
lograms DH, Mo, NT: Therefore three Planes of 
the Solid LP are equal to three Planes of the Solid | 
KR, or AY, each to each; and the Planes oppoſite to 
theſe are equal to them: Therefore the three Solids | 
LP, KR, RY, will be equal * to each other. For the « Def 10, 
ſame Reaſon, the three Solids ED, HQ, MT, are of this. + 
equal to each other; therefore the Baſe LF is the ſame 

Multiple of the Baſe AF, as the Solid LY is of the | 
Solid AY. For the ſame Reaſon, the Baſe NF is | 
the ſame Multiple of the Baſe HF, as the Solid NY is | 
of the Solid ED ; and if the Baſe LF be equal to the 

Baſe NF, the Solid LY ſhall be equal to the Solid NV; 

and if the Baſe LF exceeds the Baſe NF, the Solid LY 

ſhall exceed the Solid NY ; and, if it be leſs, leſs: 
Wherefore becauſe there are four Magnitudes, viz. 

the two Baſes AF, FH, and the two Solids AY, ED, 

whoſe Equimultiples are taken, to wit, the Baſe LF, 

and the Solid LY ; and the Baſe NF, and the Solid 

NY : And ſince it is proved, if the Baſe LF exceeds 

the Baſe NF, then the Solid LY will exceed the Solid 

NY ; if equal, equal; and if leſs, leſs: Therefore as the 

Baſe AF is to the Baſe FH, fo is ® the Solid AY to the. Def. 5. 5. 
Solid ED. Wherefore, if "1s Parallelepipedon be 

cut by a Plane, parallel to oppoſite Planes; then, as Baſe 

is to Baſe, ſo ſha!l Solid be to Solid; which was to 
demonſtrated. 


PROPOSITION XXVI. 
| PROBLEM. 


At a Right Line given, and at a Point given in 
it, to make a ſolid Angle equal to a ſolid An- 
gle given, 
ET AB be a Right Line given, A a given Point in 
it, and D a g ven Solid Angle contained under the 
plane Angles EDC, EDF. FDC; it is required to 
make a ſolid Angle at the given Point A, in the given 
Right Line AB, equal to the given ſolid Angle D. 
Aſſume any Point F in the Right Line DF, from 
which let FG be drawn * perpendicular to the Plane, bit. 


paſſing 
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pu thro! ED, DC, meeting the ſaid Plane in the 
oint G, and join DG ; make + the Angles BAL, 
BAK, at the given Point A, with the Right Line AB, 
equal to the Angles EDC, EDG. 

Laſtly, Make AK equal to DG, and at the Point 
K erect t HK at Right Angles to the Plane paſling 
thro! BAL; and make KH equal to GF; and join 
HA. I fay, the ſolid Angle at A, which is contained 
under the three plane Angles BAL, BAH, HAL, is 
equal to the ſolid Angle at D, which is contained under 
the plane Angles C, EDF, FDC: For let the 
equal Right Lines AB, DE, be taken; and join HB, 
KB, FE, GE: Then becauſe FG is perpendicular 
to the Plane paſſing thro' ED, DC, it ſhall be“ per- 
pendicular to all the Right Lines touching it, that are 
in the ſaid Plane: Wherefore both the Angles FGD, 
FGE, are Right Angles. For the ſame Reaſon, both 
the Angles HKA, HEB, are Right Angles ; and be- 
cauſe the two Sides KA, AB, are equal to the two 
Sides GD, DE, each to each, and contain equa! An- 
ples, the Baſe BK ſhall be + equal to the Baſe EG: 

ut KH is alſo equal to GF; and they contain R ght 
Angles; therefore HB, ſhall be + equal to FE. Again, 
becauſe the two Sides AK, KH, are equal to the two 
Sides DG, GS, and they contain Right Angles ; the 
Baſe AH ſhall be equal to the Baſe DF: But AB is 
equal to DE; therefore the two Sides HA, AB, are 
equal to the two Sides FD, DE. But the Bate HB is 
equal to the Baſe FE; and fo the Angle BAH will be 
equal to the Angle EDF: For the ſame Reaſon, 
the Angle HAL is equal to the Angle FDC: For 
fince, it AL be taken equal to DC; and KL, HL, 
GC, FC, be joined ; the whole Angle BAL is <qual 
to the whole Angle EDC; and the Angle BAK, a 
Part of the one, is put equal to the Angle EDG, a 
Part of the other; the Angle KAL, remaining, will 
be equal to the Angle GDC remaining. And becauſe 
the two Sides KA, AL, are equal to the two Sides GD, 
DC, and they contain equal Angles ; the Baſe KL 
will be equal to the Baſe GC: But KH is equal to 
GF; wherefore the two Sides LK. KH, are equal to 
the two Sides CG, GF : But they contain Right An- 
gles ; therefore the Baſe HL will be equal to the 25 
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FC. Again, becauſe the two Sides HA, AL, are 
equal to the two Sides FD; DC; and the Baſe HL is 
equal to the Baſe FC; the Angle HAL will be equal 
to the Angle FDC: But the Angle BAL was made 
equal to the Angle EDC: Therefore, 4 /%lid Angle is 
nad equal ta @ ſolid Angle given z Whien was to be 
done. | 


PROPOSITION XXVIL 


PROBLEM. 


Upon a Right Line given, to deſcribe a Parallele- 
pipedon, fimilar, and in lite manner fituate, to 
a jolid Parallelepipedon. | 


JET AB be a Right Line, and CD a given ſolid Pa- 
rallelepipedon; it is required to deſcribe a ſolid 
Parallelepipedon upon the given Right Line AB, ſimi- 
Jar, _ alike fituate, to the g ven ſolid Parallelepipe- 
don CD. | 


Make a ſolid Angle at the given Point A, in the 


Right Line AB, * contained under the Angles BAH, *z 


HAK, K B; fo that the Angle BAH may be equal 
tothe Angle ECF, the Angle BAK to the Angle ECG, 
and the Angle HAK to the Angle GCF; and make, 
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as EC is to CG, fo BA, to AK; and as GC to CF, t 12.6, 


ſo KA to AH: Then {by Equality of Proportion) as 
EC is to CH, ſoſhall BA be to AH; Complete the Pa- 
rallelogram BH, and the Solid AL; then, becauſe it 
I, as EC is to GC, fois AB to AK; wiz. the Sides 
about the equal Angles ECG, BAK, proportional; the 
Parallelogram KB thall be {tmilar to the Parallelogram 
GE. Allo, for the ſame Keaſon, the Parallelogram 
KH ſhall be ſimilar to the Parallelogram G, and the 
Parallelogram HB to the Parallelogram F.: There- 
tore three Parallelograms of the Solid AL are ſimilar 
to three Parallelograms of the Solid CD. But theſe 
three Parallelog ams are I equal and ſimilar to their 
three oppoſite ones; thereiore the whole Solid AL will 
be ſimilar to the whole Solid CD; and fo, a ſolid Pa- 
rallelepipedon L is deſcr ibed upon the given Right Line 
AB, milar and alike ſituate, to the given folid Paral- 
klepipeden CD ; which was to be done. 

PRO- 
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PROPOSITION XXVII. 
THEOREM. 


Fa ſolid Parallelepipedon be cut by a Plane pat 
ſing thro” the Diagonals of two oppoſite Plans, 
that Solid will be biſected by the Plane. 


ET the ſolid Parallelepipedon AB be cut by the 
Plane CDEF, paſſing thro* the Diagonals CF, 
DE, of two oppoſite Planes. I ſay, the Solid AB i; 
biſected by the Plane CDEF. 

® 34. Ie For, becauſe the Triangle CGF is “ equal to the 
Triangle CBF, and the Triangle ADEto the Triangle 
1259 DEH, and the Parallelogram CA to + the Parallely- 
gram BE, ſor it is oppoſite to it; and the Parlalelo- 
gram GE to the Parallelogram CH; the Priſm con- 
tained by the two Triangles CGF, ADE, and the 
three Parallelograms GE AC, CE, is equal to the 
Priſm 8 under the two Triangles CFB, DEH, 
7 Def. 29. and the three Parallelograms CH, BE, CE ; for t they 
of h. are contained under Planes equal in Number and \\lag- 
nitude. Therefore, the whole ſolid AB is biſected ty 

- the Plane CDEF ; which was to be demonſtrated, 


PROPOSITION XXX. 


THEOREM. 


Solid Parallelepipedons, being conſtituted upon tht 

ſame Baſe, and baving the ſame Altitude, and 

whoſe inſiſtent Lines are in the ſame Right 
Lines, are equal to one another. 


Er the ſolid Parallelepipedons CM, BF, be con- 
ſtituted upon the ſame Baſe AB, with the ſame 
Altitude, whoſe inſiſtent Lines AF, AG, LM, LN, 
CD, CE, BH, BK, are in the ſame Right Lines 
8 DK. I ſay, the ſolid CM is equal to the Solid 
| For, becauſe CH, CK, are both Parallelogram*, 
2 34.1. , CB ſhall be * equal to DH, or EK; wheretore pit 
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is equal to EK. Let EH, which is common, be taken 

away, then the Remainder DE will be equal to the 

Remainder HK, and ſo the Triangle DEC is + equal + 8: r. 

to the Triangle HE B, and the Parallelogriin DG equal 

to the Parallelogram HN; for the ſame Reaſon the 

Triangle AFG is equal to the Triangle LUN. Now 

the Parallelogram CF t is equal to the Parallelogram t 24 bu. 
BM, and the Parallelogram CG to the Parallelogram 

BN, for they arg oppolite : Therefore the Priſm con- 

tained under the two Triangles AFG, DEC, and the 

three Parallelograms CF, DG, CG, is “ equal to the * De,. 10. 
Priſm contained under the two Triangles LMN, HBK, 75 

and the three Parallelograms BM, HN, BN. Let the 

common Solid, whoſe Baſe is the Parallelogram AB, 

oppoſite to the Parallelogram GEHM, be added, then 

the whole ſolid Parallelepipedon CM is equal to the 

whole ſolid Parallelepipedon BF. Therefore, = 
Parallelepipedons, being conflituted upon the ſame Baſe, 
ond having the ſame Friends, and whoſe inſiſtent Lines 
are in the ſame Right Lines, are equal to one another; 
which was to be demonſtrated, 


PROPOSITION XXX. 


THEOREM. 


Solid Parallelepipedons, being conſtituted upon the 
ſame Baſe, and having the ſame Altitude, whoſe 
inſiſtent Lines are not placed in the ſame Right 
Lines, are equal to one another. 


LET there be ſolid Parallelepipedons CM, CN, 

having equal Altitudes, and ſtanding on the ſame 
Baſe AB, and whoſe inſiſtent Lines AF, AG, LM, 
LN, CD, CE, BH, BK, are not in the ſame Right 
_ I fay, the Solid CM is equal to tne Solid 


For, let NK, DH, be produced, and GE, FM, be 
drawn, meeting each other in the Points R, X: Let 
alſo FM, GE, be produced to the Points O, P, and 
join AX, LO, CP, BR. The Solid CM, whoſe Baſe 
s the Parallelogram ACBL, being oppoſite to the Pa- 
rallelogram FD HM, is * equal to the Solid 3 2; of thits 
whole 
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whoſe Baſe is the Parallelogram ACBL, being op- 
poſite to XPRO, for they ſtand upon the ſame Baſe 
ACBL ; and the inſiſtent Lines AF, AX, LM, 10, 
CD, CP, BH, BR, are in the ſame Right Lines FO, 
DR: But the Solid CO, whoſe Baſe is the Parallelo- 


29 of this. pram ACBL, being oppoſnte t XPRO, is * equal to 


* 23. 1. 
131. 1. 


the Solid CN. whoſe Baſe is the Parallelogram ACBL, 
being oppoſite to GEKN ; for they ſtand upon the 
ſame Baſe ACBL, and their inſiſtent Lines AG, AX, 
CE, CP, LN, LO, BK, BR, are in the fame Right 
Lines GP, NR: Wherefore the Solid CM ſhall be 
equal to the Solid CN. I herefore, lid Parallelei 
pedons, being conſtituted upon the ſame Baſe, and having 
the ſame Altitude, whoſe inſiſtent Lines are not placed in 
the ſame Right Lines, are equal to one another; which 
was to be demonſtrated. 


PROPOSITION XXXI. 


THEOREM. 


Solid Parallelepipedons, being conſtituted upon 
equal Baſes, and baving the ſame Altitude, art 
equal lo one another. 


ET AE, CF, be ſolid Parallelepipedons, conſli- 

tuted upon the equal Baſes AB, CD, and having 

the fame Alutude. I fay, the Solid AE is equal to the 
Solid CF. 

Firſt, Let HK, BE, AG, LM, OP, DF, Cz, 
RS, be at Right Angles to the Baſes AB, CD; let 
the Angle ALB not be equal to the Angle CRD, and 
produce CR to T, fo that RT be equal to AL; then 
make the Angle TRY, at the Point R, in the Right 
Line RT, equal * t» the Angle ALB; make RY 
equal to LB; draw XY, thro” the Point V, * parallel 
to RT r and complete the Parallelogram RX, and the 
Solid V. Therefore, becauſe the two Sides TR, 
RY, are equal to. the two Sides AL, LB, and they 
contain equal Angles ; the Parallelogram RX ſhall be 
equal and ſimilar to the Parallelogram HL. And 
again, becauſe AL is equal to RT, and LM to RS, 


and they contain equal Angles, the Parallelogram + 
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ſhall be equal and ſimilar to the Parallelogram AM. 
For 1 Reaſon the Parallelogram LE is equal 
and ſimilar to the Parallelogram SY ; therefore three 
parallelograms of the Solid AE are equal and ſimilar 
to three . of the Solid V; and fo the 


three oppoſite ones of one Solid are + alſo equal and f 24 ＋ hir. 


ſimilar to the three oppoſite ones of the other: There- 
fore the whole ſolid Parallelepipedon AE is equal to the 
whole ſolid Parallelepipedon V. Let DR XX, be 
produced, and meet each other in the Point Q, and let 


TQ be drawn thro* T“ parallel to D , and pro- * 3:. 1. 


duce TQ, OD, till they meet in V, and complete the 
Solids 2, RI: Then the Solid YN, whoſe Baſe is the 


Parallelogram R, and QT is that oppoſite to it, is þ f 29 of thin 


equal to the Solid Y V, whoſe Baſe is the Parallelogram 
R Y, and Y vis that oppoſite to it; for the "Rand 
upon the ſame Baſe RY, have the ſame Altitude 
and their inſiſtent Lines R, RY, TQ, TX, 
SZ, SN, r, vs, are in the ſame Right Lines 
QX, Z o; but the Solid Y Y is equal to the Solid 
AE; and ſo AE is equal to the Solid #2. Again, 
becauſe the Parallelogram RV XT is equal to the 
Parallelogram QT, for it ſtands on the ſame Baſe 
RT, and between the ſame Parallels RT, QX; and 
the Parallelogram RVX I is equal to the Parallelo- 

am CD, becauſe it is alſo equal to AB ; the Paral- 
elogram AT is equal to the Parallelogram CD, and 
Dis ſome other Parallelogram : Therefore, as the 
Baſe CD. is to the Baſe DT, fois QT to TD. And 
becauſe the ſolid Parallelepipedon CI is cut by the 
Plane RF, being parallel to two oppoſite Planes; it 


ſhall be *, as the Baſe CD is to the Baſe DT, fo is 25 of this, 


the Solid CF, to the Solid RI. For the ſame Rea- 
ſon, becauſe the ſolid Parallelepipedon Q is cut by 
the Plane R parallel to two oppoſite Planes; as 
the Baſe QT is to the Baſe D T, ſo ſhall “ the Solid 
Q be to the Solid RI. But as the Baſe CD is to the 
Baſe DT, ſo is the Baſe QT to TD; Therefore, as 
the Solid CF is to the Solid RI, fo is the Solid o, 
to the Solid RI. And ſince each of the Solids CF, 
NY, has the ſame Proportion to the Solid RI, the 
Solid CF is. equal to the Solid Q.: But the Solid 
NY has been proved equal to the Solid AE; _ | 
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fore the Solid AE ſhall be + equal to the Solid CF, 
But, now let the inſiſtent Lines AG, HK, BE, 
LM, CN, OP, DF, RS, not be at Right Angles 
to the Baſes AB, CD. I ſay, again, that the Solid 
AE is equal to the Solid CF. Let there be drawn 
from the Points K, E, G, M, P, F, N, 8, to the Plane 
wherein are the Baſes AB, CD, the Perpendiculars 
K =, ET, GY, Ms, SI, FY. Na, PX, meeting 
the Plane in the Points Z, T, V, , I, V, o, X; 
and join = T, Yo, 2 V, Te, X 4 Xa, al, v1; 
then the Solid K T is equal to the Solid PI, for they 
ſtand on equal Baſes KM, PS, have the ſame Altitude, 
and the inſiſtent Lines are at Right Angles to the Baſes: 
But the Solid K &, is equal to the Solid AE, and the 
Solid PI to 4 the Solid CF, ſince they ſtand upon the 
ſame Baſe, have the ſame Altitude, and their inſiſtent 
Lines are in the ſame Right Line: Therefore the So- 
lid AE ſhall be equal to the Solid CF. Wherefore, 


ſolid Parallelepipedons, being conflituted upon equal Baſes, 


and having the ſame Altitude, are equal to one another ; 
which was to be demonſtrated. 


PROPOSITION XXXIL 


THEOREM. 


Solid Parallelepipedons, that have the ſame Al- 
titude, are to each other as their Baſes. 


| Bats AB, CD, be ſolid Parallelepipedons, that have 
the ſame Altitude. I ſay, they are to one another 
as their Baſes; that is, as the Baſe AE is to the Baſe 


C, ſo is the Solid AB to the Solid CD. 


. 31 of this. 


For, apply a Parallelogram FH to the Right Line 
FG, equal to the Parallelogram AE ;- and complete 
the ſolid Parallelepipedon GK upon the Baſe FH, 
having the ſame Altitude as CD has: Then the 
Solid AB is * equal to the Solid GK, for they ſtand 
upon equal Baſes AE FH, and have the ſame Alti- 


' tude; and ſo, becauſe the ſolid Parallelepipedon CK 


125 of this, 


is cut by the Plane DG, parallel to two. oppoſite 
Planes, it ſhall be t as the Baſe HF is to the Baſe 
FC, ſo is the Solid KD to the Solid DC; 3 

- Baſe 
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Baſe FH is equal to the Baſe AE, and the Solid AB to 
the Solid GK. Therefore as the Baſe AE is to the 
Baſe CF, ſo is the Solid AB to the Solid CD. Where- 
fore, ſolid Paralle epipedons, that have the ſame Alti- 
tude, are to each other as their Baſes ; which was to 
be demonſtrated. 


PROPOSITION XXXII. 


THEOREM, 


Similar ſolid Parallelepipedons are to one another 


in the triplicate Proportion of their homologous 
Sides. 


ET AB, CD, be ſimilar ſolid Parallelepipedons, and 

let the Side AE be homologous to the Side CF. 

I fay, the Solid AB, to the Solid CD, hath a Propor- 

tion, triplicate of that, which the Side AE has to the 
Side CF. 

For, produce AE, GE, HE, to EK, EL, EM; 
and make EK equal to CF, and EL to FN, and 
EM to FR; and let the Parallelogram KL, and like- 
wiſe the Solid KO, be completed: Then, becauſe the 
two Sides KE, EL, are equal to the two Sides CF, 
FN; and the Angle KEL equal to the Angle CFN 
(fince the Angle AEG is equal to the Angle C FN, be- 
cauſe of the Similarity of the Solids AB, CD) the Pa- 
rallelogram KL ſhall be ſimilar and equal to the Pa- 
rallelogram CN. For the ſame Reaſon, the Paralle- 
logram KM is equal and ſimilar to the Parallelogram 
CR, and the Parallelogram OE to DF; therefore 
three Parallelograms of the Solid K O are equal and 
ſimilar to three Parallelograms of the Solid CD: But 
thoſe three Parallelograms are * equal and ſimilar to » 24 of his, 
the three oppoſite Parallelograms ; therefore the whole 
Solid KO is equal and fimilar to the whole Solid CD. 
Let the Parallelogram GK be completed, as alſo the 
Solids EX, LP, upon the Baſes GK, KL, having the 
ſame Altitude as AB: and fince, becauſe of the Simi- 
larity of the Solids AB and CD, it is, as AE is to CF, 
ſo is EG to FN; and ſo EH to FR; and FC is equal 
to EK, and FN to EL, and FR to EM; it ſhall be, as 

Q AE 
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AE is to EK fo is + the Parallelogram AG to the 
Parallelogram GK; but as GE is to EL, ſo is GK to 
KL; and as HE is t to EM, fo is PE to KM: There- 
fore, as the Parallelogram AG is to the Parallelogram 


GK, fois GK to KL, and PE to KM. But as AG 


t 32 of this. 


® 11.5, 


+ Def.11. 5, 


is to GK, fo is f the Solid AB to the Solid EX; and 
as GK is to KL, fo is the Solid EX to the Solid PL; 
and as PE is to KM, fo is the Solid PL to the Solid 
KO : Therefore as the Solid AB is to the Solid EX, 
ſo is * EX to PL, and PL to KO: But if four Mag- 
nitudes be continually proportional, the firſt to the 
fourth hath + a triplicate Proportion of that which it 
has to the ſecond. Therefore, alſo, the Solid AB, to 
the Solid KO, hath a triplicate Proportion of that 
which AB has to EX: But as AB is to EX, ſo is the 
Parallelogram AG to the Kr ons, yoo GK; and ſo is 
the Right Line AE to the Right Line EK: Where- 
fore the Solid AB to the Solid KO, hath a Proportion 
triplicate of that which AE has to EK. But the Solid 
KO is equal to the Solid CD, and the Right Line EK 
equal to the Right Line CF : Therefore, the Solid AB, 
to the Solid CD, has a Proportion triplicate of that which 
the homologous Side AE has to the hamologous Side CF ; 
which was to be demonſtrated. 


Carell. From hence it is manifeſt, if four Right Lines 
be continually proportional, as the firſt is to the 
fourth, ſo is a ſolid Parallelepipedon deſcribed upon 
the firſt, to a ſimilar ſolid Parallelepipedon, alike 
ſituate, deſcribed upon the ſecond; becauſe the firſt 
to the fourth, has a Proportion triplicate of that 
which it has to the ſecond, 


P R O- 
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PROPOSITION XXXIV. 


THEOREM. 


The Baſes and Altitudes of equal ſolid Parallelepi- 
pedons are reciprocally preporiional ;,, and thoſe 
ſolid Parallelepipedons, whoſe Baſes and Alti- 
tudes are reciprocally proportional, are equal. 


ET AB, CD, be equal ſolid Parallelepipedons. I 
ſay, their Baſes and Altitudes are reciprocally 
portional ; that is, as the Baſe EH is to the Baſe 
NP, fo is the Altitude of the Solid CD to the Altitude 
of the Solid AB. 

Firſt, let the inſiſtent Lines AG, EF, LB, HK, 
CM, NX, OD, PR, be at Right Angles to their 
Baſes : I ſay, as the Baſe EH is to the Baſe NP, ſo is 
CM to AG. For, if the Baſe EH be equal to the 
Baſe NP, and the Solid AB is equal to the Solid CD; 
the Altitude CM ſhall alſo be equal to the Altitude 
AG: For if, when the Baſes EH, NP, are equal, the 
Altitudes AG, CM, are not ſo; then the Solid AB 


will not be equal to the ſolid CD, but it is put equal 


to it: Therefore the Altitude CM is not unequal to 
the Altitude AG, and ſo they are neceſlarily equal to 


one another; and, conſequently, as the Baſe EH is to 


the Baſe NP, ſo ſhall CM be to AG. But now let 
the Baſe EH be unequal to the Baſe NP, and let EH 
be the greater; then, fince the Solid AB is equal to 
the Solid CD, CM is greater than AG ; for, other- 
wiſe, it would follow, that the Solids AB, CD, are 
not equal, which are put ſuch : Therefore, make CT 
equal to AG, and complete the ſolid Parallelepipedon 
VC upon the Baſe Nb, having the Altitude CT: 
Then, becauſe the Solid AB is equal to the Solid CD, 
and VC is ſome other Solid; and ſince equal Magni- 


tudes have * the ſame Proportion to the ſame Magni- 7. 5. 


tude; it ſhall be, as the Solid AB is to the Solid CV, 
ſo is the Solid CD to the Solid CV: But as the Solid 


AB is to the Solid CV, ſo is + the Baſe EH to the f 32 of thin. 


Baſe NP; for AB, CV, are Solids having equal Al- 
titudes: And as the Solid CD is to the Solid CV, fo 


Q-3 is 
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is the Baſe M to the Baſe PT, and fois MC to CT: 
Therefore, as the Baſe EH is to the Baſe NP, fo is MC 
to CT. But CT is equal to AG; wherefore, as the 
Baſe EH is to the Baſe NP, fo is MC to AG ; There- 
fore, the Baſes and Altitudes of the equal ſolid Parallele- 
pipedons AB, CD, are reciprocaily proportional, 

Now, let the Baſes and Altitudes of the ſolid Pa- 
rallelepidedons AB, CD, be reciprocally proportional ; 
that is, let the Baſe EH be to the Baſe NP, as the Al- 
titude of the Solid CD is to the Altitude of the Solid 
AB. I fay, the Solid AB is equal to the Solid CD. 

For, let again the inſiſtent Lines be at Right Angles 
to the Baſes; then, if the Baſe EH be equal to the 
Baſe NP, and EH is to NP as the Altitude of the So- 
lid CD is to the Altitude of the Solid AB; the Alti- 
tude of the Solid CD ſhall be equal to the Altitude of 


the Solid AB. But ſolid - arallelepipedons, that ſtand 


upon equal Baſes, and have the ſame Altitude, are * 
equal to each other ; therefore the Solid AB is equal 
to the Solid CD. 7 7 

But now let the Baſe EH not be equal to the Baſe 
NP, and let EH be the greater; then the Altitude of 
the Solid CD is greater than the Altitude of the Solid 
AB; that is, CM is greater than AG : Again put 
CT equal to AG, and complete the Solid CV, as be- 
fore; and then, becauſe the Baſe EH is to the Paſe 
NP, as MC is to AG, and AG is equal to CT; it 
ſhall be, as the Baſe EH is to the Baſe NP, fo is MC 
to CT : But as the Baſe EH is to the Baſe NP, ſo is 
the Solid AB to the Solid VC; for the Solids AB, CV, 
have equal Altitudes; and as MC isto CT, ſo is the 
Baſe MP to the Baſe PT, and ſo the Solid CD to the 
Solid CV: Therefore as the Solid AB is to the Solid 
CV, fo ts the Solid CD to the Solid CV: But ſince 
each of the Solids AB, CD, has the ſame Proportion 
to CV; the Solid AB ſhall be equal to the Solid CD; 
whence, the iwo Solid Parallelepipedons AB, CD, whoſe 
Baſes and Altitudes are reciprocally proportional, are 
cual; which was to be demonſtrated. 

Now, let the inſiftent Lines FE, BL, GA, KH, 
XN, DO, MC, RP, not be at Right Angles to the 
Baſes; and from the Points F, G, B, K, X, M, D, 
R, let there be drawn Perpendiculars to the Te 
i v 
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of the Baſes EH, NP, meeting the ſame in the 
PointsS, T, Y, V, Q, Z, o, 4, and complete the 
Solids FV, XO. Then, I ſay; if the Solids AB, 
CD, be equal, their Baſes and Altitydes are recipro- 
cally proportional; viz. as the Baſe EH is to the Baſe 
NP, ſo is the Altitude of the Solid CD to the Altitude 
of the Solid AB. | 

For, becauſe the Solid AB is equal to the Solid CD, 
and the Solid AB is “ equal to the Solid BT; for they » 30 eli. 
ſtand upon the ſame Baſe FK, and have the ſame Al- 
titude ; and the Solid DC is * equal to the Solid DZ, 

ſince they ſtand upon the ſame Baſe XR, and have the 

ſame Altitude; therefore the Solid BT {hall be equal to 
the Solid DZ. But the Baſes and Altitudes of thoſe equal 
Solids, whoſe Altitudes are at Right Angles to their 
Baſes, are + reciprocally proportional; theretore as 1 From 
the Baſe FK is to the Baſe XR, ſo is the Altitude of 1 
the Solid DZ to the Altitude of the Solid BT. But p.oved. 
the Baſe EK is equal to the Baſe EH, and the Baſe XR 
to the Baſe NP; wherefore, as the Baſe EH is to the 
Baſe NP, ſo is the Altitude of the Solid DZ to the Al- 
titude of the Solid BT. But the Solids DZ. DC, have 
the ſame Altitude, and ſo have the Solids BT, BA ; 
therefore the Baſe EH is to the Baſe NP, as the Alti- 
tude of the Solid DC is to the Altitude of the Solid AB; 
and ſo, the Baſes and Altitude; of equal ſolid Parallele- 
pipedons are reciprocally proportional. 

Again, let the Baſes and Altitades of the ſolid Pa- 
rallelepipedons AB, CD, be reciprocally proportional; 
biz. as the Baſe EH is to the Baſe NP, ſo let the Alti- 
tude of the Solid CD be to the Altitude of the Solid 
AB: I ſay, the Solid AB is equal to the Solid CD. 

For, the ſame Conſtruction remaining, becauſe the 
Baſe EH is to the Baſe NP, as the Altitude of the 
Solid CD is to the Altitude of the Solid AB; and fince 
the Baſe EH is equal to the Baſe FX, and NP to XR; 
it ſhall be, as the Baſe FK is to the Baſe XR, ſo is the 

Altitude of the Solid CD to the Altitude of the Solid 

AB. But the Altitudes of the Solids AB, BT, are 
the ſame; as alſo of the Solids CD, DZ; therefore 
the Baſe FK is to the Baſe XR, as the Altitude of the f 
Solid DZ. is to the Altitude of the Solid BT; where- 
fore the Baſes and Altitudes of the ſolid Parallelepi pe- 
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dons BT, DZ. are recriprocally proportional; but 
thoſe ſolid Parallelepipedons, whoſe Altitudes are at 
Right Angles to their Baſes, and the Baſes and Alti- 
+ Frm tudes are reciprocally proportional, are equal to + each 
2 other. But the Solid BT is equal to the Solid BA, 
proved, " for they ſtand upon the ſame Baſe FK, and have the 
ſame Altitude; and the Solid DZ is alſo equal to the 
Solid DC, ſince they ſtand upon the ſame Baſe XR, 
and have the ſame Altitude: Therefore the Solid AB 
is equal to the Solid 4. D; whence, ſo/1d Parallelepipe- 


dons, whoſe Buſes and Altitudes are reciprocally propor- 
tional, are equal ; which was to be demonſtrated, 


PROPOSITION XXXV, 


THEOREM. 


If there be two plane Angles equal, and from the 
Vertices of thoſe Angles two Right Lines be ele- 
vated above the Planes, in which the Angles 

are, containing equal Angles with the Lines firſt 

| given, each to its coreſpondent one; aud if in 
thoſe elevated Lines any Points be taken, from 
which Lines be drawn perpendicular to the 
Planes in which the Angles firſt given are, and 
Rig bi Lines be drawn to the Angles firſt given 
from the Points made by the Perpendiculars in 
the Planes; thoſe Right Lines will contain 
equal Angles with the elevated Lines. 


JET BAC, EDF, be two equal Right lined plane 
Angles, and from A and D, the Vertices of thoſe 
Angles, let two Right Lines, AG and DM, be elevated 
above the Planes of the ſaid Angles, making equal An- 
gles with the Lines firſt given, each to its correſpond- 
ent one; viz. the Angle MDE equal to the Angle 
GAB, and the Angle MDF to the Angle GAC; and 
take any Points G and M in the Right Lines AG, 
DM; from which ſet GL and MN be drawn perpen- 
dicular to the Planes paſſing thro! BAC, EDF, meet- 
ing the ſame in the Points L and N; and join LA and 
ND. I ſay, the Angle GAL is equal to the Angle 
MDN, Make 
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Make AH equal to DM, and thro' H let HK be 
drawn parallel to GL; but GL is perpendicular to 
the Plane paſſing thro' BAC; therefore HK thall be + f 8 of this. 
alſo perpendicular to the Plane paſſing thro' BAC: 
Draw from the Points K and N, to the Right Lines 
AB, AC, DE, and DF, the Perpendiculars KB, KC, 
NE, NF; and join HC, CB, Mt, FE : Then, be- 
cauſe the Square of HA is 4 equal to the Squares of 147. 1. 
HK, KA; and the Squares of KC and CA are + 
equal to the Square of KA ; the Square of HA ſhall 
be equal to the Squares of HK, KC, and CA : But 
the Square of HC is equal to the Squares of HK and 
KC; therefore the Square of HA will be equal to the 
Squares of HC and CA; and fo the Angle HCA is 11 48. 1. 
a Right Angle. For the ſame Reaſon, the Angle DFM 
is alſo a Nieht Angle; therefore the Angle ACH is 
equal to DF M: But the Angle HAC is alſo equal to 
the Angle MDF; therefore the two Triangles MDF, 
HAC, have two Angles of the one equal to two Angles 
of the other, each to each, and one Side of the one 
equal to one Side of the other; viz. that which is ſub- 
tended by one of the equal Angles; that is, the Side 
HA equal to DM; and fo the other Sides of the one 
ſhail be * equal to the other Sides of the other, each 26. 1. 
to each: Wherefore AC is equal to DF. In like man- 
ner we demonſtrate, that AB is equal to Di: For, 
let HB, ME, be joined ; then, becauſe the Square of 
AH is equal to the Squares of AK and KH ; and the 
Squares of AB and BK are equal to the Square of AK; 
the Squares of AB, BK, and KH, will be equal to the 
Square of AH. But the Square of BH is equal to the 
Squares of BE KH; for the Angle HEB is a kight 
Angle, becauſe HK is dane e to the Plane paſ- 
ſing thro' BAC; therefore the Square of AH is equal 
to the Squares of AB and BH: Wherefore the Angle 
ABA is +a Right Angle For the ſame Reaſon the t 48 1. 
Angle DEM is alſo a Right Angle; and the Angle 
BAH is equal to the Angle EDM, for ſo it is put; 
and AH is equal to DM; therefore AB is “ alſo equal +4. l. 

to DE: And fo, ſince AC is equal to DF, and AB 
to DE; the two Sides CA, AB, ſhall be equal to 
the two Sides FD, DE: but the Angle BAC is equal 
o the Angle FDE ; therefore the Baſe BC is * equal 
= the Baſe EF, the Triangle to the Triangle, and the 

| 4 other 
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other Angles to the other Angles: Wherefore the An- 

gle ACB is equal to the Angle DFE. But the Right 

Angle ACK is equal to the Right Angle DFN; and 

therefore the remaining Angle EC is equal to the re. 

maining Angle EFN. For the ſame Reaſon the An- 

le CBK is equal to the Angle FEN; and fo, becauſe 

CK and EFN are two Triangles, having two Angles 

equal to two Angles, each to each, and one Side equal 

to one Side, which is at tne equal Angles; viz. BC 

2 26. 1. equal to EF; therefore “ they ſhall have the other 

| Sides equa: to the other Sides: Therefore CK is equal 

| to FN. But AC is equal to DF; therefore the two 

Sides AC, CK, are equal to the two Sides DF, FN; 

and they contain Right Angles ; conſequently, “ the 

Baſe AK is equa! to he Baſe DN. And ſince AH is 

equal to DM, the Square of AH ſhell be equal to the 

Square of DM: Fut the Squares of AK and KH are 

equal to the Square of AH; tor the Angle AKH is a 

«Right Angle; and the Squares of DN and NM are 

equal to the Square of DM, fince the Angle DNM is 

a Right Angle ; therefore the Squares of AK and KH 

are equal to the Squares of DN and NM ; of which 

the Square of AK is equal to the Square of DN: 

Wherefore the Square of KH remaining is equal to the 

remaining Square of NM; and fo the Right Line HK 

is equal to MN. And ſince the two Sides HA, AK, 

are equal to the two Sides MD, DN, each to each, and 

the Baſe HK has been proved equal to the Baſe NM, 

+8. 1. the Angle HAK, or GAL, ſhal! be + equal to the An- 
gle MDN ; which was to be demonſtrated. 


Coroll. From hence it is manifeſt, that if there be two 
* Right-lined plane Angles equal, from whoſe Points 
equal Right Lincs be elevatcd on the Planes of the 
Angles, containing equal Angles with the Lines firſt 
given, each to each; Perpendiculars drawn from the 
extreme Points of thoſe elevated Lines to the Planes 
of the Anglcs firſt given, are equal to one another. 


PR O- 
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PROPOSITION XXXVI. 
THEOREM. 


If three Right Lines be proportional, the ſolid Pa- 
rallepipipedon madeof them is equal to the ſolid 
Paralle/epipedon made of the middle Line, if 
it be an equilateral one, and equiangular to the 
aforeſaid Parallelepipedon. 


1 three Right Lines A, B, C, be proportional; 
viz, let A be to B, as B is to C. I ſay, the Solid 
made of A, B, C, is equal to the equilateral Solid made 
of B, equiangular to that made on A, B, C. 

Let E be a ſolid Angle contained under the three 
plane Angles DEG, GEF, FED; and make DE, 
GE, EF, each equal to B, and complete the ſolid Pa- 
rallelepipedon EK: Again put LM equal to A, and 
at the Point L, at the Right Line LM, make“ a ſolid 
Angle contained under the plane Angles NLX, XLM, 
MLN, equal to the ſolid Angle E; and make LN 
equal to B, and LX equal to C: Then, becauſe A is 
to n, as B is to C; and A is equal to LM; and Bto 
LN, EF, EG, or ED; and C to LX; it ſhall be, as 
LM is to EF, ſo is GE to LX: And ſo the Sides about 
the equal Angles MLX, GEF, are reciprocally pro- 
portional, Wherefore the Parallelogram MX + is 
equal to the Parallelogram GF. And ſince the two 
plane Angles GEF, XLM, are equal, and the Right 
Lines LN, ED, being equal, are erected at the angu- 
lar Points containing equal Angles with the Lines fl 
given, each to each; the Perpendiculars drawn from 
the Points N and D, to the Planes drawn thro' XLM, 
GEF, are equal one to another: Therefore the Solids 
LH. EK, have the ſame Altitude, But ſolid Paralle- 
lepipedons that have equal Baſes, and the ſame Alti- 
tude, are * equal to each other; therefore the Solid 
HL is equal to the Solid EK. But the Solid HL is 
that made of the three Right Lines A, B, C; and the 
Solid EK, that made of the Right Line B: Therefore, 
if three ight Lines be proportional, the ſolid Paralle- 
lepipeaen made of them is equal to the ſolid Paralelapipe- 


don made of the middle Line, if it be an equilateral one, 
and 
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PROPOSITION XXXVII. 


THEOREM. 


four Right Lines be proportional, the ſolid Pa- 
rallelepipedons ſimilar, and in like manner de- 
feribed from them, ſhall be proportional. And 

I the ſolid Parallelepipedons, being fimilar, 
and alike deſcribed, be proportional, then the 
Right Lines they are deſcribed from, ſhall be 
proportional. 


LET the four Right Lines AB, CD, EF, GH, be 
proportional ; v:z, let AB be to CD, as EF is to 
GH; and let the ſimilar and alike ſuuate Parallelepi- 
dons KA, LC, ME, NG, be deſcribed from them. 

Tar. KA s to LC, as ME is to NG. 
For, becauſe the ſolid Parallepipedon KA is ſimi- 
33 of this, lar to LC. therefore KA to LO ſhall be * a Pro- 
portion triplicate of that which AB has to CD. For 


the ſame Reaſon, the Solid ME to NG will have a 


triplicate Proportion of that which EF has to GH. 
But AB is to CD as EF is to GH ; therefore AK is 
to LC, as ME is to NG. And if the Solid AK be to 
the Solid LC, as the Solid ME is to the Solid NG ; I 
ſay, as the Right Line AB is to the Right Line CD, 


ſo is the R. ght Line EF to the Right Line GH: For, 


F 33 Vb, becauſe AK to LC has + a Proportion triplicate of 
that which AB has to CD; and ME to NG has a 
Proportion triplicate of that which EF has to GH; and 
ſince AK is to LC, as ME is to NG; it ſhall be, as 
AB is to CO, ſo is EF to GH. Therefore, if four 
Right Lines be proportional, the ſelid Parallelepipedons 
ſimilar, and in like manner 2 from them, ſhall be 
proportional, And if the / id Parallelepipedons, being 
ſimilar and alike deſcribed, be proportional, then the Right 
Lines they are deſcribed from, ſhall be propertionat ; 
which was to be demonltrated. 


| PRO- 
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and equiangular to the aforeſaid Parallelepipedon ; which 
was to be demonſtrated. | el 
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PROPOSITION XXXVIII. 


THEOREM. 


If a Plane be perpendicular 10 a Plane, and a 
Line be drawn from a Point in one of the 
Planes perpendicular to the other Plane ; that 
Perpendicular ſhall fall in the common Settion 
of the Planes. 


LET the Plane CD be perpendicular to the Plane 
AB, let their common Section be AD, and let 
ſome Point E be taken in the Plane CD. I ſay, a 
Perpendicular, drawn from the Point E to the Plane 
AB, falls on AD. 

For, if it does not, let it fall without the ſame, as 
Et, meeting the Plane AB in the Point F; and from 
the Point F let FG be drawn in the Pian AB, per- 


age to AD; this ſhall be * perpendicular to the. 
| 


Def. 4« 


ane CD; and join EG: Then, becauſe FG is — TG. 


pendicular to the Plane CD, and the Right Line 
in the Plane CD, touches it; the Ang GE . de 


+a Right Angle. But EF i is alſo a R ight Angles W199 3» 


the Plane AB; therefore the Angle EE G is a "Fight 
Angle: And "4 two Angles of he Triangle EFG are 
equal to two Right Angles; which is 1 abſurd. 
Wherefore a Right Line drawn from the Point E per- 
e to the Plane AB, does not fall without the 

ght Line AD; and fo it muſt neceſfarily fall on it. 
Therefote, if a Plane be perpendicular to @ Plane, and 
a Line be drawn from a Point in one of the Planes perpen- 
dicular to the ether Plane; that Perpendicular ſhall fall 
in the common Section of the Planes; which was to be 
demonſtrated, 
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PROPOSTION XXXIX. 
THEOREM. | 


If the Sides of the oppoſite Planes of a Solid Paral. 
lelepip: don be divided into two equal Parts, and 
Planes be drawn thro* their Sections; the com- 
mon Section of thoſe Planes, and the Diameter 

' of the ſolid Parallelepipedon, ſhall divide each 


other into to equal Parts. 


LIT the Sides of CF, AH, the oppoſite Planes of 
the folid Parallelepipedon AF, be cut in half in 
the Points K, L, M, N, X, O, P, R; and let the 


Planes KN, XR, be drawn thro” the Sections: Alſo, 


* 29 1. 


14.1. 
118. 1. 
33. I. 


+7 of this, 


* 29. 1. 


1 15.1, 


® 26. 1. 


therefore * they {all have the other Sides of the one equal 


let YS be the common Section of the Planes, and DG 
the Diameter of the fold Parallclepipedon. I fay, Ys, 
DG, biſe& each other: that is, YT is equal to T'S, 
and DT to TG. 


For, join DY, YE, BS, SG. Then, becauſe DX 


is parallel to OE, the alternate Avgles DXY, YOE, 


are * equal to one another. And becauſe DX is equal 
to OE, and YX to YO, and they contain equal An- 
gles, the Baſe DY ſhall be+ equal to the Baſe YE, and 
the Triangle DXY to the Triangle YOE, and the 
other; Auges equal to the other Angles : Therefore 
the Angle XYD is equal to the Angle OYE ; and fo 
DYE is f a Right Line. For the ſame Reaſon, BSG 
is alſo a Right Line and BS is equal to SG; then, be- 
cauſe CA is equal and parallel to DB, as alſo to EG, 
DB ſhall be equal and parallel to EG; and the Right 
Lines DE, GB, join them: Therefore DE is * paral- 
lel to BG, and D, Y, G, 8, are Points taken in each 
of them; and DG, YS, are joined: Therefoie DG, 
YS, are + in one Plane. And fince DE is parallel to 
BG, the Angle EDT ſhall be * equal to the Angle 
BGT, for they are alternate: But the Angle DTY is 
+ equal to the Angle GTS; therefore DTV, GTS, 
are two Triangles, having two Angles of the one equal 
to two Angles of the other, as likewiſe one Side of the 
one equal to one Side of the other; viz. the Side DV 
equal to the Side GS; for they are Halves of DE, BG; 


to 
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to the other Sides of the other; and ſo DT is equal to 
TG, and YT to TS. Wherefore, if the Sides of the 
of poſite' Planes of a ſolid Paralleltpipedon be divided into 
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two equal Parts, and Planes be drawn thro' their Sec- 


tions; the common Section of thoſe Planes, and the Dia- 
meter of the ſolid Parallelepipedon, ſhall divide each ether 


into two equal Parts; which was to be demonſtrated, 


PROPOSITION XL. 


THEOREM. 


Of two triangular Priſms, one ſtanding on a Baſe 


which is a Parallelogram, and the other on a 
Triangle, if their Altitudes from theſe Baſes are 
equal, and the Parallelogram double to the Tri- 
angle; then thoſe Priſms are equal to eachother. 


ET ABCDEF, GHKLMN, be two Priſms of 
equal Altitude, the Baſe of one of which is the Pa- 
rallelogram AF, and that of the other the Triangle 
GHK ; and let the Parallelogram AF be double to the 
Triangle GHK. I ſay, the Priſm ABCDEF is equal 
to the Priſm GHERLMN. 
For, complete the Solids AX, GO. Then, becauſe 
the Parallelogram AF is double to the TriangleGHK:; 
and ſince the Parallelogram HE is * double to the Tri- 
angle GHK ; the Parallelogram AF ſhall be equal to 
the Parallelogram HK. But ſolid Parallelepipedons, 
that ſtand upon equal Baſes, and have the fame Alti- 
tude, are + equal to one another; therefore the Solid 
AX is equal to the Solid GO, But the Priſm ABCDEF 


41. 7. 


+ 31 of this, 


is T half the Sol'd AX; and the Priſm GHELMN is t 28 of ebir, 


half the Solid GO; therefore the Priſm ABCDEF is 
equal to the Priſm GHELMN. Wherefore, if there 
be two triangular Priſms having equal Altitudes, the Baſe 
of one of which is a Paralle/ogram, and that ef the other 
« Triangle ; and if the Parailelogram be double to the 
Triangle, the ſaid Priſns ſhall be equal to each other; 
Which was to be demonltrated. 
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PROPOSITION I. 


THEOREM, 


Similar Polygons, inſcribed in Circles, are to one 


another as the Squares of the Diameters of the 
Circles. | 


ET ABCDE, FGHEL, be Circles wherein 

| are inſcribed the ſimilar Polygons ABCDE, 

FGHEL; and let BM, GN, be Diameters 

of the Circles. I ſay, as the Square of BM is to the 

Square of GN, ſo is the Polygon ABCDE to the Poly- 
gon FGHEL. 

For, join BE, AM, GL, FN. Then, becauſe the 
Polygon ABCDE is ſimilar to the Polyzon FGHKL, 
the Angle BAE is equal to the Angle GFL; and BA 
is to AE, as GF is to FL: Therefore the two Tri- 
angles BAE, GFL, have one Angle of the one equal 
to one Angle of the other; viz. the Angle BAE equal 
tothe Angle GFL, and the Sides about the equal An- 
gles proportional, Wherefore the Triangle ABE is* 
N pane to the Triangle FGL ; and fo the Angle 
AEB is equal to the Angle FLG : But the Angle AEB 


is + equal to the Angle AMB, for they ſtand on 1 
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ſame Circumference ; and the Angle FLG is + equal T 21. 3. 
to the Angle FNG: Therefore the Angle AMB is 

equal to the Angle NG. But the Right Angle BAM 

is f equal to the Right Angle GFN; wherefore the f 31. 
other Angle ſhall be equal to the other Angle: And 

ſo the Triangle AMB is equiangular to the Triangle 

FGN ; and, conſequently, “ as BM is to GN, fo is 4. 6. 
BA to GF. But + the Proportion of the Square of BM 

to the Square of GN, is duplicate of the Proportion of 

BM to GN; and the Proportion of the Polygon 
ABCDE to the Polygon FGHE Lis + duplicate of the f 20. & 
Proportion of BA to GF: Wherefore, as the Square 

of BM is to the Square of GN, ſo is the Polygon 
ABCDE to the Polygon FGHEL. Therefore, 72 

lar Polygons, inſcribed in Circles, are to one another as the 
Squares of the Diameters of the Circles; which was to 


be demonſtrated. 
LEMM A. 


If there be two unequal Mag- 
nitudes propoſed, and from A 
the greater be taken a Part 
greater than its Half ; and K+ p 
if from what remains there K 
be again taken 4 Part _. + | 
greater than half this Re- 
mainder; and again from +H 
this laſt Remainder a Part S6 
greater than its Half; and 
if this be done continually ; 
there will remain at laſt a Wo 

* Magnitude that ſhall be leſs 
than the leſſer of the pro- BC l B 

poſed Magnitudes. 


ET AB and C be two unequal Magnitudes, 
whereof AB is the greater: I ſay, if from 
be taken a greater Part than Half, and from the Part 


remaining there be again taken a Part greater than its 
| Half, 
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Half, and this be done continually, there will remain 


a 1 at laſt, that ſhall be leſs than the Magni- 
tude C. 

For C, being ſome Number of Times multiplied, 
will become greater than the Magnitude AB. Let it 
be multiplied, and let DE be a Multiple of C greater 
than AB; divide DE into Paris DF, FG, GE, each 


equal to C, and take BH, a Part greater than half of 


AB, from AB, and again from AH the Part HK greater 
than Half AH, and from AK a Part greater than half 
AK, and ſo on, until the Diviſions, that are in AB, are 
equal in Number to the Diviſions in IE: Therefore 
let tne Diviſions AK, KH, HB, be equal in Number 
to the Diviſions Dr, FG, GE. Then, becauſe DE is 

reater than AB, and the Part EG taken from ED is 
ſes than half thereof, and the Part BH, preater than 
half of AB, is taken from it; the Part remaining, GD, 
ſhall be greater than the Part remaining HA. Again, 
becauſe GD is greater than HA; and G, being half 
of GD, is taken trom the ſame; and HK, being greater 
than halt HA, is taken from this likewiſe ; the Part re- 
maining, FD, ſhall be greater than the Part remain- 
ing, AK. But FD is equal to C; therefore C is 
greater than AK; and fo the Magnitude AK is leſſer 
than C: Therefore, the Magmtude AK, being the Part 
remaining of the /{agnitude AB, is leſs than the leſſer 
propoſed Magnitude C; which was to be demonſtrated. 
the Halves of the Magnitudes ſnould have been taken, 
we demonſtrate this after the ſame manner. This 1s 


the firft Propoſition of the tenth Book, 


PROPOSITION II. 


THEOREM 


Circles are io each other as the Squares of their 
Diameters. 


I ET ABCD, EFGH, be Circles, whoſe Diameters 
are BD, FH. I ſay, as the Square of BD is to the 
— of FH, fo the Circle ABC is to the Circle 


For, 


— 


1 
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For, if it be not fo, the Square of BD ſhall be to 
the Square of FH, as the Circle ABCD is to ſome 
Space either leſs or greater than the Circle EFGH. 
Firſt; let it be to a Space 8, leſs than the Circle EFGH; 
and let the Square Er GH be deſcribed in the Cirele. 

This Square EFGH will be greater than half the 
Circle EFGH becauſe, if we draw Tangents to the 
Circle thro' the Points E, F, G, H, the SquareEFGH 
will be half that deſcribed about the Circle: But the 
Circle is Jeſs than the Square deſcribed about it; there- 
fore the Square EFGH is greater than half the Circle 
EFGH. Let the Circumferences Er, kG, GH, 
HE, be biſected in the Points K, L, M, N; and join 
EK, KF, FL, LG, GM, MH, HN, NE: Then 
each of the Triangles EKF, FLG, GMH, HNE, 
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will be * greater than one half of the Segment of the * 41. 1. 


Circle it ſtands in; becauſe, if Tangents, at the Circle 


be drawn thro? the Points K, L, M, N, and the Paral- 


lelograms that are on the Right Lines DF, FG, GH, 
HE, be completed, each of the Triangles EKF, FLG, 
GMH, HNE, is half of each of the correſponding 
Parallelograms: But the Segment is leſs than the Pa- 
rallelogram ; wherefore each of the Triangles EKF, 
FLG, GMH, HNE, is greater than one half of the 
Segment of the Circle in which it ſtands: Therefore, 
if theſe Circumferences be again biſeed, and Right 
Lines be drawn joming the Points of Biſection, and 
you do thus continually, there will at laſt remain _ 
ments of the Circle, that ſhall be leſs than the Exceſs, 
by which the Circle EFGH exceeds the Space 8. For 
it is demonſtrated, in the foregoing Lemma, that, if 
there be two unequal Magnitudes propoſed, and if 
from the greater a Part greater than half be taken, and 
again from the Part remaining a Part greater than half 
be taken, and you do thus continually, there will at laſt 
remain a Magnitude that will be leſs than the leſſer 
ropoſed Magnitude, Let the Segments of the Circle 
FGH, on the Right Lines EK, KF, FL, LG, GM, 
MH, HN, NE, be thoſe which are leſs than the Ex- 
ceſs, whereby the Circle EFGH exceeds the Space 8; 
and then the remaining Polygon EKFLGMHN ſhall 
be greater than the Space 8. Alſo, deſcribe the Poly- 
gon AXBOCPDR in the Circle ABCD, ſimilar to the 
0 & :- + Polygon 
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® x of this, 


1 From Hyp. 
Þ 11. 5. 


* 14. 5. 


1 From Hyp. 
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"=. EKFLGMHN. Wherefore, as the Square 
of BD is to the Square of FH, ſo is the Poly 
AXBOCPDR to the * Polygon EKFLGMHN. "Bas 
as the Square of BD is to the Square of FH, ſo is the 
Circle ABCD to the Space 81: Wherefore, as the 
Circle ABCD is to the Space S. So is + the Poly 
AXBOCPDR to the Polygon EK FLGMHN., * 
the Circle ABCD is greater than the Polygon in it; 
wherefore the Space S ſhall be * alſo greater than the 
Polygon ERFLGMHN : But it is leſs 4 likewiſe; 
which is abſurd; therefore the Square of BD to the 
Square of FH is not as the Circle ABCD, to ſome Space 
leſs than the Circle EFGH. After the ſame manner 
we likewiſe demonſtrate, that the Squaie of FH to the 
Square of BD is not as the Circle EF GH, to ſome Space 
T leſs than the Circle ABCD. Laſtly, I ſay, the Square 
of BD to the Square of FG is not as * Circle ABCD, 
to ſome Space greater than the Circle EFG H: For, if 


it be poſſible, let it be ſo, and let the Space S be greater 


* 11. 5» 


than the Circle EFG H: Then it ſhall be (by Inver- 
fion), as the Square of FG is to the Square of BD, fo 
is the Space S to the Circle ABCD. But, becauſe Si is 
greater than the Circle EFGH, the Space ſhall be to 
the Circle ABCD, as the Circle EFGH is to ſome 
Space I leſs than the Circle ABCD: Therefore, as the 
Square of FH is to the Square of BD, ſo is * the Circle 
EFG to ſome Space T leſs than the Circle ABCD, 
which has been demonſtrated to be impoſlible; where- 
fore the 7 of BD to the Square of FH is not as the 
Circle ABCD to ſome Space greater than the Circle 
EFGH: But it alſo has been proved, that the Square 


of BD to the Square of FH, is not as the Circle A BCD 


to ſome Space leſs than the Circle EFGH : Where- 
fore, as the Square of BD is to the Square of FH, ſo 
{hall the Circle ABCD be to the Circle EFGH. 

Wherefore, Circles are to each other as the Squares of 
their Diameters; which was to be demonſtrated. 


PRO- 
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PROPOSITION III. 
| THEOREM. | 


Every Pyramid, having a triangular Baſe, may be 
divided into two Pyramids, equal and ſimilar 
to one another, having triangular Baſes, and 
fimilar to the whole Pyramid; and into two 
equal Priſms, which two Priſms are greater 


than the Half of the whole Pyramid. 


| Bob) there be a Pyramid, whoſe Baſe is the Trian- 

gle ABC, and Vertex the Point D. I ſay, the 

Pyramid ABCD may be divided into two Pyramids 

equal and ſimilar to one another, having triangular . 

Baſes, and fimilar to the Whole; and into two equal 

Priſms, which two Priſms are greater than the Half of 

the whole Pyramid. 
For, biſect AB, BC, CA, AD, DB, DC, in the 

Points E, F, G, H, K, L; and join EH, EG, GH, 

HK, KL, LH, EK, KF, FG: Then, becauſe AE 

is equal to EB, and AH to HD; EH ſhall be“ pa- 2. 6. 

rallel to DB: for the ſame Reaſon, HK alſo is paral- 

lel to AB; therefore HEBK. is a Parallelogram ; and 

ſo HK is + equal to EB: But EB is equal to AE; f 34.1. 

therefore AE ſhall be alſo equal to HK; but AH is 

equal to HD ; wherefore the two Sides AE, AH, are 

equal to the two Sides KH, HD, each to each, and 

the Angle EAH is f equal to the Angle KHD ;t 29. 1. 

wherefore the Baſe EH is “ equal to the Baſe KD; “4.1. 

and fo the Triangle AEH is equal and fimilar to the : 

Triangle HED. For the ſame Reaſon, the Triangle 

AHG ſhall alſo be equal and ſimilar to the Triangle 

HDL; and becauſe the two Right Lines EH, HG, 

touching each other, are parallel tothe twoRight Lines 

KD, DL, touching each other, and not in the ſame 

Plane with them, they ſhall contain + equal Angles, + 10. 17. 

Therefore the Angle EHG is equal to the Angle 

KDL. Again, becauſe the two Sides EH, HG, are 

equal to the two Sides KD, DL, each to each; and 

the Angle EHG is equal to the Angle KDL; the 

Baſe EG ſhall be * equal to the Baſe KL; and * 44 1, 

therefore the Triangle EHG is equal and fimilar to 


the Triangle KDL. For the ſame Reaſon, the Tri- 
| R 2 angle 
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angle AEG is alſo equal and ſimilar to the Triangle 
HKL; wherefore the Pyramid whoſe Baſe is the Tri- 
angle AEG, and Vertex the Point H, f is equal and 
ſimilar to the Pyramid whoſe Baſe is the Triangle 
HKL, and Vertex the Point D. And becauſe HK is 
drawn parallel to the Side AB of the Triangle ADB, 
the Triangle ADB * ſhall be equiangular to the Tri- 
angle DKH, and they have their 8 des proportional 
therefore the Triangle ADB is ſimilar to the Triangle 
DH K. And, for the ſame Reaſon, the Triangle DBC 
is ſimilar to the Triangle DKL; and the Triangle 
ADC tothe Triangle DHL. And ſince the two Right 
Lines BA, AC, touching each other, are parallel to the 
two Lines KH, HL, touching each other, not being in 
the ſame Plane with them, theſe ſhall contain equal 
Angles +; therefore the Angle BAC is equal to the 
Angle KHL. And BA is to AC, as KA is to HL; 
wherefore the Triangle ABC is ſimilar to the Triangle 
HEL; and ſo the Pyramid, whoſe Baſe is the Triangle 
ABC, and Vertex the Point D, is ſimilar to the Pyra- 
mid, whoſe Baſe is the Triangle HEL, and Vertex the 
Point D. But the Pyramid, whoſe Baſe isthe Triangle 
HEL, and Vertex the Point D, has been proved ſimi- 
lar to the Pyramid whoſe Baſe is the "Triangle AEG, 
and Vertex the Point H; therefore the Pyramid whoſe 
Baſe is the Triangle ABC, and Vertex the Point D, is 


ſimilar to the Pyramid whoſe Baſe is the Triangle 
AEG, and Vertex the Point H: Wherefore both the 


Pyramids AEGH, HKL, are fimilar to the whole 
Pyramid ABCD. And becauſe BF is equal to FC, 


the Parallelogram EBFG will be double to the Tri- 


angle GFC. And fince there are two Priſms of equal 
Altitude, one of which has that Parallelogram for a 
Baſe, and the other the Triangle, and the Parallelo- 
gram is double to the Triangle; thoſe Priſms will be 
+ equal to one another: Therefore the Priſm con- 
tained under the two Triangles BKF, EHG, and the 
three Parallelograms EBFG, EBKH, KHGF, is equal 


to the Priſms contained under the two Triangles GFC, 


HKL, and the three Parallelograms KFCL, LCGH, 
HRT G. And it is manifeſt, that each of thoſe Priſms, 
the Baſe of one of which is the Parallelogram EBG, 
andthe oppoſite Baſe to thatthe Right Line KH, and the 


Baſe of the other, the Triangle GFC, and the 1 
c 


3 _- "eve. tw Mh Bs — 


Book XII. Euclids ELEMNNTsò. 


Baſe to this the Triangle K LH, are greater than either 
of the Pyramids, whoſe Baſes are the Triangles AEG, 
HKL, and Vertices the Points H and D. For ſince, 
if the Right Lines EF, EH, be joined, the Priſm, 
whoſe Baſe is the Parallelogram EBFG, and the op- 
polite Baſe to that the Right Line KH, is greater than 
the Pyramid, whoſe Baſe is the | riangle EBF, and Ver- 
tex the Point K. But the Pyramid,.whoſe Baſe is the 
Triangle EB}, and Vertex the Point K, is equal to the 
Pyramid whoſe Baſe is the Triangle AEG, and Vertex 
the Point H; for they are contained under equal and 
ſimilar Planes: Wherefore the Priſm whoſe Baſe is the 
Parallelogram EBFG, and the oppoſite Baſe to it the 
Right Line HK, is greater than the Pyramid whoſe 
Baſe is the Triangle AEG, and Vertex the Point H. 
But the Priſm, whoſe Baſe is the Parallelogram EBFG, 
and the oppoſite Bale to it the Right Line HK, is equal 
to the Priſm whoſe Baſe is the Triangle GFC, and the 
oppoſite Baſe to this the Triangle HKL; and the Py- 
ramid, whoſe Baſe is the Triangle AEG, and Vertex 
the Point H, is equal to the Pyramid whoſe Baſe is the 
Triangle HKL, and Vertex the Point D: Therefore 
the two Priſms aforeſaid are greater than the ſaid two 
Pyramids, whoſe Baſes are the Triangles AEG, HEL, 
and Vertices the Points H, D: And fo the whole Py- 
ramid, whoſe Baſe is the Triangle ABC, and Vertex 
the Point D, is divided into two equal Pyramids, ſimi- 
lar to each other, and to the Whole; and into two 
equal Priſms, which two Priſms, together, are greater 
than half of the whole Pyramid. Therefore, every 
Pyramid, having a triangu.ar Paſe, may be divided into 
two Pyramids, equal and ſimilar to one another, having 
triangular Baſes, and ſimilar to the whale Pyramid; and 
into two equal Priſms, which two Priſms are greater 


than the half of the while Pyramid; which was to be 
demonſtrated. 


R 3 PR O- 


245 


Euclid's ELEMENTS. Book XII. 


PROPOSITION IV. 
THEOREM. 


If there are two Pyramids of the ſame Allitude, 
Having triangular Baſes, and each of them be di- 
vided into two Pyramids, equal to one another, 
and ſimilar to the Whole, as alſo into two equal 
Priſms; and if, in like manner, each of the tuo 
Pyramids, made by the former Diviſion, be di- 
vided, and this be done continually; then, as the 
Baſe of one Pyramid is to the Baſe of the other 
Pyramid, ſo are all the Priſms that are in one 
Pyramid, to all the Priſms that are in the other 
Pyramid, being equal in Multitude. | 


1 there be two Pyramids of the ſame Altitude, 
having the triangular Baſes ABC, DEF, whoſe 
Vertices are the Points G, H; and let each of them be 
divided into two Pyramids, equal to one another, and 
ſimilar to the W hole, and into two equal Priſms ; and 
if, in like manner, each of the Pyramids, made by the 
former Diviſion, be conceived to be divided, and this 
be done continually; I ſay, as the Baſe ABC is to the 
Baſe DEF, fo are all the Priſms that are in the Pyra- 
mid ABCG;, to all the Priſms that are in the Pyramid 
DEFH, being equal in Multitude. 

For, ſince BX is equal to XC, and AL to LC, XL 
ſhall be * parallel to AB, and the Triangle ABC ſimi- 
Jar to the Triangle LXC. For the ſame Reaſon, the 
Triangle DEF thall be alſo ſimilar to the Triangle 
RQF : and becauſe BC is double to CX, and EF to 
FQ; it ſhall be, as BC is to CX, ſo is EF to FQ: 
And ſince there are deſcribed upon BC, CX, Right- 
lined Figures ABC, LXC, ſimilar and alike ſituate ; 
and upon EF, FQ, Right-lined Figures DEF, RQF, 
ſimilar and alike ſituate; therefore, as the Triangle 
BAC is to the Triangle LXC, ſo is + the Triangle 
DEF to the Triangle RQF ; and (by Alternation) as 
the Triangle ABC is to the Triangle DEF, ſo is the 
Triangle LXC to the Triangle RQF. But as the Tri- 
argle LXC is to the Triangle RQ, ſo is þ the Priſm, 
whoſe Baſe is the Triangle LXC, and the oppoſite Baſe 

| to 
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to that the Triangle OMN, to the Priſm, whoſe Baſe 
is the Triangle RF, and the oppoſite Baſe to that the 
Triangle S1'Y ; therefore, as the Triangle ABC is to 
the Triangle DEF, fo is * the Priſm whoſe Baſe is the 11. 5. 
Triangle LXC, and the oppoſite Baſe to that the Tri- 
angle OMN, to the Priſm whoſe Baſe is the Triangle 
RQF, and the oppoſite Baſe to that the Triangle ST Y: 
And becauſe the two Priſms that are in the Pyramid 
ABCG are equal to one another, as alſo thoſe two that 
are in the Pyramid DEFH; it ſhall be, as the Priſm 
whoſe Baſe is the Parallelogram E.UXB, and the oppo- 
ſite Baſe to that the Right Line MO, is to the Priſm 
whoſe Baſe is the Triangle LXC, and the oppoſite Baſe 
to that the Triangle OMN, fo is the Priſm whoſe Baſe 
is the Paralielogram EPRQ , and the oppoſite Baſe to, 
that the Right Line 8 T, to the Priſm whoſe Baſe is the 
Triangle RQY, and the oppoſite Baſe to that the Tri- 
angle 8ST: 3 compounding), as the Priſms 
KBXLMO, LXCM 8. together, are to the Priſm 
LXCMNO, fo the Priſms PEQRST, R FST, to- 
gether, are to the Priſm R FS ILV: And (by Alterna- 
tion), as the Priſms KBRXLM O, LXCMNO), together, 
are to the Priſms PE( RST, RQFSTY, together, fo 
is the Priſm LXCMNO to the Priſm RQFSTY : But 
as the Priſm LXCMNO is to the Priſm RQFSTY, fo 
has the Baſe LXC been proved to be to the Baſe RFQ ; 
and ſo the Baſe ABC to the Baſe DEF: Therefore, 
alſo, as the Triangle ABC is to the Triangle DEF, fo 
are the two Priſms that are in the Pyramid ABCG, to 
the two Priſms that are in the Pyramid DEFH. If, 
in the ſame manner, each of the Pyramids OMNG, 
STYH, made by the former Diviſion, be divided, it 
ſhall be, as the Biſe OMN is to the Baſe ST, fo 
the two Priſms that are in the Pyramid OMNG, to 
the two Priſms that are in the Hyramid STYH. But 
as the Baſe OVN is to the Baſe STY, ſo is the Baſe 
ABC to the Baſe DEF : Therefore, as the Baſe ABC 
is to the Baſe DEF, ſo are the two Priſms that are in 
the Pyramid ABCG, to the two Priſms that are in the 
Pyramid DEFH ; and fo the two Priſms that are in 
the Pyramid OMNG, to the two Priſms that are in 
the Pyramid 8T VH; and ſo the four to the four. We 
demonſtrate the ſame of Priſms made by the Diviſion 
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of the Pyramids AK LO, DPRS; and, of all other 


Priſms; being equal in Multitude ; which was to be 
demonſtrated. * | 


PROPOSITIONY, 
THEOREM. 


Pyramids of the ſame Altitude, and having tri- 
angular Baſes, are to one another as their 


Baſes. 


LET there be two Pyramids of the ſame Altitude, 
having the triangular Baſes ABC, DEF, whoſe 
Vertices are the Points G, H. I ſay, as the Baſe ABC 
is to the Baſe DEF, ſo is the Pyramid ABCG to the 
Pyramid DEH, 

For. if it be not ſo, then it ſhall be as the Baſe 
ABC is to the Baſe DEF, ſo is the Pyramid ABCG 
to ſome Solid, greater or leſs than the Pyramid DEFH. 
Firſt, let it be to a Solid leſs, which let be Z; and di- 
vide the Pyramid DEFH into two Pyramids equal to 
each other, and ſimilar to the Whole, and into two 
equal Priſms; then theſe two Priſms are greater than 
the half of the whole Pyramid: And, again, let the 
TI e made by the former Diviſion, be divided 
after the ſame manner; and let this be done continu- 
ally, untill the Pyramids in the Pyramid DEFH are leſs 


than the Exceſs by which the Pyramid DEFH exceeds 


the Sglid Z. Let theſe, for Example, be the Pyramids 
DPKS, STYH); then the Priſms remaining in the Py- 
ramid DEFH are greater than the“ Solid Z: Alſo, let 
the P ramid 4 BCG be divided into the ſame Namber 
of ſimilar Parts as the Pyramid DEF H is; and then, 
as the Baſe ABC is to the Baſe DEF, fo * the Priſms 
that are in the Pyramid AB CG, to the Priſms that are 
in the Pyramid DE! H. But as the Baſe ABC is to 
the Baſe DEF, fo s the Pyramid ABCG to the Solid 
Z t and therefore. as the Pyramid ABCG is to the 
Solid Z, ſo are the Priſms that are in the Pyramid 
ABCG, to the Yriſms that are in the Pyramid DEFH. 
But the y amid ABUG is greater than the Priſms that 
are in it, Wherclore, alſo, the Solid Z is greater _ 
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the Priſms that are in the Pyramid DEFH. But it is 


manner we demonſtrate, that the Baſe DEF to the Baſe 
ABC is not as the Pyramid DEFH to ſome Solid leſs 
than the Pyramid ABCG : Therefore I ſay, neither 
is the Baſe ABC to the Baſe DEF, as the Pyramid 
ABCG to ſome Solidgreater thanthe Pyramid DEFH. 
For, if this be poſſible, let it be to the Solid I, greater 
than the Pyramid DEFH ; then (by Inverſion) the 
Baſe DEF ſhall be to the Baſe ABC, as the Solid I to 
the Pyramid ABCG : But fince the Solid I is greater 
than the Pyramid EDFH, it ſhall be, as the Solid I is 
to the Pyramid ABCG, fo is the Pyramid DEFH to 
ſome Solid leſs than the Pyramid ABCG; and fo, as 
the Baſe DEF is to the Baſe ABC, ſo is the Pyramid 
DEFH to ſome Solid leſs than the Pyramid ABCG, 
which is abſurd, as juſt now has been proved: There- 
fore the Baſe ABC to the Baſe DEF is not as the Py- 
ramid ABCG to ſome Solid greater than the Pyramid 
DEFH. But it has been alſo proved. that the Baſe 
ABC to the Baſe DEF is not as the Pyramid ABCG 
to ſome Solid leſs than the Pyramid DEFH; where- 
fore, as the Baſe ABC is to the Baſe DEF, ſo is the 
Pyramid ABCG to the Pyramid DEFH. Therefore, 
Pyramids of the ſame Altitude, and having triangular 
Baſes, are to one another as their Baſes; which was to 
be demonſtrated. 


PROPOSITION VL 


THEOREM. 


Pyramids of the ſame Allitude, and having polygo- 
nous Baſes, are to one another as their Baſes. 


LET there be Pyramids of the ſame Altitude, which 

have the polygonous Baſes ABCDE, FGHRL; 
and let their Vertices be the Points M, N. I ſay, as the 
Baſe ABC UE is to the Baſe FGH KL, fo is the Pyra- 
mid ABCD M to the Pyramid FGHKLN. 


For, 


* 
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leſs * alſo; which is abfurd; therefore the Baſe ABC » From 
to the Baſe DEF is not as the Pyramid ABCG to ſome 8 
Solid leſs than the Pyramid DEFH. After the fame 557 
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® 5 of this, 
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For, let the Baſe ABC DE be divided into the Tri- 
angles ABC, ACD, ADE; and the Baſe FGHKL 
into the Triangles FGH, FHK, FKL; and let Pyra- 
mids be conceived upon every one of thoſe Triangles, 
of the ſame Altitude with the Pyramids ABCDEM, 
FGHKLN : Then, becauſe the Triangle ABC it to 
the Triangle ACD, as * the Pyramid BCM is to the 
Pyramid AC DM; and (by compounding) as the Tra- 
pezium ABCD is to the Triangle ACD, fo is the Py- 
ramid ABCDM to the Pyramid ACDM : But as the 
Triangle AC is to the Triangle ADE, fo is“ the Py- 
ramid AC DM to the ''yramid ADEM. Wheretore 
(by Equality of Proportion), as the Baſe ABC is to 
the Baſe ADE, ſo is the Pyramid ABCDM to the Py- 
ramid ADEM : And again (by Compoſition of Pro- 
5 as the Baſe BCDE is to the Baſe ADE, ſo 
is the Pyramid ABC DEM to the Pyramid ADEM. 
For the ſame Reaſon, as the Baſe FGHEL is to the 


Baſe FKL, fo is the Pyramid FGHE LN to the Pyra- 


mid FKLN : And fince there are two Pyramids 
ADEN, FKLN, having triangular Baſes, and the 
ſame Altitude; the Baſe ADE thall be * to the Baſe 
FEL, as the Pyramid ADEM to the Pyramid FKLEN: 
And ſince the Baſe ABCDE is to the Baſe ADE, as the 
Pyramid ABCDEM is to the Pyramid ADEM ; and 
as the Baſe ADE is to the Baſe FE L, fo is the Pyra- 
mid ADE M to the Pyramid FKLN; it ſhall be (by 
Equality of Proportion), as the Baſe ABCDE is to the 
Baſe FKL, ſo is the Pyramid ABCDEM to the Pyra- 
mid FKLN; But as the Baſe FKL is to the Baſe 
FGHEL, ſo was the Pyramid FKLN to the Pyra- 
mid FGHELN. Wherefore, again, (by 2 
of Proportion), as the Baſe ABCD E is to the Baſe 
FGHEL, fo is the Pyramid ABC DEM to the Pyramid 
FGHRKLN. Therefore, Pyramids of the ſame Altitude, 
and having polygonous Baſes, are to one another as their 
Baſes ; which was to be demonſtrated, 

If the Baſes had not conſiſted of equal Numbers of 
Sides, the Demonſtration had been the ſame. 


PRO- 
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PROPOSITION VIL 


THEOREM. 


Every Priſm, having a triangular Baſe, may be 
divided into three Pyramids, equal to one an- 
other, and having triangular Baſes. 


ET there be a Priſm whoſe Baſe is the Triangle 

ABC, and the oppoſite Baſe to that the Triangle 

DEF. I ſay, the Priſm ABCDUEF may be divided into 
three equal Pyramids, that have triangular Baſes. 

For, join BD, EC, CD: Then, becauſe ABED is 

a Parallelogram, whoſe Diameter is BD, the Triangle 


25. 


ABD ſhall be * equal to the Triangle EBD. There- 34. 1. 


fore the Pyramid whoſe Baſe is the Triangle ABD, 


and Vertex the Point C, is + equal to the Pyramid t 6 Fi. 


whoſe Baſe is the Triangle EDB, and Vertex the 
Point C. But the Pyramid, whoſe Baſe is the Tri- 
angle EDB, and Vertex the Point C, is the ſame as the 
Pyramid whoſe Baſle is the Triangle EBC, and Vertex 
the Point D ; for they are contained under the ſame 
Planes : Therefore the Pyramid, whoſe Baſe is the 
Triangle ABD, and Vertex the Point C, is equal to 
the Pyramid whoſe Baſe is the Triangle EBC, and 
Vertex the Point D. Again, becauſe FCBE is a Pa- 
rallelogram, whoſe Diameter is CE, the Triangle ECF 
ſhall be * equal to the Triangle CBE; and fo the Py- 
ramid whote Baſe is the Triangle BEC and Vertex 
the Point D, is + equal to the Pyramid whoſe Baſe is 
the Triangle ECF, and Vertex the Point D. But the 
Pyramid, whoſe Baſe is the Triangle BCE, and Ver- 
tex the Point D. has been proved equal to the Pyra- 
mid whoſe Baſe is the Triangle ABD, and Vertex the 
Point C: Wherefore, alſo, the Pyramid, whoſe Baſe is 
the Triangle CEF, and vertex the Point D, is equal to 
the Pyramid, whoſe Baſe is the Triangle ABD, and 
Vertex the Point C: Therefore, the Priſin, ABCDEF 
is divided into three Pyramids equal to one another, and 
baving triangular Baſes. And becauſe the Pyramid, 
whoſe Baſe is the Triangle ABD, and Vertex the 
Point C, is the ſame with the Pyramid whoſe Baſe is 
the Triangle CAB, and Vertex the Point D; for 

they 
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they are contained under the ſame Planes; and the Py. 
ramid, whoſe Baſe is the Triangle ABD, and Vertex 
the Point C, has been proved to be a third Part of the 
Priſm, whoſe Baſe is the Triangle ABC, and the oppo- 
ſite Baſe to that the Triangle DEF: Therefore, alſo, 
the Pyramid, whoſe Baſe ts the Triangle ABC, and Ver. 
tex the Point D, is a third Part of the Priſm, having 
the ſame Baſe, viz. the Triangle ABC, and the oppoſite 


Baſe the Tian. DEF; which was to be demon- 
ſtrated. 


Coroll. 1. It is manifeſt from hence, that every Pyra- 
mid is a thiid Part of a Priſm, having the fame Baſe, 
and an equal Altitude; becauſe, if the Baſe of a 
Priſm, as alſo the oppoſite Baſe, be of any other Fi- 
gure, it may be divided into Priſms having triangu- 
lar Baſes. | 

2. Priſms of the ſame Altitude are to one another as 
their Baſes. 


PROPOSITION VIII. 


THEOREM. 


Similar Pyramids, having triangular Baſes, are 


in a triplicate Proportion of their homologous 
Sides. 


LET there be two Pyramids ſimilar and alike fitu- 
ate, having the triangular Baſes ABC, DEF; and 
let their Vertices be the Point G, A. I fay, the Py- 
ramid ABCG to the Pyramid DEFH has a Propor- 
tion triplicate of that which BC has to EF. 
For, complete the ſolid Parallelepipedon BGML, 
EHPO ; then, becauſe the Pyramid ABCG is ſimi- 
ef. 9. 11. Jar to the Pyramid DEFA, the Angle ABC ſhall be * 
equal to the Angle DEF, the Angle GBCequal to the 
Angle HEF, and the Angle ABG equal to the Angle 
DEH: And AB is to DE, as BC is to EF; and fo is 
BG to EH. Therefore, becauſe the Angle ABC is 
equal to the Angle DEF ; and the Sides about the 
equal Angles are proportional ; the Parallelogram BM 
7 6.6. ſhall be + ſimilar to the Parallelogram EP. For the 
lame Reaſon, he Parallelogram BN is ſimilar to the 


3 Paral- 
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Parallelogram ER, and the Parallogram BK to the 
Parallelogram EX. Therefore three Parallelograms 
BM, BK, BN, are ſimilar to three Parallelograms EP, 
EX, ER. But the three Parallelograms BM, BK, BN, 
are equal and ſimilar to the three oppoſite ones; as 
alſo the three Parallelograms EP, EX, ER: There- 
fore the Solids BGML, EHPO, are contained under 
equal Numbers of ſimilar and equal Planes; and, con- 
ſequently, the Solid BGML is ſimilar to the Solid 
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EHPO. But fimilar ſolid Parallelepipedans are * to * 33. 11. 


each other in a triplicate Proportion of their homolo- 
ous Sides; therefore the Solid BGML to the Solid 
HPO has a Proportion triplicate of that which the 
homologous Side BC has to the homologous Side EF. 


But as the Solid BGM is to the Solid EH PO, fo is + + 15. 5. 


the Pyramid ABCG to the Pyramid DEFH ; for the 
Pyramid is the one ſixth Part of that Solid, ſince the 
Priſm, which is the half of the ſolid Parallelepipedon, 
is triple of the Pyramid. Wherefore the Pyramid 


ABCG to the Pyramid DEFH ſhall have a triplicate 


Proportion to that which BC has to EF; which was to 
be demonſtrated. | 


Coroll. From hence it is manifeſt, that ſimilar Pyra- 
mids having polygonous Baſes, are to one another 
in a triplicate Proportion of their homologous Sides. 
For, if they be divided into Pyramids having trian- 
gular Baſes ; becauſe their ſimilar polygonous Baſes 
are divided into ſimilar Triangles equal in Number, 
and homologous to the W holes ; it ſhall be, as one 
Pyramid, having a triangular Baſe in one of the Py- 
ramids, is to a Pyramid having a triangular Baſe in 
the other Pyramid; ſo are all the Pyramids, having 
triangular Baſe: in one Pyramid, to all the Pyramids 
having triangular Baſes in the other Pyramid; that 
is, ſo is one of the Pyramids, having the polygonous 
Baſe, to the other: But a Pyramid, having a trian- 
gular Baſe, to a Pyramid having a triangular Baſe, 
is in a triplicate Proportion of the homologous Sides. 
Therefore one Pyramid, having a polygonous Baſe, 
to another Pyramid having a ſimilar Baſe, is in a tri- 
plicate Proportion of their homologous Sides. 


PRO- 
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PROPOSITION IX. 


THEOREM, 


The Baſes and Altitudes of equal Pyramids, having 
triangular Baſes, are reciprocally proportional, 
and thoſe Pyramids, having triangular Baſes, 
whoſe Baſes and Altitudes are reciprocally pro- 
portional, are equal, 


LET there be equal Pyramids, having the triangular 
Baſes ABC, DEF, and Vertices the Points G, H, 
I ſay, the Baſes and Altitudes of the Pyramids ABCG, 
DEFH, are reciprocally proportional ; that is, as the 
Baſe ABC is to the Baſe DEF, ſo is the Altitude of 
the Pyramid DEFH to the Altitude of the Pyramid 
ABCG 
For, complete the ſolid Parallelepipedons BGML, 
EHPO; then, becauſe the Pyramid ABCG is equal 
to the Pyramid DEFH ; and the Solid BGM is ſex- 
tuple the Pyramid ABCG ; and the Solid EHPO ſex- 
tuple the Pyramid DEFH; the Solid BGM ſhall be 
* equal to the Solid EHPO. But the Baſes and Al- 
titudes of equal ſolid Parallelepipedons are recipro- 
cally proportional; therefore, as the Baſe BM is to the 
Baſe EP, ſo is + the Altitude of the Solid EHPO to 
the Altitude of the Solid BGML. But as the Baſe BM 
is to the Baſe EP, fo is * the Triangle ABC to the 
Triangle DEF; therefore, as the Triangle ABC is to 
the Triangle DEF, fo is the Altitude of the Solid 
EHPO to the Altitude of the Solid BGML. But the 
Altitude of the Solid EHPO is the ſame as the Altitude 
of the Pyramid DEFH ; and the Altitude of the Solid 
BGML the ſame as the Altitude of the Pyramid 
ABCG ; therefore, as the Baſe ABC is to the Baſe 
DEF, ſo is the Altitude of the Pyramid DEFH to the 
Altitude of the Pyramid ABC G: Wherefore the Baſes 
and Altitudes of the equal Pyramids ABCG, DEFH, 
are reciprocally proportional. And if the Baſes and Al- 
titudes of the Pyramids ABCG, DEFH, are reci- 
procally proportional, that is, if the Baſe ABC to 
the Baſe DEF, be as the Altitude of the P 117 
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DEFH to the Altitude of the Pyramid ABCG; I ſay, 
the Pyramid ABCG is equal to the Pyramid DEFA: 
For, the ſame Conſtruction remaining, becauſe the 
Baſe ABC to the Baſe DEF is as the Altitude of the 
Pyramid DEFHto the Altitude of the Pyramid ABCG; 
and as the Baſe ABC is to the Baſe DEF, fo is the Pa- 
rallelogram BM to the Parallelogram EP; therefore 
the Parallelogram BM to the Parallelogram EP ſhall 
be alſo as the Altitude of the Pyramid DEFH is to the 
Altitude of the Pyramid ABCG. But as the Altitude 
of the Pyramid DEFH is the ſame as the Altitude of 
the ſolid Parallelepipedon EHPO, and the Altitude of 
the Pyramid ABCG, the ſame as the Altitude of the 
ſolid Parallelepipedon BGML ; therefore the Baſe BM 
to the Baſe EP will be as the Altitude of the ſolid Pa- 
rallelepipedon EHPO to the Altitude of the ſolid Pa- 
rallelepipedon BGML. But thoſe ſolid Parallelpipe- 
dons, whoſe Baſes and Altitudes are reciprocally pro- 
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portional, are + equal to each other; therefore the ſo- f 34. 11. 


lid Parallelepipedon BGML is equal to the ſolid Pa- 
lallele pipedon EH PO: Now the Pyramid ABCG is a 
ſixth Part of the Solid BGML; and, in like manner, 
the Pyramid DEF H is a ſixth Part of the Solid EHPO; 
therefore the Pyramid ABCG is equal to the Pyramid 
DEFH. Wherefore, the Baſes and Altitudes of equal 
Pyramids, having Triangular Baſes, are . ee pro- 
portional; and thoſe Pyramids, having triangular Baſes, 
whoſe Baſes and Altitudes are reciprocally proportional, 
are equal; which was to be demonſtrated. 


PROPOSITION X. 


THEOREM. 


Every Cone is a third Part of a Cylinder, having 
the ſame Baſe, and an equal Altitude. 


LET a Cone have the ſame Baſe as a Cylinder; viz, 

the Circle ABCD, and an Altitude equal to it. 
I fay, the Cone is a third Part of the Cylinder; that 
is, the Cylinder is triple to the Cone. 


For, 
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lows from 2, 
of this, 
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For if the Cylinder be not triple to the Cone, it 
ſhall be greater or leſs than triple thereof. Firſt, let it 
be greater than triple to the Cone, and let the Square 
ABCD be deſcribed in the Circle ABCD; then the 
Square ABC is greater than one half of the Circle 
ABCD. Now let a Priſm be erected upon the Square 
ABCD, having the ſame Altitude as the Cylinder, 
and this Priſm will be greater than one half of the 
Cylinder; becauſe, if a Square be circumſcribed about 
the Circle ABCD, the inſcribed Square will be one 
half of the circumſcribed Square; and if a Priſm be 
erected upon the circumſcribed Square of the ſame 
Altitude of the ſame Cylinder, fince Priſms are to * one 
another as their Baſes, the Priſm erected upon the 
Square ABCD is one half of the Priſm erected upon 
the Square deſcribed about the Circle ABCD. But 
the Cylinder is leſs than the Priſm erected on the 
Square deſcribed about the Circle ABCD; therefore 
the Priſm erected on the Square ABCD, having the 
ſame Height as the Cylinder, is greater than one half of 


the Cylinder. Lec the Circumferences AB, BC, CD, 


DA, be bifetted in the Points E, F, G, H; and join 
AE, EB, BF, FC, CG, GD, DH, HA : Then each 
of the Triangles AEB, BFC, CGD, DHA, is greater 
than the half of each of the Segments in which they 
ftand, Let Priſms be erected from each of the Tri- 


angles AEB, BFC, CGD, DHA, of the ſame Altitude 


1 32, 11. 


as the Cylinder; then every one of theſe Priſins erected 
is greater than half its correſpondent Segment of the 
Cylinder. For, becauſe, if Parallels be drawn thro' 
the Points E, F, G, H, to AB; HC, CD, DA, and 
Parallelograms be completed on the ſaid AB, BC, 
CD, DA, on which are erected ſolid Parallelepipedons 
of the ſame Altitude as the Cylinder ; then each of 
thoſe Priſms that are on the "Triangles AEB, BFC, 
CGD, DHA, are Halves + of each of the ſolid Paral- 
lelepipedons; and the Segments of the Cylinder are 
leſs than the erected ſolid Parallelepipedons ; and, con- 
ſequently, the Priſms that are on the Triangles AEB, 
BFC, CGD, DHA, are greater chan. the Halves of the 


Segments of the Cylinder: And fo, biſecting the other 


Circumferences, joining Right Lines, and on every one 


of the Triangles erecting Priſms of the ſame __—_ as 
| e 
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the Cylinder, and doing this continually, we ſhall at 
laſt have certain Portions of the Cylinder left, that are 


leſs than the exceſs by which the Cylinder exceeds tri- 
ple the Cone. | 


Now, let theſe Portions remaining be AE, EB, BF, 


FC, CG, GD, DH, HA; then the Priſm remaining, 
whoſe Baſe is the Polygon AEBFCGDH, and Alti- 
tude equal to that of the Cylinder's is greater than the 
Triple of the Cone. But the Priſm, whoſe Baſe is the 
Polygon AEBTCGDH. and Altitude the ſame as that 
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of the Cylinder's, is * triple of the Pyramid, whoſe . * 


whoſe Baſe is the Polygon AEBFCGDH, and Vertex 
the ſame as that of the Cone, is greater than the Cone, 
whoſe Baſe is the Circle ABCD: But it is leſs alfo (for 
it is comprehended by it) which is abſurd ; therefore 


the Cylinder is not greater than triple the Cone. I 


ſay, it is neither leſs than triple the Cone: For, if it 
be poſſible, let the Cylinder be leſs than triple the 
Cone; then (b Laverfion) the Cone ſhall be greater 
than a third Part of the Cylinder : Let the Square 
ABCD be deſcribed in the Circle ABCD; then the 
Square ABCD is greater than half of the Circle 
ABCD : And let a Pyramid be erected on the Square 
ABCD, having the ſame Vertex as the Cone ; then 
the Pyramid erected is greater than one half of the 
Cone; becauſe, as has been already demonſtrated, 
if a Square be deſcribed about the Circle, the Square 
ABCD ſhall be half thereof: And if ſolid Paralle- 
lepipedons be erected, upon the Squares, of the ſame 
Altitude as the Cone, which are alſo Priſms ; then 
the Priſm erected on the Square ABCD is one half of 
that erected on the Square deſcribed about the Circle; 
for they are to each other as their Baſes, and fo like- 
wiſe are their third Parts: Therefore the Pyramid, 
whoſe Baſe is the Square ABCD, is one half of that 


Pyramid erected upon the Square, deſcribed about the 
Circle. But the Pyramid erected upon the Square 


deſcribed about the Circle is greater than the Cone; 
for it comprehends it; therefore the Pyramid, whoſe 
Baſe is the Square ABCD, and Vertex the ſame as 
that of the Cone, is ggptecthan one half of the Cone. 

8 YO Biſect 


Baſe is the Polygon AEBFCGDH, and Vertex the Ji. 
ſame as that of the Cone; and therefore the Pyramid, | 
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Biſect the Circumferences AB, BC, CD, DA, in the 
Points E, F, G, H; and join AE, EB, BH, FC, CG, 
GD, DH, HA; and then each of the Triangles AEB, 
BFC, CG D, DHA, is greater than one half of each of 
the Segments they are in. Let Pyramids be erected 
upon each of the Triangles AEB, BFC, CGD, DHA, 
having the ſame Vertex as the Cone; then each of 
theſe Prriguids, thus erected, is greater than one half 
of the Segment of the Cone in which it is; and fo, 
biſecting the remaining Circumferences, joining the 
Right Lines, and * Pyramids upon every of 
the Triangles having the ſame Altitude as the Cone, 
and doing this continually, we ſhall at laſt have Seg- 
ments of the Cone left, that will be lefs than the Ex- 
ceſs by which the Cone exceeds the one third Part of 
the Cylinder: Let theſe Segments be thoſe that are on 
AE, EB, BF, FC, CG, GD, DH, HA; and then 
the remaining Pyramid, whoſe Baſe is the Polygon 
AEBF (Gi, and Vertex the ſame as that of the 
Cone, is greater than a third Part of the Cylinder: But 
the Pyramid, whoſe Baſe is the Polygon AEBFCGDH, 
and Vertex the ſame as that of the Cone, is one 
third Part of the Priſm whoſe Baſe is the Polygon 
AEBFCGDH, and Altitude the ſame as that of the 
Cylinder : Therefore the Priſm, whoſe Baſe is the 
Polygon AEBFCGDH, and Altitude the ſame as that 
of the Cylinder, is greater than the Cylinder, whoſe 
Baſe is the Circle ABCD ; but it is Ie alſo (as being 

comprehended thereby); which is abſurd ; therefore 
the Cylinder is not lefs than triple of the Cone: But it 
has been proved alfo not to be greater than triple of 
the Cone; therefore the Cylinder is neceſſarily triple 
of the Cone. Wherefore, every Cone is a third Part 
of a Cylinder, having the ſame Baſe, and an equal Al- 
titudsz which was to be demonſtrated. 


Book XII. Euclids EI RMENTS. 


PROPOSITION XI. 
THEOREM. 


Cones and Cylinders, of the ſame Altitude, are tb 
one another as their Baſes. 


ET there be Cones and Cylinders of the ſame Al- 
titude, whoſe Baſes are the Circles ABCD, EFGH, 
Axes KL, MN, and Diameters of the Baſes AC, EG. 
I fay, as the Circle ABC is to the Circle EFGH, ſo 
is the Cone AL to the Cone EN, 


For, if it be not ſo, it ſhall be, as the Crircle ABCD 


is to the Circle EFGH, fo is the Cone AL to ſome 
Solid either leſs or greater than the Cone EN. Firſt, 
let it be to the Solid X leſs than the Cone; and let 
the Solid I be equal to the Exceſs of the Cone EN 
above the Solid X : Then the Cone EN is equal to 
the Solids X and I. Let the Square EFGH be deſcribed 
in the Circle EFGH, which Square is greater than 
one half of the Circle, and erect a Pyramid upon the 
Square EFGH, of the ſame Altitude as the Cone 
therefore the Pyramid erected is greater.than one half 
of the Cone. For if we deſcribe a Square about the 
Circle, and a Pyramid be erected thereon, of the ſame 
Altitude as the Cone; the Pyramid inſcribed will be 
one half of the Pyramid circumſcribed; for they are 
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* to one another as their Baſes; and their Cone is leſs * © of thiy 


than the circumſcribed Pyramid : Therefore the Py- 
ramid, whoſe Baſe is the Square EFGH, and Vertex 
the ſame as that of the Cone, is greater than one half 
of the Cone. Biſe& the Circumferences EF, FG, 
GH, HE, in the Points P, R, 8, O; and join HO, 
OE, EP, PF, FR, RG, GS, SH; then each of 
the Triangles HOE, EPF, FRG, GSH, is greater 
than one half of the Segment of the Circle wherein 
it is. Let a Pyramid be raiſed upon every one of the 
Triangles HOE, EPF, FRG, GSH, of the ſame Al- 
titude as the Cone; then each of thoſe erected Pyra- 
mids is greater than one half of its correſpondent Seg- 
ment of the Cone: And fo biſecting the remaining 
Circumferences, joining the Right Lines, and erect- 
ing Pyramids, upon each. of the Triangles, of the ſame 

r Altitude 


* 


Mo © 
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* 
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Altitude as that of the Cone; and doing this continu- 
ally, there will at laſt be left Segments of the Cone 
that will together be Jeſs than the $-lid J. Let thoſe 
be the Segments that are on HO, OE, EP, PF, FR, 
RG, G88, SH; therefore the Pyramid remaining, 
whote Baſe is the Polygon HOEPFRGS, and Alti- 
tude the ſame as that of the Cone, is greater than the 
Solid X. Let the Polygon DTAYBQCV be de- 
ſcribed in the Circle AB D, fimilar and alike ſituate 
to the Polygon HOEPFKGS ; and let a Pyramid be 
erected thereon of the ſame Altitude as the Cone AL: 
Then, becauſe the Square of C to the Square of 
EG, is * as the .Polygon D'TAYBQCV to the Poly- 
on HOEPFRGS; and the Square of AC is + to the 
* of EG, as the Circle ABC D is to the Circle 
EFG; it ſha'l be, as the Circle ABCD is to the 
Circle EF GH, fo is the ET: DTAYBQCV to 
the Polygon HOEPFRGS. But as the Circle ABCD 
is to the Circle EFGH, fo is the Cone AL to the So- 
lid X (by Hyp.): And as the Polygon D'TAYBQCV 
is to the Polygon HOEPFR G8, fo is the Pyramid, 
whoſe Baſe is the Polygon DTAYBQCYV, and Ver- 
tex the Point L, to the Pyramid whoſe Baſe is the 
Polygon HOEPFRGS, and Vertex the Point N. 


Therefore, as the Cone AL is to the Solid X, fo is the 


Pyramid, whoſe Baſe is the Polygon D FAYBQCV, 
and Vertex the Point L, to the Pyramid whoſe Baſe is 
the olygon HOEP RGS, and Vertex the Point 
N. But the Cone AL is greater than the Pyramid 
that is in it; therefore the Solid X is greater than the 
Pyramid that is in the Cone EN; but it was put 
lefs, which is abſurd. Therefore the Circle ABCD 
to the Circle EFGH, is not as the Cone AL to ſome 


Solid leſs than the Cone EN. In like manner it is 


demonſtrated, that the Circle EEGH to the Circle 
ABCD is not as the Cone EN to ſome Solid leſs than 
the Cone AL: I ſay, moreover, that the Circle ABCD 
to the Circle EFGH is not as the Cone AL to ſome 
Solid greater than the Cone EN. Por, if it be poſſi- 
ble, let it be to the Solid Z greater than the Cone; 
then (by Inverſion), as the Circle EFGH is to the 
Circle ABCD, ſo ſhall the Solid Z be to the Cone AL. 
But ſince the Solid EZ is greater than the Cone EN, it 
mall be, as the Solid Z is to the Cone AL, fo b the 

| 555 one 


Book XII. Euclids ELEMENTS, 261 


Cone EN to ſome Solid leſs than the Cone AL; 
and therefore, as the Circle EFGH is to the Circle 
ABCD, ſo is the Cone EN to ſome Solid leſs than the 
Cone AL; which has been proved to be impaſſible. 
Therefore the S lid ABCD to the Circle EFGH, is 
not as the Cone AL to ſome Solid greater than the 
Cone EN. It has alſo been proved, that the Circle 
ABCD to the Circle EFGH, is nt as the Cone AL 
to ſome Solid leſs than the Cone EN; therefore, as the 
Circle ABCD is to the Circle EFGH, ſo is the Cone 
AL to the Cone EL: But as Cone is to Cone, fo is 
* Cylinder to Cylinder; for each Cylinder is triple of“ 15. 5. 
each Cone ; and therefore, as the Circle ABCD is to 
the C:rcle EF GH, ſo are Cylinders and Cones ſtand- 
ing on them, of the ſame Altitude. Wherefore Cones 
and Cylinders, of the ſame Altitude, are to one another 
as their Baſes ; which was to be demonſtrated. 


PROPOSITION XI. 


THEOREM. 


Similar Cones and Cylinders are to one another in 


a triphcate Proportion of the Diameters of 
their Baſes, | 


LET there be ſimilar Cones and Cylinders, whofe 
Baſes are the Circles ABCD, EFGH, and Dia- 
meters of the Baſes BD, FH, and Axes of the Cones 
or Cylinder KL, MN. I ay, the Cone, whoſe Baſe 
is the Circle ABCD, and Vertex the Point L, to the 
Cone wh ſe Baſe is the Circle EFG, and Vertex the 
PointN, hath a triplicate Proportion of that which BD 
has to FH. 

For, if the Cone ABCD to the Cone EFGHN, 
has not a triplicate Proportion of that which BD has 
to FH; the Cone ABCDL ſhall have that triplicate 
Proportion to ſome Solid, either leſs or greater than 
the Cone EEGHN PFirſt. let it have tht triplicate 
Proportion to the Solid X, leſs then the Conc EFGHN; 
and let the Square EFGH be deſcribed in the Cucle 
EFGH, which will be greater than one halt of the 
Circle EFGH; and erect a Pyramid on the Square 

83 EFGI, 


262 


Euclid's ELEMENTS. Book XII. 


EF GH, of the ſame Altitude with the Cone, then 
that Pyramid is greater than one half of the Cone. 
And ſo let the Circumferences EF, FG, GH, HE, be 
biſected in the Points O, P, R, S; and join EO, OF, 
FP, PG, GR, RH, HS, SE; then each of the Tri- 
angles EOF, FPG, GRH, HSE, is greater than one 
half of the Segment of the Circle EKGH, in which it 
is; and erect a Pyramid upon each of the | riangles 
EOF, EPG, GRH, HSE, having the ſame Altitude 
as the Cone: Then each of the Pyramids, thus erected, 
1s greater than half its correſponding Segment of the 
Cone; wherefore, biſecting the remaining Circumfer- 
ences, joining Right Lines, and — — up- 


on each of the Triangles, having the ſame Vertex as 


the Cone; and doing this continually, we ſhall leave, 
at laſt, certain Segments of the Cone, that ſhall be 
leſs than the Exceſs by which the Cone E GHN ex- 
ceeds the Solid X. Let theſe be the Segments that 
ſtand on EO, OF, EP, PG, GR, RH, HS, SE; then 
the remaining Pyramid, whoſe Baſe is the P::lygon 
EOFPGRHS, and Vertex the Point N, is greater than 
the Solid X: Alſo, let the Polygon ATBYCVDQ be 
deſcribed in the Circle ABCD, ſimilar and alike ſituate 
to the Polygon EOFPGRHS ; upon which erect a 
Pyramid having the ſame Altitude as the Cone : and 
let LBT be one of the Triangles containing the Pyra- 


mid, whoſe Baſe is the Polygon ATBYCVDQ, and 


8.5. 


+6. 6. 


Vertex the Point L; as likewiſe NFO one of the 
Triangles containing the Pyramid EOFPGRHS, and 
Vertex the Point N; and let KT, MO, be joined: 
Then, becauſe the Cone ABCDL is ſimilar to the 
Cone EFGHN, it ſhall be, as BD is to FH, ſo is 
the Axis KL to the Axis MN: But as BD is to FH, 
ſo is * BK to FM]; conſequently, as BK is to FM, 
ſo is KL to MN; and (by Alternation) as BK is to 
KL, fo is FM to MN. And ſince each is perpen- 
dicular, and the Sides about the equal Angles BKL, 
FMN are proportional; the Triangle BEL ſhall be 
+ ſimilar to the Triangle FUN, Again, becauſe BR 
is to K T, as FM is to MO, the Sides are proportional 
about the equal / ngles BKI, FMO (for the Angle 
BK T is the ſame Part of the four Right Angles at the 
Centre K, as the Angle FMO is of the four Right 

Angles 
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Angles at the ys M); therefore the Triangle 

BET ſhall be “ fi 

becauſe it has been proved, that BK is to KL, as FM 

is to MN; and BK is equal to KT; and FM to MO; 

it ſhall be, as TK is to KL, fois OM to M; and 

the proportional Sides are about the equal Angles KL, 

OMN ; for they are Right Angles : Therefore the 

Triangle LET ſhall be ſimilar to the Triangle MNO. 

And ſince, by the Similarity of the Triangles BKL, 

FMN, it is, as LB is to BK, fois NF to FM; and, 
by the Similarity of the Triangles BET, FMO, it- 
is, as KB is to BT, ſo is MF to FO; it ſhall be (by 

5 of Proportion), as LB is to BT, ſo is NF to 

FO. Again, ſince, by the Similarity of the Triangles 

LTK, NOM, it is, as LT is to IK, fo is NO to 

OM; and, by the Similarity of the Triangles KBT, 

OM, it is, as KT is to TB, fo is MO to OF; it 

ſhall be (by Equality of Proportion), as LT is to TB, 

ſo is NO to OF. But it has been proved, that Tg is 

to BL, as OF is to EN; wheretore, again (by Equa- 

lity of Proportion), as IL is to LB, ſo is ON to NF; 

and therefore the Sides of the Triangles LTB, NOF, 

are proportional; and ſo the Triangles LTB, NOF, 

are equiangular and fimilar to each other; and, con- 

ſequently, the Pyramid, whoſe Baſe is the Triangle 

BKT, and Vertex the Point L, is ſimilar to the Pyra- 

mid whoſe Baſe is the Triangle FMO, and Vertex the 

Point N; for they are contained under ſimilar Planes 
equal in Multitude : But ſimilar Pyramids that have 


milar to the Triangle FMO. And*s. 6. 


triangular Baſes, are + to one another in the triplicate 3 Abi. 


Proportion of their homologous Sides ; therefore the 
Pyramid BETL to the Pyramid FMON, as a tri- 
plicate Proportion of that which BK has to FM. In 
like manner, drawing Right Lines from the Points A, 
, v, e, Y,to K; as alſo others from the Points 
E, 8, H. R, G, b, to M; and erecting Pyramids on the 
Triangles having the ſame Vertices as the Cones, we 
demonſtrate, that every Pyramid of one Cone, to every 
one of the other Cone, has a triplicate Proportion of 
that which the Side BK has to the homologous Side 
MF, that is, which BD has to FH. But as one of the 


Antecedents is to one of the Conſequents, fo are all 1 12. 5+ 


the Antecedents to all the Conſequents. Therefore, as 
| 84 the 
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the Pyramid BK TL is to the Pyramid FMON, fo 
is the whole Pyramid, whoſe Baſe is the Polygon 
ATBYCVDUQ. and Vertex the Point L, to the whole 
Pyramid, whoſe Baſe is the Polygon EOFPGRHS, 
and Vertex the Point N. Wheretore the Pyramid, 
whole Baſe is the Polygon ATBYCVDQ, and Ver- 
tex the Point L, to the Pyramid whoſe Paſe is the 
Polygon EOFrGRHS, and Vertex the Point N, has 
a triplicate |'roportion of that which BD hath to FH. 
But the Cone whole Bate i the Cucle AB D, and 
Vertex the Point L, is ſuppoſed to have to the Solid X a 
triplicate Proportion of that which BD has to FH; 
therefore, as the Cone, whoſe Baſe is the Circle ABCD, 
and Vertex the Point L, is to the Solid X, fo is the Py- 
ramid whoſe Baſe is the Polygon ATBYCVDUQ,, and 
Vertex the Point L, to the Pyramid whoſe Baſe is the 
Polygon LOFPGRHS, and Vertex the Point N. But 
the ſaid Cone is greater than the Pyramid that 1s in it, 
for it comprehends it ; therefore the Solid X alſo is 

reater than the Pyramid, whoſe Baſe is the Polygon 

.OFPGRHS, and Vertex the Point N; but it is alſo 
leſs, which is abſurd. Therefore the Cone, whoſe 
Bale is the Circle ABCD, and Vertex the Point L, ta 
ſome Solid leſs than the. Cone, whoſe Baſe is the Circle 
EFGH, and Veitex the Point N, has not a triplicate 
Proportion of that which BD has to FG. In like man- 
ner we demonſtrate, that the Cone EFGHN, to ſome 
Solid leſs than the Cone ABCDL, has not a tr.pli- 
cate Proportion of that which FH has to BD. Laſt- 
ly, I ſay, the Cone ABCDL, to a Solid greater than 
the Cone Er GHN, has not a triplicate Proportion 
of that which CD has to FH; For, if this be poſſible, 
let it be ſo to fume Solid Z greater than the Cone 


EFGHN; then (by Inverſion) the Solid Z, to the 


Cone ABCDL, has a triplicate Proportion of that 
which FH has to BD. But ſince the Solid Z is greater 
than the Cone EF GEN, the Solid Z ſhall be to the 
Cone ABCDL, as the Cone Et GHNis to ſome Solid 
leſs than the Cone ABCDL ; and therefore the Cone 
EF GHN, to ſome Solid leſs than the Cone ABCDL, 
hath a triplicate Proportion of that which EA has to 
BD, which has been proved to be impoſſible ; there- 
fore the Cone ABCDL, to ſome Solid greater than 
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the Cone EFG HN, has not a triplicate Proportion of 
that which BD has to FH. It has been alto demon- 
ſtrated, that the Cone ABCDL, to ſome Sold leſs 
than the Cone EFG HN, hath not a triplicate Propor- 
tion of that which BD has to FH; wheretore the Cone 
ABCDL, to the Cone EFGHN, has a triplicate Pro- 

ortion of that which BD has to FH, But as Cone 
is to Cone, fo is“ Cylinder to Cylinder; for a Cy- 15. 5. 
linder, having the ſame Baſe as a Oe and the ſame 
Altitude, is + triple of the Cone; fince it is demon- 10 this 
ſtrated, that every Cone is one third Part of a Cylin- 
der, having the ſame Bate, and equal Altitude: There- 
fore, alſo, a Cylinder to a Cylinder has a triplicate Pro- 
portion of that which BD has to FH. Therefore, 
fimilar Cones and Cylinders are to one another in a tri- 
p/icate Proportion of the Diameters of their Baſes ; 
which was to be demonſtrated. 


PROPOSITION XIII. 


"THEOREM 


If a Cylinder be divided by a Plane Parallel to the 
oppoſite Planes; then, as one Cylinder is to the 
other Cylinaer, ſo is the Axis to the Axis. 


LET the Cylinde: AD be divided by the Plane GH, 

parallel to the oppoſite Planes 4B, CD, and meet- 
ing the Axis EF in the Point K. I ſay, as the Cylin- 
der BG is to the Cylinder GD, ſo is the Axis EK to 
the Axis KF. 

For, Jet the Axis EF be both ways produced to L 
and M ; and put any Number of Lines EN, NL, Cc. 
each equal to the xis EK; and any Number of Lines 
FX, XM, &c. each equal to EK; and thro? the Points 
L, N, X, M, let Planes parallel to AB, CD, paſs; and 
in thoſe Planes from L, N, X, M, as Centres, deſcribe 
the Circles Op, RS, TY, VQ. each equal to AB, 
CD; and conceive the Cylinders PR, RB, DT, TQ, 
to be completed: "Then, becauſe the Axes LN, NE, 
EK, are equal to each other, the Cylinders PR, RB, 
BG, will be“ to one another as their Baſes; ande xx of chir. 
therefore the Cylinders PR, RB, EG, are equal: And 
hace tle Axes LN, NE, EK, arc cqual to cach other; 

as 
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as alſo the Cylinders PR, RB, BG; and the Number 
of Lines LN, NE, EK, is equal to the Number of Lines 
PR, RB, BG; the Axis KL ſhall be the ſame Multiple 
of the Axis EK, as the Cylinder PG is of the Cylinder 
GB. For the ſame Reaſon, the Axis MK is the ſame 
Multiple of the Axis KF, as the Cylinder GQ is of 
the Cylinder GD. Now, if the Axis KL be equal to 
the Axis KM, the Cylinder PG ſhall be equal to the 
Cylinder GQ; if the Axis KL be greater than the 
Axis KM, the Cylinder PG ſhall be likewiſe greater 
than the Cylinder GQ; and, if leſs, lefs : Therefore, 
| becauſe there are four Magnitudes, viz. the Axes EK, 
KF, and the Cylinders BG, GD; and there are taken 
their Equimultiples, namely, the Axis KL, and the 
Cylinder PG, the Equimultiples of the Axis EK, 
and the Cylinder BG; and the Axis KM, and the 
Cylinder GQ, the Equimultiples of the Axis KF, 
and the Cylinder GD: And it is demonſtrated, that 
if the Axis KL exceeds the Axis KM, the Cylinder 
PG will exceed the Cylinder GQ ; and, if it be equal, 
equal; and, if leſs, leſs. Therefore, as the Axis EK 
t Peſ. s. S. js to the Axis KF, fo + is the Cylinder BG to the Cy- 
linder GD. Wherefore, if a Cylinder be divided by a 
Plane parallel to the «ppoſite Planes; then, as one Cylin- 
der is to the other Cylinder, ſo is the Axis ta the Axis; 
which was to be demonſtrated, | 


PROPOSITION XIV. 
THEOREM.” * 


Cones and'Cylinders, being upon equal Baſes, are 
4o one another as their Allitudes. 


*. 
o 


LET the Cylinders EB, FD, ſtand upon equal Baſes 
AB, CD. L ſay, as the Cylinder EB is to the 
Cylinder FD, fo is the Axis GH to the Axis KL. 
For, produce the Axis KL to the Point N ; and 
put LN equal to the Axis GH; and let a Cylinder 
EM be conceived about the Axis LN: Then, be- 
cauſe the Cylinders EB, CM, have the ſame Alti- 
| * ref bis, tude, they are ® to one another as their Baſes. But. 
their Bales are equal; therefore the Cylinders EB, 
CM, will be alſo equal. And becauſe the Coun 
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FM is cut by a Plane CD, parallel to the oppoſite 
Planes, it ſhall be as the Cylinder CM is to the Cy- 
linder FD, fo is the Axis LN to the Axis KL. But 
the Cylinder CM is equal : the Cylinder EB; and 
the Axis LN to the Axis GH; therefore the Cylinder 
EB is to the Cylinder FD, as the Axis GH is to the 
Axis KL: And asthe Cylinder EB is to the Cylinder 


FD, fo is the Cone AB to the Cone CDR; for the f 15. 5. 
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Cylinders are“ triple of the Cones. Therefore, as * 10 of h. 


the Axis GH is to the Axis KL, ſo is the Cone ABG 
to the Cone CDK; and fo the Cylinder EB to the 


Cylinder FD. Wherefore, Cones and Cylinders, being 


upon equal Baſes, are ts one another as their Altitudes; 
which was to be demonſtrated, 


PROPOSITION XV. 
hs THEOREM. 


The Baſes and Altitudes of equal Cones and Cylin- 
ders are reciprocally proportional; and Cones 
and Cylinders, whoſe Baſes and Altitudes are 
reciprocally proportional, are equal to one an- 
other. 


LET the Baſes of the equal Cones and Cylinders 
be the Circles ABCD, EFGH. and their Dia- 
meters AC, EG; and Axes KL, MN; which are 
alſo the Altitudes of the Cones and Cylinders: And 
let the Cylinders AX; EO, be completed. I ſay, the 
Baſes and Altitudes of the Cylinders AX, EO, are re- 
Ciprocally proportional ; that is, the Baſe ABCD is to 
the Baſe EFGH, as the Altitude MN is to the Alti- 
tude KL. | a 

For, the Altitude KL is either equal to the Altitude 
MN, or not equal. Firſt, let it be equal; and the 
Cylinder AX i- equal to the Cylinder EO. But Cy- 


linders and Cones, that have the ſame Altitude, are * ® 11 bis. 


to one another as their Baſes; therefore the Baſe 
ABCD is equal to the Baſe EFGH : And, conſe- 
quently as the Baſe ABCD is to the Baſe EFGH, fo 
is the Altitude MN to the Altitude KL. But if the 
Altitude KL be not equal to the Altitude MN, let MN 
be the greater; and take PM, equal to LK, * 


z 
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MN]; and let the Cylinder EO be cut thro' P by the 
Plane TVS, parallel to the oppoſite Planes of the Cir- 
cles EFGH, RO; and conceive ES to be a Cylinder, 
whoſe Baſe is the Circle EFGH, and Altitude PM: 
Tben, becauſe the Cylinder AX is equal to the Cy- 
linder EO, and ES is ſome other Cylinder; the Cy. 
linder AX to the Cylinder ES, ſhall be as the Cylin- 
der EQ is to the Cylinder ES. But as the Cylinder 
AX is to the Cylinder ES, fo is ® the Baſe ABCD to 
the Baſe EFGH; for the Cylinders AX, ES, have the 
ſame Altitude: And as the Cylinder EO is to the Cy- 
linder ES, ſo is + the Altitude MN to the Altitude 
Mb; for the Cylinder EO is cut by the Plane TVS 
parallel to the oppoſite Planes. 'I'herefore as the Baſe 
ABCD is to the Baſe EFGH, ſo is the Altitude MN 
to the Altitude MP. But the Altitude MP is equal to 
the Altitude KL; wherefore, as the Baſe ABCD is to 
the Baſe EFGH, fo is the Altitude MN to the Alti- 
tude KL; and therefore, the Vaſes and Altitudes of the 
equal Cylinders AX, EO, are reciproclly proportional. 
And if the Baſes and Altitudes of the Cylinders AN, 
EO, are rec procally proportional; that is, if the Baſe 
AB CD be to the Bate E GH, as the Altitude MN is 
to the Altitude KL; I ſay, the Cylinder AX is equal 
to the Cylinder EO. For, the fame Conſtruction re- 
maining, becauſe the Baſe ABCD is to the Buſe EFGH, 
as the Altitude MN is to the Altitude KL; and the 
Altitude EL is equal to the Altitude M; it ſhall be, 
as the Baſe ABCD is to the Baſe EFGH, ſo is the Al- 


titude MN to the Altitude MP. Burt as the Baſe ABCD 


is to the Baſe EFGH, ſo is the Cylinder AX to the Cy- 
linder ES, for they have the ſame Altitude; alſo, as the 
Altitude MN is to the Altitude MP, ſo is 4 the Cylin- 
der EO to the Cylinder ES. Therefore, as the Cylin- 
der AN is to the Cylinder ES, fo is the Cylinder EO 


to the Cylinder ES: Wherefore, the Cylinder AX it 


equal to the Cylinder EO; which was to be demon- 
ſtrated. | 


In like manner we prove this in Cones, 


a PR O- 
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PROPOSITION XVI. 
PROBLEM. 


Two Circles being about the ſame Centre, to in- 
ſcribe in the greater a Polygon of equal Sides, 


even in Number, that ſhall not touch the leſſer 
Circle. 


12 ABCD, EFG H, be two given Circles about 
the Centre K; it is required to inſcribe a Polygon 
of equal Sides, even in Number, in the Circle ABCD, 
not touching the leſſer Circle EFGH. 

Draw the Right Line BD thro' the Centre K, as 
alſo AG, ſrom the Point G, at Right Angles to BD, 


ce EFGH : Then, biſecting the Circumference BAD, 
and again biſecting the halt thereof, and doing this con- 
tinually, we ſhall have a Circumference left, at laſt, 


draw LM, from the Point L, perpendicular to BD, 
| which produce to N; and join LD, DN: And then 


AC, and AC touches the Circle EFGH, LN will not 
touch the Circle EFG H; and much leſs do the Right 
Lines LD, DN, touch the Circle. And if Right 
Lines, each equal to LD, be applied round the Circle 
ABCD, we ſhall have a Polygon inſcribed therein of equal 
Sides, even in Number, that does not touch the leſſer Cir- 
cle EFGH ; which was to be done. 


PROPOSITION XVIL 


PROBLEM. 


To deſcribe a ſolid Polybedron, in the greater of two 
Spheres, having the ſame Centre, which ſhall 
not touch the Super ficies of the leſſer Sphere. 

LET two Spheres be ſuppoſed about the ſame Cen- 


tre A; it is required to deſcribe a ſolid Polyhedron 


in the greater Sphere, not touching the Superficies of 
the leſſer Sphere, Let 
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which produce to C; this Line will * touch the Cir- ® 16, 3. 


leſs than AD 4. Let this Circumference be LD, and t Lemme, 


LD is + equal to DN. And ſince LN is parallel to + 29. 3. 
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Let the Spheres be cut by ſome Plane paſſing thro' 
the Centre; then the Sections will be Circles: For, 


* Def. 14. becauſe a Sphere s ® made by the turning of a Semi- 


11, 


circle about the Diameter, which is at Reſt; in what- 
ſoever Poſit on the Semicircle is conceived to be, the 
Plane in which it ſhall make a Circle in the Super- 
ficies of the Sphere. It is alſo manifeſt, that this Cir» 


dle is a greater Circle, ſince the Diameter of the Sphere, 


® 16 of this. 


t 12. 11. 


. 18. 11. 


ich is lkewiſe the Diameter of the Semicircle, is 


+ Feater than all Right Lines that are drawn in the 


Circ f Sphere. Now, let BCDE be that Circle 
of the greater Sphere, and FGH of the lefler Sphere 
and let BD, CE, be two of their Diameters drawn at 
Right Angles to one another; let BD meet the leſ- 
ſer Circle in the Pant G, and let GL be drawn at 
Right Angles to AG, and AL be joined: Then, biſect- 
ing the Circumference EB, as alſo the Halt thereof, 
and doing thus continually, we ſhall have left, at laſt, 
a certain Circumference leſs than that Part of the Cir- 
cumference of the Circle BL, which is ſubtended by a 
Right Line equal to GL. Let this be the Circum 

ence BK; then the Right Line BK is leſs than GL; 
and BK hall be the“ Side of a Polygon of equal Sides, 
even in Number, not touching the leſſer Circle: Now, 
let the Sides of the Polygon, in the Quadrant of the 
Circle BE, be the Right Lines BK, KL, DM, ME; 
and produce the Line joining the Points K, A, to N; 
and reiſe } AX from the Point A, perpendicular to the 
Plane of the Circle BCDE, meeting the Superficies of 
the Sphere in the Point X ; and let Planes be drawn 
thro' AX and BD, and thro' AX and KN; which, 
from what has been ſaid, will make great Circles in the 
Superficies of the Sphere; and let BXD, KXN, be Se- 
micircles on the Diameters BD, KN: Then, becauſe 
XA is perpendicular to the Plane of the Circle BCDE, 
all Planes that paſs thro' XA ſhall alſo * be perpendi- 
cular to that ſame Plane. Therefore the Simicircles 
BXD, KAN, are perpendicular to that ſame Plane. 
And becauſe the Simicircles BED, BXD, K XN, are 
equal; for they ſtand upon equal Diameters BD, 
KN; their Quadrants BE, BX, KX, ſhall be alſo 
equal. And theref6re, as many Sides as the Polygon 


in the Quadrant BE has, ſo many Sides may oy 
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be in the Quadrants BX, KX, equal to the Sides 

BK, KL, LM, ME. Let thoſe Sides be BO, 

OP, PR, RX, KS, ST, TY, VX; and join 
SO, TP, YR; and let Perpendiculars be drawn 

from O, S, to the Plane of the Circle BCDE : 
Theſe will + fall on BD, KN, the common Sections t 38. 11, 
of the Planes; becauſe the Planes of the Semicircles 
BXD, K.XN, are perpendicular to the Plane of the 
Circle BCDE : Let the faid Perpendiculars be OV, 

SQ, and join VQ then, ſince the equal Circumfer- 

ences BO, SK, are taken in the equal Simicircles 
BXD, KXN, and OV, SQ, are Perpendiculars ; 

OV ſhall be equal to SO, and BV to KQ. But 

the Whole BA is equal to the Whole KA; there- 

fore the Part remaining VA is equal to the Part re- 
maining QA: Therefore, as BV is to VA, ſo is K 

to QA; and ſo VQ is parallel to BK. And ſince f 2. 6. 
OV and SQ are both perpendicular to the Plane of 

the Circle BCDE, OV ſhall be“ parallel to SQ. *6. 11. 
But it has alſo been proved equal to it; wherefore 

N, SO, are + equal and parallel. And becauſe QV t 33: 1+ 
is parallel to SO, and alſo parallel to KB; SO ſhall be 

alſo 1 parallel to KB: Join BO, KS, and then, 19. 17. 
KBOS is “ a quadrilateral Figure in one Plane: 7. 1. 
For if two Right Lines be parallel, and Points 

be taken in both of them, a Right Line joining 

the ſaid Points is in the ſame Plane as the Parallels 

are. And for the ſame Reaſon, each of the qua- 
drilateral Figures SOPT, "I PRY, are in one Plane. 

And the Triangle YRX is + in one Plane; there- f 2. 12. 
fore, if Right Lines be ſuppoſed to be drawn from 

the Points O, 8, P, T, R, X, to the Point A, there 

will be conſtituted a certain ſolid polyhedrous Figure 

within the Circumferences BX, KX, compoſed of 
Pyramids, whoſe Baſes are the quadrilateral Figures, 

E BOS, SOPT, TPRY, and the Triangle YRX; 

S and Vertices the Point A. And if there be made 

. the ſame Conſtruction on each of the Sides KL, LM, 

6 ME, like as we have done on the Side KB; and 

, alſo in the other three Quadrants, and the other He- 

o miſphere, there will be conſtituted a polyhedrous Fi- 

n gure deſcribed. in the Sphere, compoſed of Pyramids 

e Whoſe Baſes will be equal and ſimilar to the aforeſaid 

e Jadrilateral Figures, and Triangle YRX, and Ver- 
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tices the Point A. Now, I ſay, the ſaid Polyhedron 
does not touch the Superficies of the Sphere, wherein 
the Circle FGH i-. Let AZ be drawn 4 from the 
Point, A perpendicular to the Plane of the quadrilateral 
Figure KBDO meeting it in the Point Z; and join 
BZ, ZK: Then, ſince AZ is perpendicular to the 
Plane of the quadrilateral Figure KBSO, it ſhall alſo 
be * perpend cular. to all Right Lines that touch it, 
and are in the ſame Plane: Wherefore AZ is perpen- 
dicular to BZ and ZK And becauſe AB is equal to 
AK. the Square of AB ſhall be alſo equal to the Square 


of AK; and the Squares of AZ, ZB, ate + equal to 


the Square of AB; for the Angle at Z is a Right An- 
gle; and the >quares of AZ, ZK, are equal to the 
Square of AK: Therefore the Square of AZ, Zz, 
are equal to the Squares of AZ, ZK. Let the com- 
mon Square of AZ be taken away, and then the 
Square of BZ, remaining, is equal to the Square of 
ZK, remaining; and ſo the Right Line BZ is equal to 
the Right Line ZK. After the ſame manner we de- 
monſtrate, that Right Lines drawn from the Point Z 
to the Points O, 8, are each equal to BZ, ZK. There- 
fore a Cirele deſcribed about the Centre Z, with either 
of the Diſtances ZB, ZK, will alſo paſs thro' the 
Points O, S. And, becauſe BESO is a quadrilateral 
Figure in a Circle, and. OB, BK, KS, are equal ; and 
Os is leſs than BK; the Angles BZ K ſhall be obtuſe; 
and ſo BK greater than BZ. But GL alſo is greater 
than BK; therefore GL is much greater than BZ; 
and the Square of GL is greater than the Square of 
BZ. And ſince AL is equal to AB, the Square of AL 
ſhall be equal to the Square of AB. But the Squares 
of AG, GL, together, are equal to the Square of AL; 
and the Squares of BZ, ZA, together, equal to the 
Square of AB: Therefore the Squares of AG, GL, 
together, are equal to the Squares of BZ, ZA, toge- 
ther. But the Square of BZ, 1s leſs than the Square of 


GL; therefore the Square of ZA is greater than the 
Square of A(3; and fo the Right Line ZA will be 


reater than the Right Line AG. But AZ is perpen- 
F ular to one Baſe of the Polyhedron, and AG reaches 
to the Superficies of the leſſer Sphere: Wherefore the 
Polyhedron does not touch the Superficies of the leſſer 


Sphere. Therefore, there is deſcribed a ſolid Polybedres 
i 
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in the greater of two Spheres, having the ſame Centre, 


which doth not touch the Super fictes of the lefſer Sphere; 
which was to be done. 1 


Croll. Allo, if a ſolid Polyhedron be deſcribed in ſome 
other Sphere, ſimilar to that which is deſcribed in 


the Sphere BCDE ; the ſolid Polyhedron deſcribed 
in the Sphere BCDE, to the ſolid Polyhedron de- 
ſcribed in that other Sphere, ſhall have a triplicate 
Proportion of that which the Diameter of the 
Sphere BCDE hath to the Diameter of that other 
Sphere. For, the Solids being divided into Pyra- 
mids equal in Number, and of the ſame Order, 
the ſame Pyramids ſhall be ſimilar. But fimilar 
Pyramids are to each other in a triplicate Proportion 

their homologous Sides ; therefore the Pyramid, 
whoſe Baſe is the quadrilateral Figure KE BOS, and 
Vertex the Point A, to the Pyramid of the ſame 
Order in the other Sphere, has a triplicate Pro- 
portion of that which the homologous Side of the 
one has to the homologous Side of the other ; that 
is, which AB, drawn from the Centre A of the 
Sphere, to that Line which is drawn fiom the Cen- 
tre of the other Sphere. In like manner, every one 
of the Pyramids, that are in the Sphere whoſe Cen- 


tre is A, to every one of the Pyramids of the ſame 


Order in the other Sphere, hath a triplicate Propor- 
tion of that which AB has to that Line drawn from 
the Centre of the other Sphere: And as one of the 


 Antecedents is to one of the Conſequents, fo are all 


the Antecedents to all the Conſequents. Where- 
fore the whole Solid Polyhedron, which is in the 
Sphere deſcribed about the Centre A, to the whole 
ſolid Polyhedron that is in the other Sphere, hath a 
triplicate Proportion of that which AB hath to the 
Line drawn from the Centre of the other Sphere ; 
that is, which the Diameter BD has to the Diame« 


ter of the other Sphere. 


T PRO- 
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PROPOSITION X VIII. 
THrronem. 


Spheres are to one another in a triplicate Pry. 
| portion of their Diameters, 
OUppoſe ABC, DEF, are two Spheres, whoſe Dia- 
O meters are BC, EF. I ſay, the Sphere ABC to 
the Sphere DEF, has a triplicate Proportion of that 

which BC has to Ek. 

For, if it be not ſo, the Sphere ABC to a Sphere 
either leſſer or greater than DEF, will have a tripli- 
cate Proportion of that which BC has to EF. Firſt, 
let it be to a leſſer, as GHK; and ſuppoſe the Sphere 
DEF to be deſcribed about the Sphere GHE ; and 

® r70f this, let there be deſcribed * a ſolid Polyhedron in the 
reater Sphere DEF, not touching the Superficies of the 
feſſer Sphere GHK ; alſo, let a ſolid Polyhedron be 
deſcribed in the Sphere ABC, ſimilar to that which is 
deſcribed in the Sphere DEF; then the. ſolid Poly- 
hedron in the Sphere ABC, to the ſolid Polyhedron in 
+ Cor. tothe the Sphere DEF, will have + a triplicate Proportion of 
4% Prop. that which BC has to EF: But the Sphere ABC to 
the Sphere GHK, hath a triplicate Proportion of that 

which BC hath to EF ; therefore, as the Sphere ABC 

is to the Sphere GHK, ſo is the ſolid Polyhedron in 

the Sphere ABC, to the ſolid Polyhedron in the Sphere 

DEF; and (by Inverſion) as the Sphere ABC is to the 

ſolid Polyhedron that is in it, ſo is the Sphere G K to 

the ſolid Polyhedron that is in the Sphere DEF, But 

the Sphere ABC is greater than the ſolid Polyhedron 

that is in it; therefore the Sphere GHE is alſo greater 

than the ſolid Polyhedron that js in the Sphere DEF, 

and alio leſs than it, as being comprehended thereby, 

which is abſurd ; therefore the Sphere ABC to a Sphere 

leſs than the Sphere DEF, hath not a triplicate Propor- 

tion of that which BC has to EF. After the ſame 

manner it is demonſtrated, that the Sphere DEF to a 

Sphere leſs than ABC, has not a triplicate Proportion 

of that which EF has to BC: I ſay, moreover, that 

the Sphere ABC to a Sphere greater than DEF, hath 
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not a triplicate Proportion of that which BC has to EF: 
For, if it be poſſible, let it have to the Sphere LUN 

eater than DEF; then (by Inverſion) the Sphere 
AN to the Sphere ABC, ſhall have a triplicate 
Proportion of that which the Diameter EF has to 
the Diameter BC. But as the Sphere LMN is to the 
Sphere ABC, ſo is the Sphere DEF to ſome Sphere 
leſs than ABC, becauſe the Sphere LMN is greater 
than DEF. Therefore the Sphere DEF to a Sphere 
leſs than ABC, hath a triplicate Proportion of that 
which EF has to BC, which is abſurd, as has been 
before proved, Therefore the Sphere ABC to a Sphere 
greater than DEF, has not a triplicate Proportion of 
that which BC has to EF. But it has alſo been de- 
monſtrated, that the Sphere ABC to a Sphere leſs than 
DEF, has not a triplicate Proportion of that which 
BC has to EF: Therefore, the Sphere ABC to the 
Sphere DEF, has a triplicate Proportion of that which 
BC has to EF; which was to be demonſtrated, 
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Of Plane and Spherical 


TRIGONONETRY. 


DEFINITIONS. 


HE Buſineſs of Trigonometry is, to find thi 

/ Angles ME Sue are given, and 4 Sides, 

or the Ratios of the Sides, when the Angles are 

iven; and to find Sides and Angles, when Sides 

and Angles are given: In order to which, it is neceſſary, 

that nat only the Peripheries of Circles, but alſo certain 

Right Lines in and about Circles, be ſuppoſed divided 

into determined Number of Parts, | 

fo the antient Mathematicians thought fit to di- 

vide the Peripbery of a Circle into 360 Parts, which 0 

they call Degrees; and every Degree into 60 Minutes; it 

and-every Minuute into 60 Seconds ; and, again, every | 
Second into bo Thirds; and ſo mn. And every Angle is 
faid to be of ſuch a Number of Degrees and Minutes, as 
there are in the Arc meaſuring that Angle. 55 
There are ſome that would have a Degree divided 
into centeſimal Parts, rather than ſexageſimal ones; 
and perhaps it would be more uſeful to divide, not only 
a Degree, but even the whale Circle, into a duplicate Ratio; 
which Diviſion may ſame time or other gain Place. 
Now, if a Circle contains 360 Degrees, @ Quadrant 
thereof, which is the ba of a Right Angle, * 

8 | 3 | 
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be 90 of thoſe Parts: And if it contains 100 Parti, a 
Quadrant will be 25 of theſe Parts. 

The Complement of an Arc is the Difference thereof 
from a Quadrant. | 

A Chord or Subtenſe, is a Right Line drawn from 
one end of the Arc to the other. 

The Right Sine of any Arc, which is alſo commonly 
called only a Sine, is a Right Line drawn, from one End 
of an Arc, perpendicular to the Radius drawn thro the 
other End of the ſaid Arc; and is therefore the Semi- 
ſubtenſe of double the Arc; vis. DE= T DO, and the 
Arc DO is double of the Arc DB. Hence, the Sine of 
an Arc + 30 Degrees is equal to one half of the Ra- 
dius. For (by Corol. 15. El. 4.) the Side of an Hex- 
agon inſcribed in a Circle, that is, the Subtenſe of 60 De- 
grees, is equal to the Radius, A Sine divides the Radius 
into two Segments CE, EB; one of which, CE, which is 
intercepted between the Centre and the Right Sine, 1s the 
Sine of the Complement of the Arc DB to a Quadrant 
(for CE=FD, which is the Sine of the Arc DH), and 
3s called the Coſine: The other Segment BE, which is 
intercepted between the Right Sine and the Periphery, is 
called a Verſed Sine, and ſometimes a Sagitta. 

And * the Right Line CG be produced from the 
Centre C, thro' one End Def the Arc, until it meets the 
Right Line BG, which is perpendicular to the Diameter 
drawn thro' the other End B of the Arc; then CG is 
called the Secant, and BG the Tangent, of the Arc DB. 

The Coſecant and Cotangent of an Arc are the Secant 
and Tangent of that Arc which is the Complement of the 
former Arc to a Quadrant, Note, as the Chord of an 
Arc, and of its Complement to a Circle, is the ſame ; ſo, 
likewije, are the Sine, Tangent, and Secant, of an Arc, 
tbe ſame as the Sine, Tangent, and Secant, of its Com- 
plement to a Semicircle. 

The Sinus Totus is the greateſt Sine, or the Sine of 
go Degres, which is equal to the Radius of the Circle. 

A Trigonometrical Canon is a Table, which, begin- 
ning from one Minute, orderly expreſſes the Lengths that 
every Sine, Tangent, and Secant, have, in reſpect of the 
Radius, which is ſuppoſed Unity; and is conceived to be 
divided into 10,000,000 or more decimal Parts. And 
fo the Sine, Tangent, or Secant, of an Arc, may be = | 
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by Help of this Table; and, contrariwiſe, a Sine, Ton- 
gent, or Setant, being given,” we may find the Arc it ex- 
preſſes. Take notice, That in the following Traci, R. 
ſignifies the Radius, S. a Sine, Col. a Cofine, T. a Tan- 
gent, and Cot. a Cotangent ; alſo ACq ſignifies the Square 
of the Right Line AC; and the Marks or Characters 
+, —, =, :3 :, and VV, are, ſeverally, 40% to ſignify 
Addition, Subtraction, Equality, Proportionality, and the 
Extraction of the Square Root: Again, when a Line is 
drawn over the Sum or Difference of two Quantities, 
then that Sum or Difference 1s to be conſidered as one 
Quantity. 


— 


i. 


The Cons TRUCTIONS of the 
Trigonometrical Canon. 


PROPOSITION IL. 
T HEOR E M. . 
The two Sides of any Right-angled Triangle being 
given, the other Side is alſo given. 


FSR by 47 of the firſt Element) ACq = ABq 

BCq and ACq—BCq=zABq, and inter- 
changeably ACq—ABqzBCq. Whence, by the 
Extraction of the Square Root, there is given AC = 
VABq+BCq; and ABZY/auqg—BCq; and 
BC VAC - AB. 


PROPOSITION Il, 
PROBLEM. 


The Sine DE of the Arc BD, and the Radius 
CD, being given, to find the Cofine DF. 


HE Radius CD, and the Sine DE, being given in 


the Right-angled Triangle CDE, there will be 


Pb. (by the laſt Prop.) Y/CDq — DEq = (CE =) 
14 PR O- 
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PROPOSITION m. 


PROBLEM. 


The Sine DE of any Arc DB being given, to find 
DM or BM, the Sine of half the Arc. 


DE being given, CE (by the laſt Prop.) will be 
given, and accordingly EB, which is. the Differ- 
ence between the Gofine and Radius. Therefore 
DE. EB, being given, in the Right-angled Triangle 
DBE, there will be given DB, whoſe Half DM is 
$ine of the Arc DL the Arc BD. 


PROPOSITION IV. 


PROBLEM. 


The Sine BM. of the Arc BL being given, to find 
the Sine of double that Arc. 


Fs Sine BM being given, there will be given (by 
2.) the Coſine CM, But the nine 
CBM, BE, are equiangular, becauſe the Angles at 
E and M are Right ngles, and the Angle at B com- 
mon: Wherefore (by 4. 6.) we have CB:CM:: 
(BD, or) 2 BM: DE. Whence ſince the three firſt 
Terms of this Analogy are given, the fourth alſo, 
which is the Sine of the Arc DB, will be known. 


Coroll. Hence CB: 2 CM :: BD: 2 DE; that is, 
the Radius is to double the Coſine of one half of 
the Arc DB, as the Subtenſe of the Arc DB is 
to the Subtenſe of double that Arc. Alſo, CB: 
2 CM :: (2 BM: 2 DE: :) BM: DE:: 41 CB: 
CM. Wherefore the Sine of an Arc, and the Sine 
of its Double, being given, the Coũne of the Arc it- 


ſelf. is givens 


PRO- 
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PROPOSITION v. 
PROBLEM. 


The Sines of two. Arcs BD, FD, being grven, to 
find FI the Sine of the Sum, as likewiſe EL, 
the Sine of their Difference. 

1 the Radius CD be drawn, and then CO is the 

Cdſine of the Arc FD, which accordingly is given, 
and draw OP thro? O parallel to DK; alſo let OM, 

GE, be drawn to CB: Then, becauſe the 

Triangles CDK, COP, CHI, FOH, FOM, are equi- 

angular; in the firſt Place CD: DK:: CO: OP, 

which, conſequently, is known. Alſo, we have CD: 

CK : : FO: FM; and ſo, likewiſe, this ſhall be known. 

But becauſe FO=EO, then will FU=MG=ON ; 

and fo OP -FM=—=FI=Sine of the Sum of the 

Arcs: And OP—FM,; that is, OP-ON =EL = 

Favs 2 the Difference of the Arcs; which were to be 
und. 


Crrall. Becauſe the Differences of the Arcs BE, BD, 


BF, are equal, the Arc BDſhall be an Arithmetical 


Mean between the Arcs BE, BF. 


PROPOSITION VI. 
THEOREM. 


The ſame Things being ſuppoſed, the Radius is to 
double the Caſine of the mean Arc, as the Sine 
of the Differences is to the Difference of the Sines 

of the Extremes. | 

Rwe have CD: CE :: FO: FM; whence, by 

doubling the Conſequents CD: 2 CE :: FO: 

2FM, or) to FG, which is the Difference of the Sines 
FI W. W. D. 


Coroll. If the Arc BD be 60 Degrees, the Difference 
of the Sines FI, EL, ſhall be equal to the Sine FO, 
of the Difference. For, in this Caſe, CK: is the Sine 
of 30 Degrees; the double whereof is equal to the 
Radius; and fo, ſince CD = 2 CK, we ſhall 8 
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FO=FG. And, conſequently, if the two Arcs BE; 
BF, are equidiftant from the Arc of 60 Degrees, the 
Difference of the Sines ſhall be equal to the Sine of 
the Difference FD, 


Coroll. 2. Hence, if the Sines of all Arcs diftant from 
one another by a given Interval, be given; frem 
the Beginning of a Quadrant to bo Degrees, the 
other Sines may be found by one Addition only. 
For the Sine of 51 Degrees=the Sine of 59 De- 
rees-the Sine of 1 Degree; and the Sine of 62 
Degrees the Sine of 68 Degrees the Sine of 2 
Degrees: Alſo, the Sine of . Degrees the Sine 
of 57 Degrees the Sine of 3 Degrees, and ſo on. 
Coroll. 3. If the Sines of all Arcs, from the Beginning 
of a Quadrant to any Part of the Quadrant, diſtant 
from each other by a given Interval, be given, 
thence we may find the Sines of all Arcs to the 
Double of that Part. For, Example Let all the 
Sines to 15 Degrees be given; then, by the prece- 
dent Analogy, all the Sines to 30 Degrees may be 
found: For the Radius is to double the Coſine of 
15 Degrees, as the Sine of 1 Degree is to the Differ- 
ence of the Sines of 14 Degrees, and 16 Degrees; 
So, alſo, is the Sine of 3 Degrees, to the Difference 
between the Sines of 12 and 18 Degrees; and fo 
on continually, until you come to the Sine of 30 
Degrees. 
After the ſame manner, as the Radius is to double the Co- 
fine of 30 Degrees, or to double the Sine of 60 De- 
grees, ſo is the Sine of 1 Degree to the Difference of 
the Sines of 29 and 31 Degrees: : Sine 2 Degrees 
to the Difference of the Sines of 28 and 32 Degrees 
: : Sine 3 Degrees, to the Difference of the Sines of 
27 and 33 Degrees. But, in this Caſe, the Radius is 
to double the Coſine of 30 Degrees, as to / 3*+ 


See FIG. for the DEFINITIONS, 


* Let BD be an Arc of 30 Degrees: 


Rad. Tan, Coſine Sing 


Then, as CB: BG : : FD: DE. DO=CB; ergo DE=4; 


AD —DEg = CE =D: cE: : 1A 


CD: 2 CE: : 1 2 Nσœ N, N- N; E. D. 


And, 


PLANE TRICONOMET RV. 


And, accordingly, if the Sines of the Diſtances from 
the Arc of 30 Degrees, be multiplied b , the 
Differences of the Sines will be had. af. 
So, likewiſe, may the Sines of the Minutes in the Be- 
Fine of the Quadrant be found, by having the 
ines and Coſines of one and two Minutes given. 
For, as the Radius is to double the Coſine of 27 : : 
Sine 10: Difference of the Sines of 1“ and 7 : : Sine 
2' : Difference of the Sines of o“ and 4/; that is, 
to the Sine of 4. And fo, the Sines of the four 
_ firſt Minutes being given, we may thereby find the 
vines of the others to 8“ and from thence to 16/ 
and ſo on. | 


PROPOSITION VI. 
THEOREM = 

In ſmall Arcs, the Sines and Tangents of the ſame 
Arcs are nearly io one another, in a Ratio of 
Equality. LEO | 
O R, becauſe the Triangles CED, CBG, are 
uiangular, CE: CB : : ED: BG. But as the 
Point E approaches B, EB will uaniſh in reſpeR of the 


Arc BD; whence CE will become nearly equal to 
CB, and ſo ED will be alſo nearly equal to BG, If 
I 


EB be leſs than the ——— Part of the Radius 
10,000,000 
then the Difference between the Sine and the Tangent 
I 
will be alſo leſs than the Part of the Tan- 
10,000,000 


gent. : 


Corel. Since any Arc is leſs than the Tangent, and 
greater than its Sine, and the Sine and Tangent of 
a very ſmall Arc are nearly equal ; it follows, that 
the Arc ſhall be nearly equal to its Sine: And fo, in 
very ſmall Arcs, it ſhall be, as Arc is to Arc, ſo is 
Sine to Sine. ; | 


* _ 
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' PROPOSITION VII. . 


PROBLEM. 


To find the Sine of the Arc of one Minute. 


HE Side of a Hexagon inſcribed in a Circle, that 
is, the Subtenſe of 60 Degrees, is equal to the Ra- 
dius (by Coroll. 15th of the 4th); and ſo the Half of the 
Radius ſhall be the Sine of the Arc of 30 Degrees, 
Wherefore the Sine of the Arc of P Degrees being 

iven, the Sine of the Arc of 15 Degrees may be 

ound (by Prop, 3-) Alſo the Sine of the Are of 15 
Degrees being given (by the ſame Prop.), we my have 
the Sine of 7 Degrees 30 Minutes: So, likewiſe, can 
we find the Sine of the Half of this, wiz. 3 Degrees 45 
and ſo on, until twelve Biſections being made, we come 
to an Arc of 52˙, 44*, og, 45?, whole Coſine is 
nearly equal to the Radius; in which Caſe (as is na- 
ni of from Prop. 7) Arcs are proporti to their 
Sines: And, ſo as the Arc of 52 44*, 03*, 455, is to 
an Arc of one Minute, ſo ſhall the Sine before * be 
to the Sine of an Arc of one Minute, which therefore 
will de given. And when the Sine of one Minute is 


found, then (by Prop. 2 and 4.) the Sine and Coſine of 


two Minutes will be had. 


PROPOSITION IX. 


THEOREM. 


1f the Angle BAC, being in the Peripbery of 4 
Circle, be biſefted by the Right Line AD, and 
if AC be produced until DE=AD meets it in 
E; then ſball CE==AB. 


N the quadrilateral Figure ABDC (by 22. 3.) the 
Angles B and DCA are equal to two Right Angles 
 =DCE-+ DCA (by 13 I): Whence the Angle B 
= DCE. But, likewiſe, the Angle E DAC (by 5+ 
1.) = DAB, and DC DB: Wherefore the Tri- 
angles BAD and CED are congruous, and fo CE is 
equal to AB, W.W.D. 
1 4 P R O- 


e ne ß . 
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PROPOSITION X. 


THEOREM. 


Let the Arcs AB, BC, CD, DE, EF, Sc. be 
equal; and let the Subtenſes of the Arcs AB, 
* AC, AD, AE, Sc. be drawn; then will AB 

: AC:: AC: AB+AD:: AD: AC+AE 

:: AE: AD+AF:: AF: AE+AG. 
PET AD bop uced to H, AE to I, AF to K, 

and AG to L, ſo that the Triangles ACH, ADI, 

AEK, AFL, be Ifoſceles ones: Then, becauſe the 
Angle BAD is biſected, we ſhall have DH — AB (iy 
the laft Prop.); ſo likewiſe ſhall EI=AC, FE=AD, 
allo GL = AEK. 


But the Iſoſceles Triangles ABC, ACH, ADI, 


AEK, AFL becauſe of the equal Angles at the 
equiangular : W herefore it ſhall be, as AB: 


Baſes, are 
AC:: AC: (AH=)AB4+AD : : AD: (Al) ACA. 


AE :: AE: (AK= F::AF:(AL= 
n (AL=) AE+ 


Coll. 1. Becauſe AB is to AC, as Radius is to dou» 
ble the Coline of } the Arc AB, it ſhall alſo be (by 
Coroll. Prop. 4.) as Radius is to double the Coſine 
72 I B Al AB, fo is 2x AB:: AC:: 1 AC: 

LI AD :: f AD: ACT! 1AE : T AE: 

135 F AF, &c. Now let each of the Arcs AB, 
„Oc. be 2/ ; then will 2 AB be the Sine of 
one Minute, 7 1 AC the Sine of 2 Minutes, 4 AD 
the Sine of 3 Minutes, 5 AE the Sine of 4 Minutes, 


ee.  Whence, if the Sines of one and two Minutes 


be given, we may eaſily find all the other Sines, in 
the following 8 ; 


Let: the Coſine of the Arc of one Minute, that is, the 


Sine of the Arc of 89 — 59's be called Q; and 


_ the be lowing Ana ; R.:2Q: : Sin. 2” 
how fore the Sine of 3 dos 


+ > ta — Alo, R. 20 wy he Rey 
Wherefore the S. 4“ is given. And To 7 
5 nd ſ the Sine of 5 Wilde dai 


Like - 
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Likewiſe, R.:2Q::S.5' :S.4/4+8.6'; and fo we 
{hall have the Sine of 6” . And, in like manner, the 
Sines of every Minute of the Quadrant will be 
given, And becauſe the Radius, or the firſt Term 
of the Analogy, is Unity, the Operations will be 

with great Eaſe and Expedition calculated by Mul- 
tiplication, and contracted by Addition. When the 
Sines are found to 60 Degrees, all the other Sin 
may be had by Addition only (by Cor. 1 Prop. 6.) 

The Sines being given, the Tangents and Secants may 
be found from the following Analogies (in the Fi- 
gure for the Definitions); becauſe the Triangles 
CED, CBG, CHI, are equiangular, we have 

CE: ED : : CB: BG; that is, Coſ.: S.:: R.: T. 

GB: BC. : CH: HI; that is, .: R:: R.: Cot, 

CE: CD :: CB: CG; that is, Coſ: R.:: R.: Secant. 

DE: CD:: CH: CI; chat is, S.: R.: : R.: Coſec. 


SCHOLIUM, 
That great Geometrician, and incomparable Philoſo- 


pher, Sir Iſaac Newton, was the firft that laid down 


a Series, converging in infinitum ; from which, having 
the Arcs given, their Sines may be found. Thus, if an 
Arc be called A, and the Radius be an Unit, the Sine 
thereof will be faund to be 


* =p 3 A 
42 — 4 — — — &c, 
I 2.3 1.2.3·4.5 1-2.3.4.5.0.7 1+2.3-4-5-6.7.8.9 
And the Coſine, N 
A ; A+ AS A® 
DSP ²˙ m ˙ — e. 
1.2 1.2.3.4 1.2. 3.4.5.0 1.2. 3. 4. 5. ö. 7. 8 


Theſe Series in the Beginning of the Quadrant, whe" 
the Arc A is but ſmall, ſoon converge. For in the Se- 
ries for the Sine, if A does not exceed 10 Minutes, tht 
two firſt Terms thereof, viz. A—4 A*, give the Sine 


to 15 Places of Figures. If the Arc A be not greater 


than one Degree, the three firſt Terms will exhibit the 
Sine to 15 Places of Figures; and fo the ſaid Series are 
very uſeful for finding the firſt and laſt Sines of the 
Dradrant. But the greater the Arc A is, the more 
% the Terms of the Series required ta have the LF in 

| un- 


EE 


2. þ — —— I 
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Numbers, true to a given Place of Figures, And then, 
quben the Arc is nearly equal to the Radius, the &. eries 
converges very „and therefore, to remedy this, I 
have _ other Series, ſimilar to the Newtonian ones, 
herein I ſuppoſe, the Arc, whoſe Sine is ſought, is the 
um or bt erence of two Arcs, viz. A+z, or A—z : 
And let the Sine of the Arc A be "called a, and the Coſme 
b. Then the Sine of the Arc AZ will be expreſſed 
thus : 
bz az* by? az* bz 
I, 2 4 ——ͤů— —— + ＋—— . 
1a 13-34. -1&S&$ 
And the Caſine is 
s b bz# az* bz 


* + — 


1 1.2 1.2.3 1.2.3.4 1-2-3-4.5 1. 2.3.45 6 
In lite manner the Sine of the Arc A—7 is 
bz az* bz? az? bz az 
F — a 
: 1 1.2 1.2.3 1,2.34 1.2.3.4.5 1:2.3.4'5.6 
And the Coſine i 
be az? bz az® 
4. b ———— 4 — — &c. 
1 1 „ n 
The Arc, A, is an arithmetical mean between the Arc 
Az, and the Are Az. And the Differences of the 


Sines are 


: F 


. bz5 22 
3. ——— 1 —— Us. 
1 1.2 1.2.3 1.2.3.4 1. 2.3.4.5 1.2.3. 4.5. 0 
by W bz? az* bz az 
— —— 


1 1, 1.2.3 1.2.3.4 1.2.3.5 1.2.3.4. 5.6 
Whence the Di erence of the 9 or ſecond 
Difference, will be 


. 2az* 2az5 
1.2 1:2.3-4 1.2.3-4-5.6 
Z* z* 20 


. . 


1.2 1.2.3.4 1.2. 6 
3. 3:4+5+ Which 


a —— e — —̊Bᷣ OO  TFIEEy — 
— de tle CEE Inn CET . 
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* Which Series is equal to double the Sine of the mean Arc, 


drawn into the Verſed Sine of the Arc z, and converges 
very ſoon. So that if z be the firſt Minute of the Qua- 
drant, the firſt Term of the Series gives the ſecond Dif- 


ference to 15 Places of Figures, and the ſecond Term ta 


25 Places. 

From hence, if the Sines of the Arcs, diſtant one Mi- 
nute from each other, be given ; the Sines of all the Arcs, 
that are in the ſame Progreſſion, may be found by an ex- 
ceeding eaſy Operation. 

In the firſt and ſecond Series, if Aro; then ſhall a=0, 
and b its Cofine will become Radius, or 1. And hence if the 
Terms wherein a is, are taken away, and 1 be put inſtead 
of b, the Series will become the Newtonian. In the third 
and fourth Series, if A be go Degrees, we ſhall have 
bo, and a=1. ce, again, taking away all the 
Terms wherein b is, and putting 1 in/lead of a, we ſhall 
have the Newtonian Series ariſe. 

Note, All the ſaid Series eaſily flow from the Newto- 
nian ones By the fifth Propoſition. 


PROPOSITION X. 
THEOREM. 

In a Right-angled Triangle, if the Hypotbenuſe be 
made the Radius, then are the Sides the Sines of 
their oppofite Angles ;, and if either of the Legs 
be made the' Radius, then the other Leg is the 
Tangent of its oppoſite Angle, and the Hypo- 
thenufe is the Secant of that Angle. | 


T is manifeſt, that CB is the Sine of the Arc D, 
and AB the Coline thereof ; but the Arc CD is the 
Meaſure of the Angle A, and the Complement of the 
Meaſure of the Angle C: Moreover, if AB in the ſe- 


cond Figure to this Propoſition, be ſuppoſed Radius, 
then BC is the Tangent, and AC the Secant of the Arc 


BD, which is the Meaſure of the Angle A. 80, alſo, if 
BC be made the Radius, then is BA the Tangent, and 
AC the Secant, of the Arc BE, or Angle C. W. W. D. 
Therefore. as AC, being taken as ſome given Meaſure, 
is to BC taken in the ſame Meaſure; ſo ſhall the Num- 
ber 10,000,000 Parts, into which the Radius is ſup- 


poſed to be divided, be to a Number expreſſing, in the 


5 
e 
7 
4 
1 
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ſame Parts, the Length of the Sine of the Angle A; 


that 1s, 2 he 
it will be, as AC : BC: RR: 

by the ſame Reaſon, as AC: BA:;R:iSO 
alſo, as AB: BC: 2 + EF As 

and, as BC : BA: T, G. 


And ſo, if any three of theſe Proportionals be given, 
the fourth may be found by the Rule of Three, 


PROPOSITION' xu. 


THEOREM. 


The Sides of plane Triangles are as the Sines of 
their oppoſite Angles. 


F the Sides of a Triangle, inſcribed in a Circle, be 
biſected by 1 Radii; then ſhall the half 
Sides be the Vines of the Angles at the Periphery ; for 
the Angle BDC, at the Centre, is double of the Angle 
BAC at the Periphe (by 2c 20 El. lib. 3.); and ſo (the 
Half of BDC, viz. \ BD = BAC, and BE is the Sine - 
of (BDE, or) BAC. For the ſame Reaſon, BF ſhall 
be the * of the Angle BCA, and AG the Sine of 
the Angle ABC. 

In a Right-angled Triangle we have BD = $5 BC 
= Radius (by 31 Eucl. 3.) ; but Radius is the Sine of 
» Right Angle: Whence half BC is the Sine of the 

le A. 

In an obtuſe-angled Triangle, let BI, CI, be drawnz 
and then the Angle I ſhall be the Complement of the 
Angle A to hin, Nen Angles (by 22 El. 3.); and fo 
they ſhall both have the 2 Sine. But the Angle 
BDE (whoſe Sine is BE) Angle I; therefore BE 
ſhall be the Sine of the An * BAC. And ſo in every 
Triangle, the Halves of he Sides are the Sines of the 
oppoſite Angles : But it is manifeſt, that the Sides are 
to one another as their Halves. And therefore, the 
Sides of plane Triangles are as the Sines of their oppoſite 
Angles, W. W. D. 


1 'PRO- 


The ELEMENTS of 
PROPOSITION XIII. 

= 4D 20k YM ' 
In a plane Triangle, the Sum of the Legs, the Dif- 
ference of the Legs, the Tangent of the half Sum 
of the Angles at the Baſe, and the Tangent of 

one half their Difference, are proportional. 

ET there be a Triangle AB, whoſe Legs are AB, 
BC, and Baſe AC. Produc&&#Þ'to H, fo that 
BH=BC; then ſhall AH be the Su of the Legs; 
and if you make BIA, then IH will be the Differ- 
ence of the Legs. Alſo, the Angle HBC= Angles 
AAC; (/ 32 El. 1.) ; and ſo EBC the Half thereof 
half the Sum of the Angles A, and ACB, and its 
Tangent (putting the Radius==EB) is EC. Again, 


let BD be drawn parallel to AC, and make HF=CD; 


then, ſince HB=CB, we ſhall have (by 4 El. 1.) the 
Angle HBF=CBD=BCA (by 29 El. 1.) Alfo, the 
Angle HBD=Angle A; whence FBD ſhall be the 
Difference of the Angles A and ACB, and EBD, 
whoſe Tangent is ED, half their Difference. Let IG 
be drawn thro' I parallel to AC or BD; and then (by 
2 El. G.) AB BI:: CD; DG. But AB=BI; 
whence we {hall have CDS EG CD=HF, and 
ſo HF=DG ; and, conſequently;zHG==DF „and 4 
HG=ZDF=DE ; and becauſe the Triangles AHC, 
IG, are equiangular, it ſhall be, as AH: IH : : HC 
: HG: : HC: 4 HG : : EC: ED. That is, AH the 
Sum of the Legs, to IH the Difference of the Legs, ſhall 
be, as EC the Tangent of one half the Sum of the Angles 
at the Baſe, to ED the Tangent of one half of their Differ- 
ence. W. W. D. | 2 


PROPOSITION XIV. 
THEOREM. 


In a plane Triangle, the Baſe, the Sum of the Sides, 
the Difference of the Sides, and the Difference 
of the Segments of the Baſe, are proportional. 
ET DC be the Baſe of the Triangle BCD. About 
the Centfe B, with the Radius BC, let a Circle be 


deſcribed ; produce DB to G, and from B let fall BE 
| per- 


1 
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perpendicular to the Baſe ; then ſhall DG=DB--BC 
Sum of the Sides, and DH=Difference of the Sides; 


and DE, CE, are the Segments of the Baſe whoſe Dif- 


ference is DF ; then, becauſe (by Cor. Prop. 37. El. 3.) 


the Rectangle under DC and DF is equal to the Rect- 


angle under DG, DH; it mall be ( 16 El. 6.),-as 
D: DG:: DH: PF. 55% | 


PROPOSITION XV. 


The Sum and Difference of any two Quantities be- 
ing given, to find the Quaniities themſelves, 


F one half of the Sum be added to one half of the 
Difference, the Aggregate ſhall be equal to the 
greater of the Quantities; -and if from one half of the 
Sum be taken one half of the Difference, the Reſidue 
ſhall be equal to the leſſer of the Quantities. . For, let 
there be two Quantities AB, BC; and let there be 
taken AD=SBC ; then DB will be their Difference, 
and AC their Sum; which, biſected in E, gives AE 
or EC the half Sum; and DE or EB the half Differ- 


ence, Hence, AB= AE ＋ EB the half Sum + the 


half Difference; and BC=CE—EB=the half Sum 
—the half Difference. 


Ne 2 ] 8 


, 


A DE B C 


Note, I. In any plane Triangle, if two. Angles be given, 
the third Angle is alſo given; becauſe it is their Comple- 
ment to two Right Angles. 

II. If. one of the acute 2 a Right-angled Tri- 

angle be given, the other acute Angle will be given, be- 

cauſe it is the Complement of the given Angle to a Right 
ngle. | 

III. And if two Sides of a Right-angled Triangle be 


&iven, the other Side may be found by the firſt Propoſi- 


tion, without a Canon. 


v2 The 
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The Trigonometrical Solutions of a Right-anpled 
Triangle may be as follow. Vid. Fig. A. 


[ Given | Sought | Make as, 
The The AB: BC: : R: T, of 
I | Legs AB] Angles. the Angle A, whoſe Comple- 
and BC. ment is the Angle C. 
The | The AC: AB::R:6,C, 
I Leg AB, Angles. |whoſe Complement is the 
2 | and the Angle A. . 
| Hypo- 
thenuſe 
AC. 2 TR 
74 The The A:: AB: BC. 
Leg AB,| other |S, C:R,:: AB: AC, 
and the Leg BC, 
3]Angle A.] and the 
Hypo- 
| thenuſe 
AC. | 
i The R: 8, C:: AC: AB. 
Hypo- Leg AB 
thenuſe 
4A C and, 
ſche Angle 
C. 2 x 3 


The Trigonometrical Solutions of Oblique-angled 
Triangles. Vid. Fig. to Prop. 12. 


Mer 


— 


24 Given | Sought | Make as * 
The | The | 8, C: 8, A:: AB : BC. Allo, 
{Angles| Sides |S, C:S, B:: AB: AC, But 
A, B, C; BC andſ when two Angles are given, the 
1 and the AC. [third is alſo given: Whence the 
Side Caſe wherein two Angles and a 
AB. Side are given, to find the reſt, 
2 falls into this Caſe. 


Given 
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Given] Sought Make as 
All the] All the 15, C: S, A:: AB: BC. And 
Angles | Sides 8, C: 8, B:: AB: AC. Whence, 
A, B, C AB, ſif the Angles are given, the Pro- 
2 A C, [portions of the Sides may be 
B C. found, but not the Sides them- 
fſelves, unleſs one of them be firſt 
| known. | | | 
"I The | The IAB: BC::S, C:5S, A; which 
two | Angles [therefore may be found, When 
Sides | A and IAB, the Side oppoſite to C, the 
| AB, B. given Angle, is longer than, CB, 
B C, the Side oppoſite to the ſought 
d C, Angle, the ſought Angle is f 
3 |the An- than a Right one. But when it 
le op- ſis ſhorter, becauſe the Sine of an 
poſite t Angle, and that of its Comple- 
one of ment to two Right Angles, is the 
| them. ſame, the Species of the Angle A 
: muſt be firſt known, or the Solu- 
tion will be ambiguous. 
— The | The Lid. fg. to Frop. 13. * 2 
two' | Angles [nc ANR. 4 ATC — 
Sides A — A "ou; T, 2 
A B, C. |Whence is known the Difference 
B C, of the Angles A and C, whoſe 
+ and the Sum is given; and fo (by Prop. 
inter- 15) the Angles themſelves will be 
jacent given. 
Angle | 
B. | 
[All the | The Vid Fig. B. Let the Perpendi- 
Sides |Angles. cular be drawn from the Vertex 
[AB, to the Baſe, and find the Seg- 
B C, ments of the Baſe by Prop. 14. 
AC. viz. make as BC: AC+AB 42 
5 AC— AB : DC — DB. And 
ſo BD, DC, are given from this 
Analogy ; and thence the Angles 
ABD, ACD, will be given by 
| the Reſolution of Right-angled 
2 Triangles. 
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Spherical Trigonometry. 


DEFINITIONS. 


7 E Poles of a Sphere are two Points in 

the Superficies of the Sphere, that are the 
Extremes of the Axis. 

II. The Pole of a Circle in a Sphere is a Point in 
the Superficies of the Sphere, from which all 
Right Lines that are drawn to the Circumfer- 
ence of the Circle are equal to one another. 

III. A great Circle in a Sphere is that whoſe. 

Plane paſſes thre the Centre of the Sphere, and 
whoſe Centre is the ſame with that of the 
Sphere. 1 | 

IV. A ſpherical Triangle is a Figure compre- 
Bended under the Arcs of three great Circles in 

a Sphere. 5 

V. A ſpherical Angle is that which, in the Su- 

perficies of the Sphere, is contained uuder two 

Arcs of great Circles; and this Angle is equal 

to the Inclination of the Planes of the ſaid 

Cone | 


Ke. 
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PROPOSITION I. 


Great Circles ACB, AFB, mutually biſect each 
other. 


OR, ſince the Circles have the ſame Centre, 
F their common Section ſhall be a Diameter of 

each Circle, and ſo will cut them into two 
equal Parts. 


Coroll. Hence the Arcs cf two great Circles in the 
Superficies of the Sphere, being leſs than Skmicir- 
cles, do not comprehend a Space; for they cannot, 
unleſs they meet each other in two oppoſite Points, 
that is, unleſs they are Semicircles. | 


PRO POSITION II. 


If from the Pole C of any Circle AFB, he. draun 
a Right Line CD to the Centre thereof, the 
ſaid Line will be perpendicular to the Plane of 
that Circle. Vid. Fig. to Prop. 1. 


JET there be drawn any Diameters EF, GH, in 
the Circle AFB; then, becauſe in the Triangles 
CDF, CDE, the Sides CD, DF, are equal to the 
Sides CD, DE, and the Baſe CF equal to the Baſe 
CE (by Def. 2.) ; then (by 8 EI. 1.) ſhall the Angle 
CDF=Angle CDE, and fo each of them will be a 
Right Angle. After the ſame manner we demonſtrate, 
that the Angles CDG, CDH, are Right Angles; and 
1o(ty4 El. 11.) CD ſhall be perpendicular to the Plane 
of the Circle AFE. W. D. Ty | 


Coroll. 1. A great Circle is diſtant from its Pole by the 
Interval of a Quadrant; for, finze the Angles 
CDG, CDF, are Right: Angles, the Meaſures of 
them, viz. the Arcs CG, CF, will be Quadrants. 

2. Great Circles, that paſs thro' the Pole of ſome other 

Circle, make Right Angles with it; and, contrari- 

wiſe, if great Circles make Right Angles with ſome 

other Circle, they ſhall paſs thro' the Poles of that 
other Circle ; for they muſt neceſlarily paſs thro* the 


, . 


Right Line DC, 
| . 4 PR O- 
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PROPOSITION III. 


If a great Circle ECF be deſcribed about the 
Pole A; then the Arc CF, intercepted between 
AC, AF, is the Meaſure of the Angle CAF, 
or CDF, Vid. Fig. to Prop. 1. 


T HE Arcs AC, AF (by Cor. 1 Prop. 2.), are Qua- 
drants; and, conſequently, the Angles ADC, 
ADF, are Right Angles : Wherefore (by Def. 6. El. 
11.), the Angle CDF (whoſe Meaſure is the Arc CF) 
is equal to the Inclination of the Planes ACB, AFB, 
and alſo 5 i to the Spherical Angle CAF, or CBF. 


Coroll. 1. If the Arcs AC, AF, are Quadrants, then 
ſhall A be the Pole of the Circle paſſing thro? the 
Points C and F; for AD is at Right Angles to the 
Plane FDC (% 4 El. 11.). 


2. The vertical Angles are equal ; for each of them is 
equal to the Inclination of the Circles; alſo the ad- 
joining Angles are equal to two Right Angles. 


PROPOSITION IV. 


Triangles ſhall be equal and congruous, if they 
have two Sides equal to two Sides, and the An- 
gles comprebended by the two Sides alſo equal. 


PROPOSITION V. 


Alſo Triangles ſhall be equal and congruous, if one 
Side, together with the adjacent Angles in one 
Triangle, be equal to one Side, and the adjacent 
Angles of the other 7. riangle. 

PROPOSITION VI. 


Triangles mutually equilateral, are alſo mutually 
equiangular. 


PROPOSITION vn. 
In 1ſeſceles Triangles, the Angles at the Baſe are 


equal, | 
PRO.: 


* 
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PROPOSITION VIL 


"And if the Angles at the Baſe be equal, then the 
Triangle ſhall be Jſoſceles. 
1 five laſt Propoſitions are demonſtrated in 


the ſame manner, as in plane Triangles. 


PROPOSITION IX. 


Any two Sides of a T. "—_ are greater than the 
third. 


| Neu the Arc of a great Circle is the ſhorteſt way, 


between any two Points in the Superficies of the 
Sphere. 


PROPOSITION X. 
A Side of a Spherical Triangle is leſs than a 


Semicircle. 
LET AC, AB, the Sides of the Triangle ABC, be 


produced till they meet in D: Then ſhall the 


Arc ACD, which is greater than the Arc AC, be a 
Semicircle. 


PROPOSITION XI. 


The three Sides of a Spherical Triangle are leſs 
than a whole Circle. | 

FSR BD + DC is greater than BC (by Prop, q.); 

and, adding on each Side BA + AC ; then DBA 

+ DCA, that is a whole Circle, will be greater than 


BAT BC AC, which are the three Sides of the 
Spherical Triangle ABC. 


PROPOSITION XII. 


In any Spherical Triangle ABC, the greater An- 
| gle A is ſubtended by the greater Side. 


AKE the Angle BAD= Angle B; then ſhall 


AD=BD (by 8 of this); and ſo BDC=DA+ 
DC, and theſe Arcs are greater than AC. Wherefore 
the Side BC, that ſubtends the Angle BAC, is greater 


than the Side AC, that ſubtends the Angle B. 
.PRO- 


d 
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PROPOSITION XIII. 


In any Spherical Triangle ABC, if the Sum of the 


Legs AB and BC be greater, equal, or leſs, than 
a Semicircle, then the internal Angle at the Baſe 
BAC ſball be greater, equal, or leſs, than the 
external and oppofite Angle BCD; and ſo the 
Sum of the Angles A and ACB fhall alſo be 
greater, equal, or leſs, than iwwo Right Angles, 
FIRST, let AB+BC=Semicircle=AD ; then ſhall 


BC==BD, and the Angles BCD and D equal (% 
8 of this); and therefore the Angle BCD ſhall be= 


Angle A. 


Secondly, let AB4+BC be greater than ABD; then 
ſhall BC be greater than BD; and ſo the Angle D 
(that is, the Angle A, by 12 of thts) ſhall be greater 
than the Angle BCD. In like manner we demonſtrate, 
if AB+BC be together leſs than a Simicircle, that 
the Angle A will be leſs than the Angle BCD: And 
becauſe the Angles BCD and BCA are =two Right 
Angles, if the Angle A be greater than the Angle BCD, 
then ſhall A and BCA be greater than two Right An- 
gles; if the Angle Ag BCD, then ſhall A and BCA 
be equal to two Right Angles ; and if A be leſs than 
BCD, then will A and BCA be leſs than two Right 
Angles. W. W. D. ä 


PRO POSITION XIV. 


In any Spherical Triangle GHD, the Poles of the 
Sides, being joined by great Circles, do conſtitute 
another Triangle XMN, which is the Supple- 
ment of the Triangle GHD; viz. the Sides 
NX, XM, and NM, Hall be Supplements of 
the Arcs that are the Meaſures of the Angles 
D, G, H, to the Semicircles ; and the Arcs that 
are the Meaſures of the Angles M, X, N, will 
be the Supplements of the Sides GH, GD, and 
HD, to Semicircles. 


R O M the Poles G, H, D, let the great Circles 


XCAM, TMNO, XK BN, be deſcribed ; then, 
becauſe 


AS00600 opTYrPFCCT 
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becauſe G is the Pole of the Circle XCAM, we ſhall 
have GM Quadrant (Cor. 1. Prop. 2); and fince 
H is the Pole of the Circle TMO, then will HM be 
alſo a Quadrant; and fo (by Cor. 1. Prop. 3.) M ſhall 
be the Pole of the Circle GH. In like manner, be- 
cauſe D is the Pole of the Circle XBN, and H the Pole 
of the Circle TMN, the Arcs DN, HN, will be Qua- 
drants ; and fo 3 Cor. 1. Prop. 3.) N thall be the Pole 
of the Circle HD. And becauſe GX, DX, are Qua- 


drants, X will be the Pole of the Crele GO. Theſe 


Things premiſed, _ 

Becauſe NK — Quadrant, and XB = Quadrant (by 
Cor. 1. Prop. 2.); then will NE+XB, that is, NX 
+KEB=two Quadrants, or a Simicircle; and ſo NX 
is the Supplement of the Arc K, or of the Meaſure of 
the Angle HDG, to a Simicircle. In like manner, be- 
cauſe MC = Quadrant, and XA Quadrant, then will 
MC-+XA, that is, XM AC, two Quadrants, or a 
Semicircle; and, conſequently, XM is the Supplement 
of the Arc AC, which is the Meaſure of the Angle 
HGD. Likewiſe, ſince MO, NT, are Quadrants, 
we ſhall have MO4-NT=OT+NM= Semicircle : 
And therefore NM is the Supplement of the Arc OT, 
or of the Meaſure of the Angle GH D to a Semicircle. 
W. W. D. | 

Moreover, becauſe DK, HT, are Quadrants, DRK 
HT, orK TH, are equal to two Quadrants, or 
a Semicircle; therefore K T, or the Meaſure of the 
Angle XNM, in the Supplement of the Side HD to a 
Semicircle. After the ſame manner it is demonſtrated, 
that OC, the Meaſure of the Angle XMN, is the Sup- 
plement of the Side GH; and BA, the Meaſure of 
— Ange X, is the Supplement of the Side GD. 

W. D. 3 | 


P RO POSITION XV. 

Equiangular Spherical Triangles are alſo equi- 
| lateral. © EET 

FER their Supplementals (by 14 of this) are equila- 

teral, and therefore equiangular alſo; and fo them- 

ſelves are likewiſe equilateral ( Part 2, Prop 14.) 


PR O- 
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PROPOSITION XVI. 


The three Angles of a Spherical Triangle ar | greater 
than two Right Angles, and leſs than ſix. 


FR the three Meaſures of the Angles G, H. D, to- 
gether with the three Sides of the Triangle XNM, 
make three Semicircles (by 14 of this); but the three 
Sides of the Triangle XNM are leſs than two Semi- 
circles (by 11 of this). Wherefore the three Meaſures 
of the Angles G, H, D, are greater than a Semicircle; 
and ſo the Angles G, H, D, are greater than two Right 
Angles. | 

The ſecond Part of the Propoſition is manifeſt; for, 


in every Spherical Triangle, the external and internal 


. Angles, together, only make fix Right Angles: Where- 


fore the internal Angles are leſs than fix Right Angles. 


PROPOSITION XVII. 


Tf from the Point R, not being the Pole of the Cir- 
cle AFBE, there fall the Arcs RA, RB, RG, 
RV, of great Circles to the Circumference f 
that Circle; then the greateſt of thoſe Arcs is 
RA, which paſſes thro the Pole C tbereof; 
and the Remainder of it is the leaſt , and thoſe 
that are more diſtant from the greateſt are :eſs 
than thoſe which are nearer to it, and they make 
an obtuſe Angle with the former Circle AFB, on 


the Side next to the greateſt Arc. Vid. Fig. 
to Prop. 1. 


Ecauſe C is the Pole of the Circle AFB, then ſball 
CD, and RS, which is parallel thereto, be perpen- 
dicular to the Plane AFB. And if SA, SG, SV, be 
drawn, then ſhall SA (by 7 El. 3.) be greater than SG, 
and SG greater than SV. Whence, in the Right- 
angled plane Triangles RSA, RSG, RSV, we fall 
have R3q-+SAq, or RAq, greater than RSq+SGq, 
or RGq; and ſo RA will be greater than RG, and the 
Arc RA greater than the Arc RG. In like manner, 
RSqþ+SG9q, or RGq, ſhall be greater than R8q+SVq, 


or 


_— 4 


2 Right Angle (by 17 of this) ; and if the 
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or RVq ; and ſo RG ſhall be greater than RV, and 


the Arc RG greater than the Arc RV. 


2dly, The Angle RGA is greater than the Angle 


CGA, which is a Right Angle (by Cor. Prop. 3.) ; 
and the Angle RVA is greater than the Angle CVA, 
which alſo is a Right Angle. Therefore the Angles 
RGA, RVA, are obtuſe Angles. 


PROPOSITION XVIIL 


In Spherical Triangles AGR, AGX, Right-angled 
at A, the Legs containing the Right Angle are 
of. the ſame Affection with the oppoſite Angles, 
that is, if the Legs be greater or leſs than Qua- 
drants, then, accordingly, will the Angles oppo- 
ite to them be greater or leſs than Right An- 
gles. Vid. Fig. to Prop. 1. 
OR if AC be a Quadrant, then will C be the Pole 
of the Circle AFB; and the Angles AGC, AVC, 
will be Right Angles. If the Leg AR be greater than 
a Quadrant then thall the Angle AGR be oe than 


AX be 
leſs than a Quadrant, the Angle AGX ſhall be leſs 
than a Right Angle. 


PROPOSITION XX. 

If two Legs of a Right-angled Spherical Triangle 
be of the ſame Affection (and conſequently the 
Angles), that is, if they are both leſs, or both 
greater, than a Quadrant, then will the Hypo- 
thenuſe be leſs than a Quadrant. Vid. Fig. 
to Prop. 1. 


N the Triangle ARV, or BRV, let F be the Pole of 
the Leg AR; then will RF be a Quadrant, which 


is greater than RV (Ly 17 of this). 


PROPOSITION XX. 


If they be of a different Aﬀettion, then fhall the 
 Hypothenuſe be greater than a Quadrant. 
Vid. Fig. to Prop. 1. 


OR, in the Triangle ARG, the Hypothenuſe RG is 
greater than RF, which is a Quadrant, PRO- 
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If the Hypothenuſe be greater than 4 Quadrant, 


_ thenthe Legs of the Right Angle, and ſo the An- 
gles oppoſiie to them, are of a different Affection; 
but if leſſer, of the ſame AMfection. Vid. Fig. 
os ͤ OBE. ESTI „ 

THIS Propoſition, being the Converſe of the former 
ones, eafily follows from them. | 
PROPOSITION XXII. 
Tn any Spherical Triangle ABC, if the Angles at 
ide Baſe B and C be of the ſame Affection, then 
the. perpendicular falls within the Triangle; 
and if they be of à different Aﬀettion, the 
_ Perpendicular falls without the Triangle. 
IN the firt Caſe, if the Perpendicular does not fall 
within, let it fall without the Triangle (as in Fig. 2.); 
then, in the Triangle ABP, the Side AP is of the ſame 
Affection with the Angle B. And, in like manner, in 
the Triangle ACP, AP is of the ſame Affection with 
the Angle ACP; therefore, ſince ABC and ACP are 
of the ſame Affection, the Angles ABC, ACB, ſhall be 
of a different Affection; which is contrary to the 
Hypothelis. Vt -A 2 
In the ſecond Caſe, if the Perpendicular dots not fall 


without, let it fall within (as.in. #7g..1.). Then, in the 


Triangle ABP, the Angle B is, of the ſame Affection 
with the Leg AP. So, likewiſe, in the Triangle ACP, 
the Angle s is of the ſame Affection with AP; and 
therefore the Angles B and C are of the ſame Aﬀec- 


tion; which is contrary to the Hypotheſis. 


PROPOSITION XXIII. 


In Spherical Triangles BAC, BHE, Rigbt- angled 


at A and H, if the ſame acute Angle B be at 
the Baſe BA, or BH, then the Sines of the Hy- 
pothenuſes ſhall be proportional to the Sines of 
the perpendicular Ares. 


OR the Right Lines CD, EF, being perpendi- 


cular to the fame Plane, are parallel, Alſo, D 2 
, 


7 
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DP, perpendicular to the Radius OB, are likewiſe pa- 
rallel: Wherefore the Planes of the Triangles EFR, 
CDP, are alſo parallel ( 15 El. 11.).: . Wherefore 


Cp, ER, the common Sections of thoſe Planes, with 


the Plane paſſing 'thro? BE, CO, will be parallel (y 
16 El. 11.). Therefore the Trian 4 COP EEK, 
ſhall be equiangular : Wherefore CP, the Sine of the 
Hypothenuſe BC, is to CD the Sine of the perpendi- 
eular Arc CA, as ER the Sine of the Hypothenuſe 
BE, to EF the Sine of the perpendicular Arc EH. 
W. W. D. e ee 
PROPOSITION: XXIV. 

Sines of the Baſes, are Proportional ta IA, GH, 

the Tangents of the perpendicular Ares. 
FEN. after the ſame manner as in the laſt Propoſi- 
1 tion, we demonſtrate, that the * QAI, 
KHG, are equiangular; whence, QA: Al: : KH: 
we. 1 | 


PROPOSITION XXV. 
In a Spherical Triangle ABC, Righteangled at A, 
as the Coſine of the Angle B, at the Baſe BA, is 
to the Sine of the vertical Angle ACB, ſo is the 
Cofine of the Perpendicular, to the Radius. 
| PREPARATION. _ $0 
T ET the Sides AB, BC, CA, be produced, ſo 
that BE, BF, CI, CH, be Quadrants ; and from 
the Poles B and C draw the great Circles EFDG, 
IHG; then will the Angles at E, F, I, H, be Right 
Angles; and ſo D is the Pole of BAE (4% Cor. 2. 


Prop. 2. of this), and G the Pole of IFCB: Alſo, AE 
will be = Complement of the Arc BA, and FE the 


Meaſure of the Angle B-= GD, and DF their Com- 


plement: Alſo, BC ſhall be=FI= Meaſure of the 
Angle G, and CF their Complement: Likewiſe, 
CA—HD, and DC their Complement. Theſe 
Things premiſed, in the Triangles HIC, DCF, Right- 
angled at I and F, and having the ſame acute Angle 
C; fince BA is leſs than a Quadrant, it will be, 5 8, 


* 


304 We ETMENTS of 


DF: 8, HI: : 8, DC: 8, HC; that is, the Coſine 
of the Angle B is to the Sine of the vertical Angle 
' BCA, as the Coſine of CA is to Radius. W. W. D. 


PROPOSITION XXVI. 


The Cofine of the Baſe : Cofine of the Hypotbenuſe: : 
R: Coſ. of the Perpendicular. | 

OR in the Triangles AED, CFD, Right-angled at 

E, F, having the ſame acute Angle D; becauſe 


AE is leſs than a Quadrant, we have, S, EA : S, CF 


P ROPOS ITION XXVII. 
S, of the : BaſeR: : T, of the Perpendicular : T. 
| of the Angle at the Baſe. 
OR in the Triangles BAC, BEF, Right-angled at 
A and E,'and having the ſame acute Angle B; 


becauſe AC is leſs than a Quadrant, we have 8, BA: 
8, BE:: T, AC: T, EF. W. W. D. 


PRO POSITION XXVIII. 
Coſ. of the Vertical Angle: R:: T, of the Per. 
pendicular : T, of the Hypotbenu ſe. 


TY the Triangles GIF, GHD, Right-angled at I and 
H, and having the Game acute Angle G, becauſe 
HD is leſs than HC, or a Quadrant, it is, as 8, GH: 
8, Gl: : T, HD: T, IF. 


PROPOSITION XXX. 


8, of the Hypotbenuſe : R:: S, of the Perpendi- 
cular : S, of the Angle.at the Baſe. 


N the aforeſaid Triangles we have 8, IF: 8, GF:: 
8, HD: 8, GD. | | 


P RO- 


. — — —ʒë . —k— 
- — — — ———_ ⏑—˙— 
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R: Ca, of the Hypothenuſe : : T. of the vertical 
| Angle : Cot. of the Angle at the Baſe. 


is leſs than a 


N the Triangles HIC, DFC, Right-angled at I and 


F, and having the ſame acute Angle C, becauſe DF 
Quadrant, we have 8, CI: 8, CF:;:T, 
HI: T, DF; chat is, R: Coſ. BC :: T, C: Cot. B. 


The laſt fix Propoſitions are ſufficient for ſolving all 
the ſixteen Caſes of Right-angled Spherical Triangles. 
Theſe fixteen Caſes, with their Analogies deduced 
from the ſaid Propoſitions, are as follow: 


"T Given | Sought. Id. Fig. to Prop. 25, 20, 27, 28, 
| belides | 29, 30. | 
the 
| Right | 3 
I Angle. FEE | | 
and ß. N Cof. CA::S, C: Col. B, of; By the 
R 2 | the ſame Kind with CA. Inverſe 
: | of Prop. 
1 ee ee e 
Cd C. Cof CA:R : : Col. B: 5, C Fy Prop. 
2 1B. this is ambiguous. 25. 
[ Tad | "AC; S, C: Gol. B :: R: Tol. CA, ofiBy Prop. 
3 = | the ſame Kind with the Angle B.|2 53 and 
18. 
5 BA, [ BC. R: Col. BA::Cof. AC: Col. BC. y Prop. 
© Bs If BA, AC, be of the ſame Af-[26, 19, 
: fection, and not Quadrants, thenſand 20. 
4 | BC will be leſs than a Quadrant. 


— — 


If they be of a different Affection, 


BC ſhall be greater than a Qua- 
fannt. Kh 


—_— 


_ — — 
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Given [Sought., 1 
beſides | 
the | 
Right 
Angle 
BA, | AC. Coſ. BA: R:: Col. : rop 
BA. A. It BC be leſs than a Qua- 26, and 
rant, then ſhall BA and CA beſz1. 
the ſame Affection; if greater 
5 fa different : But BA is given 
nd therefore the Species thereof 
Wherefore the Species of AC is 
Iſo given. 3 
BA, 8, BA: R:: I, B, oſſ By Prop. 
6 CA. he ſame Affection with the oppo-[27, and 
lite Side CA. 18. 
[Ba, B. AC. R: 8, BA:: I, B: T, AC, off8y Prop. 
"| - the ſame Kind with B. 27, and 
18. 
g| AC,B | BA. T,B: T, CA: : R:S, AB, am-[By Prop. 
| iguous. 27. 
1 BC, C AC. K: Coſ. C:: T, BC: T, CA. IffB Prop, 
BC be leſs than a Quadrant, the[28, and 
Angles C and B are of the ſameſz1. 
9 Affection; if greater, of a different 
Therefore, if the Species of the 
Angle B be given, then will Ad 
be given. | | * 
AC,C. | BC. |Cof. C: R:: I, CA : T, BC.|By Prop 
| And fo, it the Angle C, and CA, 28, 20, 
10 be of the ſame Affection, then BC[21. 
| [hall be leſſer that a Quadrant; if 
of a different, greater. 
1 C. T, BC: I, CA:: R: Coſ. C. Ifſ zy Prop 
AC. - [BC be leſs than a Quadrant, thenl 28, and 


Angles, ſhall be of the ſame Aﬀe- 
=tion ; if greater, of a different. 
3ut the Species of CA is given; 


CT will be alſo given. 


CA and PA, and conſequently the 21. 


— 


* 


Given 


8 5 
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Given 
beſides 
the 
Right 
Angle 


Sought. 


AC. ]R:S, BC::3, E: S, AC, of the] 3y Prop. 

ſame Species with B. 0. and 
| | 18. 

BC. Js, B: 8, AC:: R: >, BC, ambi- y Frop. 
guous. | 29. 

B. 8, BC: R:: 5, AC: 8, B, of the By Prop. 
ſame Species with CA. 29. 

BC. F, C: Cor. B:: RK: Col. BC. oy Prop. 


Niven alſa. 


And ſo, if the Angles B and C are 


BO be leſs than a Quadrant; if of 
4 different, greater. 
K': Col. BC::; $5. 0C'; Cor B 

And fo, if BC be leſſer than a Qua- 
drant, the Angles C and B ſhall be 
of the ſame Affection; if greater, 
of a different, But the ſpecies of 
the Angle C is given; therefore 


of the ſame Affection, then ſhal)]: 


the Species of the Angle B will be 


_ — — — — 
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Of the Solution of Right-angled Spherical 
Triangles, by the five circular Parts. 


HE Lord Neper (the noble inventor of 
T rithms) by a due Conſideration of the Analogies 
by which Right-angled Spherical Triangles are ſolved, 
found out two Rules, eaſy to be remembered, by means 
of which, all the ſixteen Caſes may be ſolved : For 
fince, in theſe Triangles, beſides the Right Angles, there 
are three Sides, and two Angles; the two Sides com- 
prehending the Right Angle, and the Complements of 
the Hypothenuſe, and the two other Angles, were call'd 
by Neper, Circular Parts; and when there are given 
any two of the ſaid Parts, and a third is ſought; one 
of theſe three, which is called the Miadle Part, either 
lies between the two other Parts, which are called Ad. 
jacent Extremes ; or is ſeparated from them, and then 
are called Oppoſite Extremes: So if the Complement of 
the Angle B (Fig. to Prop 25.) be ſuppoſed the middle 
Part, then the Leg AB, and the Complement of the 
Hypothenuſe BC, are adjacent extreme Parts ; but the 
Complement of the Angle C, and the Side AC, are op- 
poſite Extremes. Alſo, if the Complement of the Hy- 
pothenuſe BC be ſuppoſed the middle Part, then the 
Complements of the Angles B and C are adjacent Ex- 
tremes, and the Legs AB, AC, are oppoſite Extremes, 
In like manner, ſuppoſing the Leg AB the middle Part, 
the Complement of the Angle B and AC are adjacent 
Extremes; for the Right Angle A doth not interrupt 
the Adjacence, becauſe it is not a circular Part. But 
the Complement of the Angle C, and the Complement 
of the Hypothenuſe BC, are oppoſite Extremes to the 
ſaid middle Part. Theſe Things premiſed, 


. 


In any Right angled Spherical Triangle, the Re#- 
angle under the Radius, and the Sine of the 
middle Part, is equal to the Rectangle under 
the T angents of ihe adjacent Parts. 


RULE 
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RU L E I. 


The Rectangle under the Radius, and the Sine of 


the middle Part, is equal to the Reffangle 
under the Cofines of the oppoſite Parts, 


Each of tue Rule have three Caſes : For the mid- 
dle Part may be the Complement of the Angle B, or 
C ; or the Complement of the Hypothenuſe BC ; or 
one of the Legs, AB, AC. 


2 1. Let the Complement of the Angle C be the 
middle Part; then ſhall AC, and the Complement of 
the Hypothenuſe BC, be adjacent Extremes. By Prop, 
28. the Coſine of the vertical Angle C is to Radius as 
the Tangent of CA is to the Tangent of the Hypothe- 
nuſe BC. Then (by Alternation) we ſhall have Coſ. 
C: T, CA:: R: T, BC. But R: T, BC : : Cor. 
BC : R (as has been before ſhewn). Wherefore Coſ. 
C: T, AC:: Cot. BC: R; whence RxCof. C 
T, AC x Cot. BC. 5 

And the Complement of the Angle B, and AB, are 
oppoſite Extremes to the ſame middle Part, the Com- 
plement of the Angle C; and (by Prop. 25 ) as the 
Coſine of the Angle C, to the Sine of the Angle CDF, 
ſo is the Coſine of DF to Radius, But the Sine of 
CDF =AE = Coſ. BA, and Cof. DF =S, EF 
8, Angle B. Whence it will be, as Coſ. C: Cof. BA 
::S$, B: R. And RxCol. C Coſ. BAXS, B; that 
is, Radius drawn into the Sine of the middle Part is 
equal to the Rectangle under the Coſines of the oppo- 
ſite Extremes. 


Caſe 2. Let the Complement of the Hypothenuſe BC 
be the middle Part; then the Complements of the An- 
- gles B and C will be adjacent Extremes. In the Lri- 
1 DCF RW, 27.) it is, as 8, CF: R:: T, DF 
3 ence (by Alternation) 8, CF: T, DF: : 
(R: T, : :) Cot. G R. But 8, CF = Cof. BC 
and T, DF — Cot. B. Wherefore R x Cof. BC = 
Cot. C Cot. B; that is, Radius drawn into the Sine 
of the middle Part is equal to the Product of the Tan- 
gents of the adjacent extreme Parts. | 


X 3 And 
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And BA, AC, are the oppoſite Extremes to the 
ſaid middle Part, viz. the Complement of BC; and 
(by Prop. 26.) Coſ. BA: Cof. BC: : R: Coſ. AC. 
Wheretore we ſhall. have Rx Cof. BC = Coſ BAN 
Cof. AC. 

Caſe 3. Laſtly, let AB be the middle Part; and 
then the Complement of the Angle B, and AC, will 
be adjacent Extremes, and (by Prop. 27) S, AB: R:: 
T, CA: T, B. Whence 8, AB: F,CA::(R:T, 
oh ) Cot. B: R. Aad fo RS, AB T, CA x 

ot. B. | 

Moreover, the Complements of BC, and the Angle 
C, are oppoſite Extremes to the ſame middle Part AB; 
and en the Triangle GHD (by Prop, 25.) we have Co. 
D: S, DH: ; Cof. Gi: R. But Coſ. D = Col. 
AE=S, AB, and 8. GS 8, IF =S, BC. Alſo, 
Col. GH - 8, HIS, C. Wherefore it will be, as 
8, AB: , BC: : 8, C: R. And hence RXS, AB 
8, BC 8, C. | 

And ſo, in every Caſe, the Rectangle under the Ra- 
dius, and the Sine of the m.ddle Part, ſhall be equal to 
the Rectangle under the Cofines ot the oppoſite Ex- 
tremes, and to the Kectangle under the Tangents of the 
adjacent Extremes: And, conſequently, it the afore- 
ſaid Equations be reſelved into Analogies (by 16 El. 
6.), the unknown Parts may be found by the Rule of 
Proportion. And if that Part ſought be the middle one, 
then ſhall the firſt Term of the Analogy be Radius, 
and the ſecond and third, the Tangents or Cofines of 
the extreme Parts. If one of the Extremes be ſought, 
the Analogy muſt begin with the other ; and the Ra- 


dius, and the Sine of the middle Part, muſt be put in 


the middle Places, that ſo the Part ſought may be in 
the fourth Place. 


IN oblique- angled Spherical Triangles (Fig. to Prop. 
31 ) BCD, if a perpendicular Arc AC be let fall 
from the Angle C to the Baſe, continu'd, if need be, 
ſo as to make two Right-angled Spherical Triangles 
BAC, DAC; then, by thoſe Right-angled Triangles, 
= mew of the Caſes of Oblique-angled ones be 
olved. 


PR O- 
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PROPOSITION XXXL 


The Cofines of the Angles B and D, at the Baſe 
BD, are proportional to the Sines of the ver- 
tical Angles BCA, DCA. | 


OR Coſ, . — B: 8, BCA: : (Coſ. CA: R::) 
Col. D: 8, DCA (by 25 of this). 


PROPOSITION XXXII. 


The Coſines of the Sides BC, DC, are propor- 
tional to the Cofines of the Baſes BA, DA. 


OR Cof. BC: Cof. BA:: (Cof. CA: R: :) Coſ. 
DC : Coſ. DA (by 26 of this). 


PROPOSITION XXXIII. 


The Sines of the Baſes BA, DA, are in a reci- 
procal Proportion of the Tangents of the An 
gles B and D, at the Baſe BD. | 


Ecauſe (by 27 of this) 8, BA: R:: T, AC: T, 
of the Angle B. And by the ſame inverſly, R: 8, 
DD.: : T, of the Angle D: T, AC. Then will it 
be (by the Equality of perturbate Ratio, according to 
405 23 El. 5) 8, BA:S, DA: : T, Angle D: T, 
Angle B. 


PROPOSITION XXXIV. 


The Tangents of the Sides BC, DC, are in a re- 
ciprocal Proportion of the Cofines of the ver- 
tical Angles BCA, DCA. 


REcauſe, by alternating the 28th Propoſition ; we 

have T, BC; R: : T, CA: Coſ. BCA, 

and by the ſame, R: Cof. DCA: : T, DC: T, CA. 

Wherefore, by Equality of perturbate Proportion, 
T, 


C: Coſ. DCA:: T, DC: Coſ. BCA. 


X4 D R O- 
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PROPOSITION XXXV. 


The Sines of the Sides BC, DC, are proportional 
to the Sines of the oppoſite Angles D and B. 
2 Ecauſe (by the 29th of this) 8, BC: R:: 8, CA: 
d 8, of the Angle B; and, by the ſame, inverting, 
R:S, DC:: 8, Angle D: 8, of CA. Whence, by 
* 5. of perturbate Ratio, 8, BC: 8, DC:: 8, D: 
„B. 


PROPOSITION XXXVI. 


In any Spherical Triangle ABC, ibe Rectangle CF 
x AE, or FM x AE, contained under the Sines 
of the Legs BC, BA, is to tbe Square of the 
Radius, as IL or IA LA the difference of 
the verſed Sines of the Baſe CA, and the Dif- 
ference of the Legs AM, to GN, to the verſed 
Sine of the Angle B. 


ET a great Circle PN be deſcribed from the Pole 
B; and let BP, BN, be Quadrants ; and then PN 

is the Mcafure of the Angle B; alfo, deſcribe from the 
ſame Pole B a leſſer Circle CFM thro? C; the Planes 
of theſe Circles ſhall be perpendicular to the Plane BON 
(by the 2d of this). And PG, CH, being perpendicu- 
lar in the ſame Plane, fall on the common Sections ON, 
FM; ſuppoſe in G, H. Again, d: aw HI perpendicular 
to AQ; and then the Plane drawn thro' CH, HI, ſhall 
be perpendicular to the Plane AB. Whence Al, 
which is perpendicular to HI, will be perpendicular to 


the Right Line CI (by Def. 4. El. 11.); and fo Al is the 


verſed Sine of the Arc AC, and AL the verſed Sine of 
the Arc AM = BM BAS BC BA. The Ifoſceles 
Triangles CFM, PON, are equiangular, fince MF, 
NO, as alſo CF, PO (by 16 El. 11.) are parallel, 
Wherefore, if Perpendiculars CH, PG, be drawn to 
the Sides FM,. ON, the Triangles will be divided 
ſimilarly, and we ſhall have FM: ON : : MH: GN. 
Alſo, becauſe the Triangles AOE, DIH, DLM, 
are equiangular, we ſhall have AE: AQ: : IL: MH. 


But 
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But it has been proved, that FM: ON: : MH: 
GN. Wherefore it ſhall be, as AEXFM : AO 
ON : : ILXMH : MHxGN, or fo is IL to GN; 
that is, the Rectangle under the Sines of the Legs, is 
to the Square of Radius, as the Difference of the verſed 
Sines of the Baſe, and the Difference of the Legs BC, 
BA, is to the verſed Sine of the Angle B. W. W. D. 


PROPOSITION XXXVII. 


The Difference of the verſed Sines of two Arcs, 


drawn into balf the Radius, is equal to the 
Reftangle under the Sine of half the dum, and 
the Sine of half the Difference, of thoſe Arcs. 


JET there be two Arcs, BE, BF, whoſe Difference 
EF let be biſected in D; then ſhall BD be the half 
Sum, and FD the half Difference of thoſe Arcs. GE 
=ILis the Difference of the verſed Sines of the Arcs 
BE, BF; alſo, FO is the Sine of the half Difference 
of the Arcs. And becauſe the Triangles CDK, FEG, 
are r, we have DE : GE: : (CD: FE: :) 
10D: Z FE. Whence DK FE, or DR FO 
GExX:CD=IL x3 CD. W. W. D. 


PROPOSITION XXXVIIL 


The verſed Sine of any Arc, drawn into half the 
Radius, is equal to the Square of the Sine of 
one half of the ſaid Arc. 

HE Triangles CBM, DEB, are equiangular, ſince 
the Angles at M and E are Right Angles, and the 

Angle at B is common. Wherefore EB : BD : : BM, 

: BC. And then will EBXBC = BMxBD; and 
EBX4 BC = BM x3 BD = BMq. W. W. D. 


PR O- 
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PROPOSITION XXXIX. 


In any Spherical Triangle ABC, whoſe Legs, con- 
taining the Angle B, are BC, AB, and Baſe ſub- 
tending that Angle AC; if the Arc AM be 
taken = Difference of the Legs =BC—AB,; 
then ſhall the Rectangle under the Sines of the 
Legs BC, BA, be to the Square of the Radius, 

28 the Reftangle, under the Sine of the Arc 


fY * AM and the Sine of the Arc — 


7s fo the Square of the Sine of one half of the 
Angle B. Vid. Fig. to Prop. 36. 


Ecauſe the Rectangle under the Sines of the Legs 
AB, BC, is to the Square of Radius, as IL is to the 
verſed Sine of the Angle B, or as I RxIL to R 
drawn into the verſed Sine of the Angle B (by Prop. 36. 
of this). And fince 1 1 e, under the 
Sines of the Arcs — = 3 and 2 > re (by 
Prop. 37 of this). And alſo x R drawn into the verſed 
Sine of the Angle B is equal to the Square of the 
Sine of one half of the Angle B (by Prop. 38. of this). 
Therefore the Rectangle under the Sines of the Sides, 
to the Square of Radius, ſhall be as the Rectangle 


under the Sines of the Arcs —. — , 
is to the Square of the Sine of one half the Angle B. 
W. W. D. — 


SPHERICAL TRIGONOMETRY. 


The twelve Caſes of oblique-angled Spherical Tri- 
angles are as follow : 


| Given 


Angles 
B, D, 


and BC. 


Make, as 


by Prop. 30. of this): 
5 8, DCA: Col D: S, DCA 


Sum of the Angles BCA, DCA 


the Triangle, or the Difference, 
if it falls without, will be = 
BCD. Whether the Perpen- 
dicular falls within, or without 
the Triangle, may be known 
from the Affection of the Angles 
B and D (% 22. of this); which 
Admonition ought to be obſerved 


ſin the following Solutions. 


| Angles 


1B8,BCD, 


and the 
SideBC. 


R: Coſ. BC: T. B : Cot. BCA 


D (by Prop. 31.). 


Angle B. If BCA be 


different Affection, by the Con- 
[verſe of Prop. 22. | 


R: Coſ. B:: T, BC: T, BA 
(by 28. of _ And Coſ. BC: 
Coſ. BA:: Cof. DC: Cof. DA 
(by 32. of this). The Sum or Dif- 
ference of BA and DA, accord- 
ing as the Perpendicular falls 
[within or without the Triangle, 
is equal to BD ; which cannot 
be known, unleſs the Species of 


Ihe Angle D be firſt known, 


Given 
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R: Cof. BC: : T, B: Cot. BCA IN ebe oi. 
Alſo Coſ. the 


P po tion 


if the Perpendicular falls within * 


This Pro- 


Prop. 30. of this). And 8, ten inthe 
bo 8, IA 22 Gr B: G 


If BCA be ee N 
leſs than BCD, the Angle D ſhall . 


ci 


be of the ſame Affection with the > 1 
greater BCA n 
than the Angle BCD, then the * 7 
Angles B and D ſhall be of a «nd 


18, 
19. 
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[Sought  _ Make, as 
The | The R: Coſ. B:: T, BC: T, Ba 
Sides f Side (// 28. of this). And Coſ. BA: 
BC, | CD. Co. BC: : Coſ. DA: Cof. DC (4, 
DB, | Prop. 32. 1 this), According a 
| and the | {DA is ſimilar or diſſimilar to Ca, 
AngleB.j or tothe Angle BDC, ſo ſhall DC 
[ be leſſer or greater than a Qua- 
3 | Icdrant (by 19. and 20. of this). 
An les The R: Coſ. B:: T, BC: T, BA (h 
B, D, | Side 28. sf this). And T, D: T, B:; 
and the] BD. |S, BA: 8, DA (by 33. of this), 
| Side The Sum or Difference of BA 
BC. and DA is = BD. 
\ The | Angle R: Coſ. B:: T, BC: T, BA (hy 
Sides D. Prop. 28. of this). And 8, DA; 
BC, 8, BA:: T, B: T, D (by 33. 
B D, this). According as BD is greater 
and the jor leſſer than BA, the Angle D 
AngleB ſhall be ſimilar or diſſimilar to the 
| Angle B (ly 22. of this). 
[ The | Angle |Cof. BC: R:: Cot. B: T, BCA 
Sides | C, 65 30. of this). And T, DC: T, 
A BC”: : Cof. BCA : Coſ. DCA 
DC, (by 34+ of this). The Sum or Dil 
* 
and the ference of the Angles B CA, 
Angle D CA, according as the Per- 
* pendicular falls within or without 
ö the Triangle, is equal to the An- 
| AIeale BCD. ; 3 
| The | The |Cof. BC: R:: Cor. B: T, BCA 
' Angles | Side (I/ 30. of this). Alſo, Cof. DCA 
| BC ; | DC. |: Cor. BCA : T. BC : T. DC 
and B, | (by 34. of this), If the Angle 
and the DCA be fimilar to the Angle B 
Side that is, if AD be ſimilar to CA), 
. chen DC ſhall be leſs than a Qua. 


drant. If the Angles DCA and 
B be diſſimilar, then DC ſhall be 
greater than a Quadrant, which 
follows ( from Prop. 18, 19, and 


20. of this). Sy 
„55 | Given 
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| Given [Sought | | Make, as: 
The | The IS, CD: 8, B:: 8, BC: 8, D; 
Sides | Angle | which is ambiguous, - The Ana- 
BC, D. flogy follows from Prop. 35. of 
DC, this. 
and the | 
1 2 | 
The | The 8, D: 8, BC::S, B:S, DC; 
| Angles | Side which Side is ambiguous. 
B, D, DC. 
10 and the | 
| Side | | 
BC. 3 5 ; 
All the | The * the Rectangle under the Sines 
Sides | Angle ſof the Legs AB, BC: the Square 
AB, B. [of Radius:: the Rectangle under 
| BC, | [the Sines of the Arcs -N 
11 6 | | | 2 
| Fin land nt the Square of the 
4 _ |. [Sine of : the Angle B (by Pre.39.). 
All the | The In the Triangle XNM, the Are 
An les Side MN is the Complement of the 
G, H, GD. Angle GHD to a Semicircle. 
D. Vid XM is the Complement of the 
| Fig. | Angle G, and XN the Comple- 
| Prop. ment of the Angle D: And the 
4 14. Angle X, the Complement of the 
| [Side GD to a Semicircle. Where- 
| fore, if the Angles be changed 
l into Sides, and the Sides into = 
| gles, the Operation will be the 
ſame as in Caſe 11. of this; ſince 
Arcs, and their Complements to 
= Semicircles, have the ſame Sines. 


—_— 3 
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The following REMARK, by 
SAMUEL CUNN, 


T HAT this is true but in a particular Caſe, viz, 

when two of the Angles of the Triangle are Right 
ones, and two of the Sides Quadrants, may be thus de. 
monſtrated: For, if poſſible, let ſome 1'riangle RST, 
Fig. to Prop. 14th, be ſuch, that its Sides RS, 8 T, TR, 
be equal to the Meaſure: of GHD, HGD, GDH, the 
Angles of a Triangle GHD; and, alſo, that the Mes- 
ſures of RS T, STR, TRS, the Angles of the Triangle 
RST, be equal to GH, GD, HD, the Sides of the 
Triangle GHD; and produce MX, MN, two Sides 
of the ſupplemental Triangle, to Semicircles, and they 
will meet ſomewhere, ſuppoſe at E; and there will be 
conſtructed thereby the Triangle NEX, of which XE 
(the Supplement of XM, which, by the 14th Prop. was 
the Supplement of the Meaſure of the Angle HGD) is 
equal to the Meaſure itſelf of the ſame Angle HGD: 
And, in like manner, NE, the Supplement of NM, 
which, by the 14th Prop. was the Supplement of the 
Meaſure of the Angle GHD, is equal to the Meaſure 
itſelf of the ſame Angle GHD. But the third Side XN 
is not the Meaſure of the third Angle GDH, but its 
Supplement, by the 14th Prop. Moreover, of the An- 
de EXN (whoſe Supplement is NXM), the Meaſure, 


| oo Gs 14th Prop. is equal to GD; and of the Angle 


E (whoſe Supplement is MNX) the Meaſure, 
the 14th Prep. is equal to HD. But of the third NEX 
(which is equal to NM) the Meaſure is not equal to 
GH, but its Supplement. | 

Now makeNV==RT==BK, the Meaſure of the 
Angle GDH, and draw the great Circle EV. And 
ſince RS, by Suppoſition, is equal to the Meaſure of 
the Angle GHD, whichis equal to EN ; and fince the 
Meaſure of the Angle SRT is, by Suppoſition, equal 


to DH, which is alſo equal to the Meaſure of the An- 


le XNE ; the Angle XNE is equal to the Angle R. 
hen, conſequently, by the 4th Prep. the Triangics 
SRT, ENV, will have the Baſe ST equal to the -— 
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Ev; the Angle T tothe Angle NVE; and the An- 


le 8, to the Angle NEV. But ST (which is equal to 
Ev), by Suppolition, is equal to the Meaſure of the 
Angle HGD; to which Meaſure XE is alſo equal: 
ThereforeEV is equal to XE ; and, conſequently, by 
the 7th Prop. the Angle EVX is equal to the Angle 
EXV ; and the Angle EXV (whoſe Meaſure, as hath 
been ſhewn above, is equal to GD) is equal to the 
Angle T (or NVE), ſince, by Suppoſition, the Mea- 
ſure of this is alſo equal to GD. Therefore the An- 

le EVX is equal to the Angle EVN, and fo both 

ight ones; and, conſequently, EXV a Right one 
alſo, Therefore, by the 2d Cor. to the 2d Prop. EV 
and EX are both Quadrants. 

But if EV be a Quadrant, and at Right Angles to 
NX, then E, by 2d Prop. and its Coro!l. is the Pole of 
NX; and ſo EN a Quadrant alſo, and the Angle ENV 
a Right one, Therefore, if the Sides of a Triangle 
(NEV, or its Equal) RST are equal to the Meaſures of 
the Angles of ſome other Triangle GHD, and the Mea- 
ſures of the Angles of the former, equal to the Sides 
of the latter; two Sides of ſuch a Triangle RST, or 
GHD, muſt be Quadrants, and two Angles of each 
Right ones. 

herefore, if a Triangle RS T be conſtrued, whoſe 
Sides are equal to the Meaſures of the Angles of another 
Triangle GHD ; the Meaſure of the Angles of the 
Triangle RS T ſhall not be equal to the Sides of the 
Triangle GHD, unleſs in the one Caſe before - men- 
tioned. Therefore the Meaſures of the Angles of the 
2 GHD, uſed as the Sides of a Triangle in the 
11th Caſe, will not give us a Side of GHD, but the 
Meaſure of an Angle of the Triangle RSI, unleſs in 
the one aſore- mentioned Caſe; which was to be demon- 
ſtrated. | 


But to find a Side GD of a Spherical Triangle GHD, 
whoſe Angles are all given, produce MN, that Side of 
the ſupplement Triangle, which is equal to the Sup- 
plement of the Meaſure of GHD, the Angle oppolite 
to the Side ſought, and MX, either of the other Sides, 
till they meet, a in E. And there, as hath been be- 
fore ſhewn, the Sides EX, EN, of the Triangle EXN, 

ate 
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are exactly equal to the Meaſures of the Angles HGD, 
GH, of the Triangle GHD; and of the Angles EXN, 


ENX, of the Triangle EXN, the Meaſures are equal 


to GE, HD. But the Side XN is equal to the Sup- 
plement of the Meaſure of the Angle GDH. And of 
the Angle XEN, the Meaſure is equal to the Supple- 
ment of GH. 5 2 


Therefore the So L UT Io N is thus: 


Change one of the Angles GDH, adjacent to the 
Side ſought, into its Supplement ; and then work with 
the Meaſures of the Angles as tho* they were Sides; 
and the Reſult will be GD, the Side ſought. 


The preceding Fault, as well as the Omiſſions here- 
after mentioned, are not peculiar to our Author ; but 
may be found in Dr. Harris, Mr. Caſwell, Mr. Hynes, 
and many other Trigonometrical Writers. 


In the Solution of our th and 10th Caſes, they have 
told us, that the Quæſita are ambiguous ; which ſome- 
times, indeed, is true, but ſometimes alſo falſe: There- 
fore, as I conceive it, they ought to have laid down 
Rules, by Help of which we might diſcover when the 
Quæſita are ambiguous, and when not. 

This Overſight may be corrected by the following 
Directions; wherein, becauſe every Sine correſponds 
to two Arcs, to one leſs than a Quadrant, and to an- 


other, which is the Supplement of the former to a Se- 


micircle (a true Diſtinction of which of theſe are to be 
uſed, being neceſſary to be known, before a proper So- 
lution can be given to ſuch Problems as theſe are), 1 
ſhall beg Leave, for Brevity-ſake, to call the leſſer Arc 
the acute Value, and the greater the obtuſe ; whether 
the dine be of an Angle, or a Side. 


In the tenth Caſe, there are given two Angles, B, 
and D, and BC, a Side oppoſite to one of thoſe 


Angles D, to find DC, the Side oppoſite to the 


other. 


O the acute Value of DC, and alſo to its ob- 
tuſe one, add BC; and if each of theſe Sums are 
greater 
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Ir Þ than a Semieirde, f the 


Angles B, D, is} FEAT” Neun two | Right Ages; 
both the Values of DC may be admitted; and then it 
is ambiguous : But when only one of thoſe: Sums is 


ſpe | han a Semicircle, only one Value of DC 


tan be true, vix. the I Saen iti not 


ambiguous ».i} 24 with, Fon 22 


Is the ninth Caſe, there are E two Sides BC; 
DC, and one Angle B, oppoſite to DC, ane 
_- bides, to find D the Angle oppoſite 0 tht 
other. © 


Od acute Value of D, and allo to ts obints 
Value, add B; and if each of theſe. Sums is 


1 two Right Angles, when the Sum 


of theSidesis Ee than 2 Semicircte, boch the 


Values of D m en and conſeguently D i 
ambiguous : But when only one of 2 5 


4 E 1 than two Right Angles, only one Value of 


Dis true, vis, the { hue one; and then it is not 
ambiguous. 


Nor dee de better led ip the fot Cale. Fare of 10 
i; determined by the given Angles, whether the Per- 
pendicular falls within or without the Triangles ; yet, 
in each of thoſe Varieties, the Pnoſitd will be fome- 
dars ambiguous, and ſometimes not. 


Jer 
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In the firſt Caſe there are given two Angles B, D, 
and BC, a Side oppoſite to D, one of them, . 


| find C the third Angle. 
x. Let the Perpendicular fall within; that is, let the 
given Angles be of the ſame Species. 


15 the acute Value of DCA, and alſo to its obtuk 
one, add the Angle BCA; and if each of theſe 
Sums is leſs than two Right Angles, then either the 
acute Value of DCA, or its obtuſe one added to BCA, 
gives a Value of BCD; which, therefore, is ambigy. 
ous. And when only one of theſe Sums is leſs than 
two Right Angles, the acute Value of DCA, added to 
BCA, gives the only Value of BCD; which then i; 
not ambiguous, tho' in both Varieties the Perpend. 
cular fell within, | 


2. Let the Perpendicular fall without; that is, l 
the given Angles be of a different Species. 


WHEN the obtuſe Value of the Angle DCA i 
leſs than the Angle BCA, the Angle BCD may be hal 
by ſubtracting either Value of DCA from BCA; and 
then BCD is ambiguous. | But when the obtuſe Value 
of DCA is not leſs than BCA, the acute Value of 
DCA, taken from BCA, gives the ſingle Value of 
BCD; which, therefore, is not ambiguous z tho in 
both Varieties the Perpendicular fell without. 


In the fifth Caſe we lie under the ſame Misfor- 
tune, where there are given, as in the fiſh 
the Angles B, D, and the Side BC, to find BD 
the Side lying between thoſe given Angles. 


1. When the Perpendicular falls within; that 15, 
when the given Angles are of the ſame Species. 


| TO the acute Value of DA, and ſo alſo to its obtuſe 
one, 


add BA; and if each of theſe Sums is leſs 


than a Semicircle, then either the acute Value of DA, 


or its obtuſe one, added to BA, gives the Value of ww 
7 Vw 1 
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which thence is ambiguous. And when only one of 
theſe Sums is leſs than a Semicircle; the acute Value 
of DA, added to BA, gives the only Value of BD; 
which then is not ambiguous, tho? in both b Variete 
the Perpendicular fell within. 


2. When the Perpendicular falls without ; that is, 
when the given Angles are of different Species. 


WHEN the obtuſe Value of DA is leſs than BA, 
BD will be had by ſubtracting either Value of DA from 
BA; and then BD is — 7 IK But when the ob» 
tuſe Value of DA is not leſs than BA, the acute Value 
of DA, taken from BA, leaves the only Value of BD; 
which, therefore, is not ambiguous, tho” in both Va 
rieties the Perpendicular fell without. 


In the third, we have the ſame. Omiſſion ; RS 
there are given two Sides BC, CD, and B an 


Angle oppoſite to CD one of them, to find the 
third Side BD. 
FIRST, we may obſerve, that the Species of DA is 


always known; for it is of ; — — 5 Affection 


with the Angle B, when DC is} prac 4 © than a * 
drant. And, 


If AD be leſs than AB, and alſo the Sum of AD 


and AB leſs than a Semicircle ; then AD, either added 
to, or ſubtracted from, AB, will give the Value of BD ; L 
which, therefore, is ambiguous. 


But if AD be not leſs than AB, or if their Sum be 
not leſs than a Semicircle ; then their Sum in the for- 
mer, and their Difference i in the latter Variety, ſhall 
give one ſingle Value of BD; and then it is net 


ambiguous. 
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The ſeventh Cafe much reſembles the third ; for 
there are given tu Sides BC, CD, wr” od 
Angle, oppofite to CD one of tbem; to find the 
Angle BCD, lying between thoſe two Sides. 


| AND here we may obſerve that the Species of the 


Angle DCA is known; for it is of} 12 5 
Eind with che Angle B, when DC is * than 
a Quadrant. And, | - 


' DCA be less chan BCA, and the Sura of DCA and 
— — — NE 
ed to, or ſu om, ill give 
BCD; which, therefore, is — 


I DCA be not leſs than BCA, or the Sum of DCA 
and BCA not leſs than two Right Angles; then their 
Zum in the former, and their difference in the lutter, 
Variety, ſhall give the fingle Value of BODy which, 
then, is not ambipuous, 


N. B. If any one will be at the Trouble to make a 

double Calculation for the Side DC, or the Angle 
D, as taught in the Remarks on the 9th and 10th 
Caſes; they will find the ſeveral Varieties in the iſt, 

_ 36, 5th, and 7th, to be as here laid down in theſe 
eaſy Rules. | 


ealily deduced 
this; and 


The Truth of theſe Rules 


be 
from the 10th, 13th, 18th, and 1 
the 2d, 8th, and 13th Examples, following Prop. 30. 


#15, | 
Tn our third 


Caſe of oblique plane Triangles, our Au- 
dvr thouts have added thin 1 5 | 


If AB be leſs than BC, the Angle A is ambiguous ; 
other wiſe, not, 


A 
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HE Mathematics formerly received coni- 

. derable Advantages; firſl, by the Intra- 
duftion of the Indian Chara#ers, and af- 
terwards by the Invention of Decimal Fradions ; 
yet has it fence; reaped, at leaſt, as much from the 
Invention of Logarithms, as from both the other 
two. The Uſe of theſe, every one knows, is of 
the greateſt Extent, and runs through all Parts 
of Mathematics. By their Means it is that Num- 
bers almoſt infinite, and fuch as are otherwiſe im- 
praflicable, art managed with Eaſe and Expe- 
dition: By their Aſſiſtance the Mariner ſteers his 
Veſſel, the Geometrician inveſtigates the Nature of 


the bigher Curves, the Aſtronomer determines the 
Places of the Stars, * Philoſopher accounts for 
| 1 F. 0 5 


ou her 
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other Phenomena of Nature; and, laſtly, the 
Uſurer computes the Intereſt of his Money. 


The Subject of the following Treatiſe has been 
cultivated by Mathematicians of the firſt Rant; 
Some of whom, taking in the whole Dottrine, have 
indeed written learnedly, but ſcarcely intelligibly to 
any but Maſters. Others, again, accommodating 
themſelves to the Apprebenſion of Novices, have 
feletted out ſome of the moſt eaſy and obvious Pro- 
perties of Logarithms, but have left their Nature, 
and more intimate Properties, untouched. My 
Deſign therefore in the following Tract is, to 
ſupply what ſeemed ſtill wanting, viz. 10 diſco- 
ver and explain the Doctrine of Logarithms, 10 


thoſe who are not yet got beyond the Elements of 


Algebra and Geometry. 


The wonderful Invention of Logarithms we owe 
to the Lord Neper, who was the fin that con- 
ſtructed and publiſhed a Canon thereof, at Edin- 
burgh, in the Year 1614. This was very gra- 
cioufly received by all Mathematicians, who were 
immediately ſenſible of the extreme Uſefulneſs there- 


of. And ibo it is uſual to have various Nations 


contending for the Glory of any notable Invention, 
yet Neper is univerſally allowed the Inventor of 
Logarithms, and enjoys the whole Honour thereof 
without any Rival. 8 


The ſame Lord Neper afterwards invented an- 
other and more commodious Form of Logarithms, 
which he communicated to Mr. Henry Briggs, 
Profeſſor of Geometry at Oxford, who was bereby 
introduced as a Sharer in the completing thereof : 
But the Lord Neper dying, the whole Buſineſs re- 
maining was. devolved upon Mr. Briggs, wha 
iti prodigicus Application, and an * 

Der- 
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Dexterity, compoſed a Logarithmic Canon, agree 
able to that new Form, for the firſt twenty Chi-. 
liads of Numbers (or from 1 to 20000), and 
for eleven other Chiliads, viz. from goooo 10 
101000. For all which Numbers be calculated 
the Logarithms to fourteen Places of Figures. 
This Canon was publiſhed at London in the Year- 
1624. | 6 


Adrian Vlacq publiſhed again this Canon at 
Gouda ix Holland, in the Year 1628, with ihe 
intermediate Chiliads, before ommitted, filled up ac- 
cording to Briggs's Preſcriptions; but theſe Tables 
are not ſo uſeful as Briggs's, becauſe the Loga- 
rithms are continued but to 10 Places of Figures. 


Mr. Briggs has alſo calculated the Logarithms 
of the Sines and Tangents of every Degree, and 
the Hundredth Parts of Degrees, to 15 Places of 
Figures; and has ſubjoined to them the natural 
Sines, Tangents, and Secants, to 15 Places of Fi- 
gures, The Logarithms of the Sines and Tangents 
are called artificial Sines and Tangents. Theſe 
Tables, together with their Conſtruction and Uſe, 
were publiſh'd after Briggs's Death, at London, 
in the Year 1633. by Henry Gellibrand, and by 
bim called Trigonometria Britannica, 


Since then, there have been publiſhed, in ſeveral 
Places, dious Tables, wherein the Sines 
and Tangents, and their Logarithms, conſiſt of but 
ſeven Places of Figures, and wherein are only the 
Logarithms of the Numbers forom 1 1% 100000, 


which may be ſufficient for moſt Uſes. 
The beſt Diſpoſition of theſe Tables, in my Opi- 
nion, is that firſt thought of by Nathanael Roe, 


of Suffolk ; and, with ſome Alterations for the 
Y4 better, 
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better followed by Sherwin in his Mathematical 
Tables, publiſhed at London in 1705 , wherein 
are the Logarithms fram 1 1% 101000, con/iftin 
of. ſeven. Places of Figures. To which are 2 
Joined the Differences, and proportional Parts, by 
means of. which, may be found eaſily the Logarithms 
of Numbers to 10000000, obſerving, at the. ſame 
time, that theſe Logarithms conſiſt only of ſeven 
Places of Figures. Here are alſo the Sines, Tan- 
gents, and Secants, with ther Logarithms and Dif. 
ferences for every Degree and Minute of the: Qua- 
drant, with ſome other Tables of Uſe in pratlical 
Mathematics, | 
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Of the Ox IGIN and NATURE of 
LOGARIT AMS, ; 


8 in Geometry, the Magnitudes of Lines are 
often defined by Numbers; fo, lik-wiſe, on 


K the other hand, it is ſometimes expedient to 
expound Numbers by Lines, v:z. by aſſum · 

ing ſome Line which may repreſent Unity; the Double 
thereof, the Number 2; the Triple, 3; the one Half, 
the Fraction ; and ſo on. And thus the Genelis and 
Properties of ſome certain Numbers are better con- 
ceived, and more clearly conſidered, than can be done 
by abſtract Numbers. | 


Hence, if any Line a“ be drawn into itſelf, the Quan- » pig. x. 


tity a*, produged thereby, is not to be taken as one of 


two Dimenſions, or as a Geomettical Square, whoſe 


Side is the Line a, but as a Line that is a third Pro- 
portional to ſome Line taken for Unity, and the. Line 
4. So, likewiſe, if a* be multiplied by a, the Product 
. & will not be rang ws of three Dimenſions, or a 
Geometrical Cube, but a Line that is the fourth Term 
ma Geometrical Progreſſion, whoſe firſt Term is 1, 
and ſecond a; for the Terms 1, a, a“, a5, al, a“, as, 
9, &c. are in the continual Ratio of 1 to a. And 
the-Indices affixed to the Terms ſhew the Place · or 
Diſtance that every Term is from Unity, For Ex- 


- -- 


* 
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ample, 
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ample, a“ is in the fifth Place from Unity, a“ in the 
ſixth, or fix times more diſtant from Unity than &, or 
a*, which immediately follows Unity. | 

If, between the Terms 1 and a, there be put a mean 
Proportional, which is Va, the Index of this will be 2; 
for its Diſtance from Unity will be one half of the 


Diſtance of à from Unity; and ſo af may be written 
for Va. And if a mean Proportionall be put between 
a and a*, the Index thereof will be 14, or ; for its Niſ- 
tance will be ſeſquialteral of the Diſtanceof a fromUnity, 
If there be two mean Proportionals put between 1 
and a; the firſt of them is the Cube Root of a, whoſe 
Index muſt be 4; for that Term is Diſtant from Unity 
only by a third Part of the Diſtance of @ from Unity; 


and ſo the Cube Root may be expreſſed by 41. Hence 
the Index of Unity is o; for Unity is not diſtant from 
itſelf. 

The ſame Series of Quantities, geometrically pro- 
portional, may be both Ways continued, as well de- 
ſcending towards the Left Hand, as aſcending towards 

| ek Bs he 
the Right; for the Terms —, —, —, —, —, I, 4, 4, 
"05 „„. 
4, a*, a5, Ic. are all in the ſame Geometrical Pro- 
reſſion. And ſince the Diſtance of à from Unity is 
towards the Right Hand, and poſitive or 1, the 
Diſtance equal to that on the contrary Side, viz. the 
| I 
Diſtance of the Term —, will be negative, or — 1, 
a % 


r 
which ſhall be the Index of the Term —, for which 


a 
may be written a—*, So likewiſe in the Terms a—?, 
the Index—2 ſhews, that the Term ſtands in the ſecond 
Place from Unity towards the Left-hand, and the Ex- 


3 
preſſions a—* and — are of the ſame Value. Alſo a>? 


a* 


I 
in the ſame as —. For theſe negative Indices ſhew, 
4 | 
that the Terms belonging to them go from Unity the 
| contrary 
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, contrary way to that by which the Terms, whoſe In- 


dices are poſitive, do, Theſe Things premiſed. 

If on the Line AN, both ways indefinitely extended, 
be taken AC, CE, EG, GI, IL, on the Right Hand 
and alſo T, II, &c. on the Left; all equal to one an- 
other; and if, at the Points II. T, A, C, E, G, I, L, be 
erected to the R ght Line AN, the Perpendiculars II, 
ra, AB, CD, EF, GH, IK, LM, which let be conti- 


nually proportional, and repreſent Numbers, whereof 


AB is Unity: The Lines AC AE, AG, Al, AL, — 
AT, — All, reſpeQively expreſs the Diſtances of the 


Numbers from Unity, or the Place and Order that 


every Number obtains in the Series of Geometrical 
Proportionals, according as it is diſtant from Unity, 
So ſince AG is triple of the Right Line AC, the Num- 
ber GH ſhall be in the third Place from Unity, if CD 
be in the firſt: So likewiſe ſhall LM be in the fifth 
Place, ſince AL = SAC. If the Extremities of the 
Proportionals, , &, B, D, E, H, K, M, be joined by 
Right Lines, the Figure =11 LM will become a Poly- 


gon conſiſting of more or leſs Sides, according as there 


are more or leſs Terms in the Progreſſion. 

If the Parts AC, CE, EG, Gl, IL, be biſected in 
the Points c, e, g, i, I, and there be again raiſed the 
Perpendiculars cd, ef, gh, ik, In, which are mean 
Proportionals between AB, CD; CD, EF; EF, GH; 
GH, IK; IK, LM; then there will ariſe a new Se · 
ries of Proportionals, whoſe Ferms, beginning from 
that which immediately follows Unity, are double of 
thoſe in the firſt Series, and the Differences of the 
Terms are become leſs, and approach nearer to a Ra- 
tio of Equality than before. Likewiſe in this new Se- 
ries, the Right Lines AL, AC, expreſs the Diftances 


of the Terms LM, CD, from Unity; viz. ſince AL is 


ten times greater than Ac, LM ſhall be the tenth Term 
of the Series from Unity: And becauſe Ae is three 
times greater than Ac, F will be the third Term of 
the Series, if cd be the firſt; and there ſhall be two 
mean Proportionals between AB and /; and between 
AB and LM there will be nine mean Proportionals. 


And if the Extremities of the ſaid Lines, viz. B, d. 


D, / F, h, H, &c. be joined by Right Lines, there 
will be a new Polygon made, conſiſting of more, but 
Borter Sides than the laſt, | = 
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I, again, the Diſtances Ac, C, Cs, E, &r. be ſup» 
poſed to be biſected, and mean Proportionals between 


every two of the Terms be conceived to be put at thoſe 
middle Diſtances; then there will ariſe another Series 
of Proportionals, containing double the Number of 
Terms from Unity than the former does; but the Dif- 
ference of the Terms will be leſs; and if the Extre- 
mities ofthe Terms be joined, the Number of the Sides 
of the Polygon will be augmented according to the 
Number of Terms; and the Sides thereof will be leſſer, 
becauſe of the Diminution of the Diſtances of the 
Terms from each other. 

- Now, in this new Series, the Diftances AL, AC, 
Sc. will determine the Orders or Places of the Terms; 
viz. if AL be five times greater AC, and CD be 
the fourth Term of the Seri Unity, then LM 
will be the twentieth Term from Unity. 

If in this manner mean Propottionals be continu- 
ally placed between every 4 — the Number o 
Terms at laſt will be made ſo great, as alſo the Number 
of the Sides of the Polygon, as to be greater than any 
, Number, or to be infinite; and every Side of the 
Polygon ſo leſſened, as to become leſs than any given 
Right Line; and conſequently the Polygon will be 
changed into a curve-lined Figure; for any.curve-lined 
Figure may be conceiyed as a Polygon, whoſe Sides 
are infinitely ſmall, and infinite in Number. 

A Curve defcribed after this manner is called Loga- 
rithmical; in which, if Numbers be repreſented 4 
Right Lines ſtanding at Right Angles to the Axis AN, 
the Portion of the Axis intercepted between any Num» 
ber and Unity fhews the Place or Order, which that 
Number obtains-in the Series of Geometrical Propor- 
tionals, diſtant from each other by equal Interval, 
For Example; if AL be five Times greaterthan AC, 
and there are a thouſand "Terms in continual Propor- 
tion, from Unity to LM; then will there be two hun- 
dred Terms of the ſame Series from Unity to CD, or 
CD ſhall be the two hundredth Term of the Series 
from Unity; and let the Number of Terms from AB 
to LM be ſuppoſed what it will, then the Number of 
Terms from AB to CD will be one fifth Part of that 
N umber, 3 The 
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- The Logarithmical Curve may alſo be conceived to 
be deſcribed by two Motions, one of which is equable, 
and the other accelerated, or retarded, according to a 
givea Ratio. For Example, if the Right Line AB 
moves uniformly along the Line AN, ſo chat the End 
Athereof deſcribes equal Spaces in equal Times; and, 
inthe mean time, the ſaid Line AB fo increaſes, that 
the Inere ments the 2 in equal Times, be 
proportional to the Line, that is, if 
AB, in Fond pra wir ber frye 
ment on, and in an equal Time when it is come © 
CD, the Increment thereof is Dp, and Dp to de is as 
do isito AB ; that is, if the Increments generated in 
equal Times are always proportional to the Wholes ; 
or, if the Line AB, moving the contrary way, dimi- 
niſhes in a conſtant Ratio, 55 that while it goes thro” 
the „ Spaces, the Decrements AB —1' , 14 — 


or decrealing i in the. ſaid manner, de- 
Logarithmical Curve. For ſince AB : do 
::de: Dp: : DC: V, it ſhall be (by Compoſition 
2 5 dc : de; DC :; DC: fe, aid 
10 on 
By theſe two Motions, oi. the one ads: and the 
other proportionally accelerated or retarded, the Lord 
wo laiddown the Origin of Logarithms,and called 
| of this Gino'of 2ay — 
which neareft defines a Line that 
in the mean time, the Line expreſſoeg i Bar pes 
— — decreaſes to that Sins. 
It is manifeſt, from this Deſcription of the Logarith- 
mie Curve, that all Numbers at equal Diſtances are 
continually proportional. It is alſo plain, that if there 
de four Numbers AB, CD, IK, LM, ſuch, that the 
Diſtande between the firſt and ſecond be equal to the 
Diſtance between the third and the fourth : Let the 
_  Diftance'from'the ſecond to the third be what it will, 
theſe Numbers will be proportional. For, berauſe 
che Diſtances AC, IL, are equal, AB ſhall be to the 
Increment De, as IK is to the Increment MT. 
Wherefore (by Compoſition) AB: DC : IK: ML. 
And contrariwiſe, if four Numbers be pr 
the Diſtance between the firſt and the ſecond Bull 
3 | 2 


to AB, Ia; then the Endiof he 
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2 * to the Diſtance between the third and the 
urth. | f 

The Diſtance between any two Numbers is called 
the Logarithm of the Ratio of thoſe Numbers, and 
indeed doth not meaſure the Ratio itſelf, but the Num- 
ber of Terms in a given Series of Geometrical Proper- 
tionals proceeding from one Number to another; and 
defines the Number of equal Ratios by the Compoſt 
tion whereof the Ratios of Numbers are known. 

If the Diſtance between any two Numbers be dou- 
ble to the Diſtance- between two other Numbers, then 


the Ratio of the two former Numbers ſhall be the 


Duplicate of that Ratio of the two latter. For let the 
Diftance IL between the Numbers IK, LM, be double 
to the Diſtance Ac, between the Numbers AB, c d; 
and ſince IL is biſected in i, we have Ac n I = IL; 
and the Ratio of IK to / m is equal to the Ratio of AB 
to cd; and fo the Ratio of IK to LM, the Duplicate 
of the Ratio of IK to / m (by Def. 10. El. 5.), ſhall be 
the Duplicate of the Ratio of AB to c d. 

In like manner, if the Diſtance EL be triple of the 
Diſtance AC, then will the Ratio of EF to LM be 
triplicate of the Ratio of AB to CD: For, becauſe 


the Diſtance is triple, there ſhall be three times more 


Proportionals from EF to LM, then there are Terms 
of the ſame Ratio from AB to CD; and the Ratio of 
EF to LM, as alſo of AB to CD, is compounded of 
the equal intermediate Ratios (by Def. 5. El. 6.). And 
ſo the Ratio of EF to LM, compounded of three Times 
a great Number of Ratios, ſhall be triplicate of the 
Ratio of AB to CD. So, likewiſe, if the Diftance 
GL be quadruple of the Diſtance Ac, then ſhall the 
Ratio of GH to LM be quadruplicate of the Ratio of 
AB to 2 | 4 | 5 
The rithm of any Number is the Logarithm 
of the Rate of Unity to Pubs Number, or it is the 
Diſtance between wy and that Number. And fo 
Logarithms expreſs the Power, Place, or Order, which 
every Number, in a Series of Geometrical Progreſ- 
ſionals, obtains from Unity. For Example, if there be 
10000000 proportional Numbers from Unity to the 
Number 10, that is, if the Number 10 be in the 
10000000th Place from Unity; then it will be found 


by 


Of LOGARITHMS. 


by Computation, that in the ſame Series from Unity, 
to 2, there are 3010300 proportional Terms; that is, 
the Number 2 will ſtand in the 3010300th Place. In 
like manner, from Unity to 3, there. will be found 
4771213 proportional I erms, which Number defines 
the Place of the Number 3. The Numbers 10000000, 
010300, 4771213, ſhall be the Logarithms of the 
—— 10, 2, and 3. 
If the firſt Term of the Series from Unity be called 
5, the ſecond Term will be y?, the third y*, &c. And 
ſince the Number 10 is the 10, ooo, oooth Ferm of 


the Series, then will an 103 alſo 1 


223 alſo y*77**3 = 3; and fo on. 


Wherefore all Numbers ſhall be ſome Powers of 
that Number which is the firſt from Unity; and the 
Indices of the Powers are the Logarithms of the Num- 
— | | 

Since Logarithms are the Diſtances of Numbers 
from Unity, as has been ſhewn ,the Logarithm of 
Unity ſhall be o; for Unity is not diſtant — itſelf : 
But the ithms of Fractions are negative, or de- 
ſcending below nothing; for they go on the contrary 
Way. And fo if Numbers, increafing proportionally 
from Uuity; have poſitive Logarithms, or ſuch as are 
affected with the Sign +, then Fractions or Numbers, 
in like manner decreaſing, will have negative Loga- 
rithms, or ſuch as are affected with the Sign — ; which 
is true when Logarithms are conſidered as the Diſ- 
tances of Numbers from Unity. ; 5 

But if Logarithms take their Beginning, not from an 
integral Unit, but from an Unit that is in ſome Place 
of decimal Fractions ; for Example, from the Fraction 
'7558o5Fo5ovs 3 then all Fractions, greater than this, 
will have poſitive Logarithms ; and thoſe that are leſs, 
will have negative Logarithms, But more ſhall be ſaid 
of this hereafter, 

Since in the Numbers continually proportional, 

CD, EF, GH, IK, Cc. the Diſtances CE, EG, GI, 
&c, are equal, the Logarithms AC, AE, AG, Al, 
Sc. of thoſe Numbers ſhall be equidifferent, or the 
Differences of them ſhall be equal: And fo the Lo- 
garithms of proportional Numbers are all in an Arith- 


metical Progreſſion; and from hence proceeds that 


common Definition of Logarithms, viz. that Loga- 
rithms 


- 
— — ——ů EE 


— — 


— — 
— — es. cot. 4 
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nt ure Numbers, which, being adjoinid to Proto. 
tions have equal Differences. . NR ; Prop 0 
In the fn Kind of Logarithms that Meprr-pub- 


exceeded Unity. For vn be the firſt Term 
of the Series Rom Unity AB, the Logaritbm thereof, or 
e Diftance An, or By, was, according to him, equal 


to vg, or the Increment of the Number above Unity, 
As ſuppoſe vn be 1,0000001, he placed 0,0000001 


for its Logarithm An; and from henee, by Computa- 
tion, the Number 10 ſhall be the 230258 5 Term 
of the Series; which Number therefore is the 222 
rithm of 10 in this Form of Logarithms, and expreſ] 
its Diſtance from Unity in futh Parts whereof vn or 
An is one. ens 

But this Poſition is entirely at Pleaſure; for the Di- 
to 
the Exceſs thereof above Unity ; and according to that 
various Ratio {which may be ſuppoſed at Pleaſure, ) that 
is, between, vy and By, the Increment of the fir 
Term above Unity, and the Diſtance of the ſame from 


Unity, there will be produced different Forms of Lo- 


garithms. 

This firſt Kind of Logarithms was afterwards 
changed by Neper, into another more convenient one, 
wherein he put the Number 10 not as the 23025850" 
Term of the Series, but the zo000000% and in this 
Form of Logarithms, thefirſt Increment vy ſhall be to 


che Diftance By, or An, as Unity, or AB, is to the 
Decimal Fraction o, 4342994, which therefore ex- 
preſſes the Length of the Subtangent AT, Fig. 4. 


After Neper's Death, the excellent Mr. Henry Briggs, 
by great Pains, made and publiſhed Tables of Loga- 


- rithms according to this Form, Now fince in theſe 


Tables, the Logarithm of 10, or the Diſtance thereof 


from Unity, is 1,0000000, and 1, 10, 100, 1000,10000z 


&c: are continual Proportionals, they ſhall be equidi- 


ſtant. Wherefore the Logarithm of the Number 100 


ſhall be 2, ooooooo; of 1000, 3,0000000; and the 


Logarithm of 10000 ſhall be 4,0000000;; and ſo on. 


ence- the Logarithms of all Numbers between 1 


and 10 muſt begin with o, or © muſt ſtand in = 
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firſt Place to the Left - hand; for they are leſſer than 
the Logarithm of the Number 10, whoſe Beginning is 


Unity; and the Logarithms of the Numbers between 


10 and 100 begin with Unity ; for they are greater than 
I, 0000000, and leſs than 2,0000000., Alſo the Lo- 
garithms between 100 and 1000 begin with 2 ; for they 
are greater than the Logarithm of 100 which begins 
with 2, and leſs than the Logarithm of 1000 that be- 
gins with 3, In the ſame manner it is demonſtrated, 
that the firſt Figure to the Leſt-hand of the Logarithms 
between 1000 and 10000 mult be 3; and the firſt Fi- 
gure to the Left-hand of the Logarithms between 10000 
and 100000 will be 4; and fo on. 

The firſt Figure of every Logarithm to the Left- 
hand is called the Characteriſtic, or Index, becauſe it 
ſhews the higheſt or moſt remote Place of the Num- 
ber from the Place of Units. For Example if the 
Index of a Logarithm be 1, then the higheſt or moſt 
zemote Place from Unity of the correſpondent Num- 
ber, to the Left-hand, will be the Place of Ten. If 
the Index be 2, the moſt remote Figure of the corre- 
ſpondent Number ſhall be in the ſecond Place from 
Vaity ; that is, it ſhall be in the Place of Hundreds; 
and if the Index of a Logarithm be 3, the laſt Figure 
of the Number anſwering to jt, ſhall be in the Place 
of Thouſands. The Logarithms of all Numbers that 
are in decuple or ſubdecuple Progreſſion, only differ in 
their Characteriſtics, or Indices, they being written in 
all other Places with the ſame Figures, For Example, 
the Logarithms of the Numbers 17, 170, 1700, 17 000, 
are the ſame, unleſs in their Indices; for ſince 1 is to 
17, as 10 to 170, and as 100 to 1700, and as 1000 to 
17000 ; therefore the.Diſtances between 1 and 17, be- 
tween 10 and 170, between 100 and 1700, and be- 
tween 1000 and 170, ſhall be all equal. And fo, 
ſince the Diſtance between 1 and 17, or the Logarithm 
of the Number 17 is 1.2 304489, the Logarithm of the 
Number 170 will be = 2.2304489, and the Loga- 
rithm of the Number 1700 thall he 3.2 304489, becauſe 
the Logaritam of the Number 100 == 2.0000000, 
In like manner, ſince the L. garithm of the Number 
oo = 3.0000000, the Logarithm of the Number 


17000 ſhall be 4.234489. 
"YR 6⁰ 
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So alſo the Numbers, 6748. 674,8. 67,48. 6,748. 
0,6748. 0,06748, are continual Proportions in the 
Ratio of 10 to 1; and fo 
their Diſtances from each 674 8 3.8291751 
other ſhall be equal to the 6 7 4,8] 2, 8291751 
Diftance or Logarithm of 6 7,48] 1,8291751 
the Number 10, or equal 6,748] o, 8291751 
to 1, 000000. And ſo, o, 67 4 8|—1,8291751 
ſince the Logarithm of o, o 6 7 4 8-2, 8291751 
the Number 6748 is | 
3-8291751, the Logarithms of the other Numbers ſhall 
be as in the Margin; where you may obſerve, that the 
Indices of the latt two Logarithms are only negative, 
and the other Figures * N and ſo, when thoſe 
other Figures ate to be added, the Indices mult be ſub- 
tracted, and contrariwiſe. N 


n AFP. ih 


Of the Arithmetic of Logarithms in whole 
Numbers, or whole Numbers adjoined to 
Decimal Fractions. Fig 2. | 


Ecauſe, in Multiplication, Unity is to the Multi- 
B plier, as the en e is to the Product; the 
Diſtance between Unity and the Multiplier ſhall 
be equal to the Diſtance between the Multiplicand and 
the Product. If therefore the Number GH be to be 
multiplied by the Number EF, the Diſtance between 
GH and the Product muſt be equal to the Diſtance 
AE, or to the Logarithm of the Multiplier; and ſo, 
if GL be taken equal to AE, the Number EM ſhall be 
the Product ; that is, if the Logarithm of the Multi- 
plicand AG be added to the Logarithm of the Multi- 
_ AE, the Sum ſhall be the Logarithm of the Pro- 
duct, 

In Diviſion, the Diviſor is to Unity, as the Divi- 
dend is to the Quotient; and fo the Diſtance between 
the Diviſor and Unity ſhall be equal to the Diſtance 
between the Dividend and the Quotient, So if LM 
be to be divided by EF, the Diſtance EA ſhall be 
equal to the Diſtance between LM and the x mg 
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and ſo, if LG be taken equal ro EA, the Quotient 
will be at G; that is, if from AL, the Logarithm- of 
the Dividend, be taken GL, or AE, the Logarithm 
of the Diviſor, there will remain AG, the Logarithm 
of the Quotient. 

And from hence it appears, that whatſoever Ope- 
rations in common Arithmetic are performed by mul- 
tiplying or dividing of great Numbers, may be done 
much eaſier, and more expeditiouſly, by the Addition 
or Subtraction of Logarithms. ; 

For Example, Let the Number 7589 be to be mul - 
tiplied by 6757. Now, if the Lo- 
garithms of thoſe Numbers be Log. 3.8801846 
1 - in the Margin, Log. 3.8297539 
their Sum will be the. rithm Lo | 2 
of the Product, bet Mien 7 Log: 7.799365 
ſhews, that there are ſeven Places of Figures, beſides 
Unity, in the Product; and in ſeeking this Loga- 
rithm in Tables, or the neareſt equal to it, I find that 
the Number anſwering thereto, which is leſſer than the 
Product, is 51278000 ; and the Number greater than 
the Product is 51279000; and if the adjoined Differ- 
ences, and proportional Parts, be taken, the Num- 
bers that muſt be added to the Place of Hundreds and 
Tens in the Product are 87; and that which muſt be 
added in the Place of Unity, will neceſſarily be 3, ſince 
ſeven times 9==63 ; and fo the true Product ſhall be 
51278873. If the Index of the Logarithm had been 
8 or 9, then the Numbers to be added in the Place of 


Jens or Hundreds could not be had from thoſe Tables 


of Logarithms which conſiſt but of 7 Places of Fi- 
gures, beſides the Characteriſtic; and fo, in this Caſe, 
the Vlacguian or Briggian Tables ſhould be uſed ; in 
the former of which, the Logarithms are all to ten 
Places of Figures, and in the latter to fourteen. 

If the Number 78596 be to be | 
divided by 276, by ſubtracting the Log. 4.89 54004 
1 of the Diviſor from the Log. 2.4440445 

arithm of the Dividend, the Log. 2.4512556 
Logarithm of the 982 will be Les. 2.451355 
had. And to this Logarithm, the Number 282, 719 
anſwers; which therefore ſhall be the Quotient. 

Becauſe Unity, any aſſumed Number, the Square 
thereof, the Cube, the Biquadrate, &c. are all con- 

22 tinual 


339 


40 


Of LOGARITHMS. 


tinual Proportionals, their Diſtances from each other 


' ſhall be equal to one another. And fo it is manifeſt, 


that the diftance of the Square from Unity is double 
of the Diſtance of its Root from the ſame : Alſo the 
Diſtance of the Cube is triple of the Diſtance of its 
Root; and the Diſtance of the Ziquadrate is quadru- 
ple of the Diſtance of its Root from Unity, &c. And 
ſo, if the Logarithm of any Number be doubled, we 
{hall have the Logarithm of its Square; if it be tripled, 
we ſhall have the Logarithm of its Cube; and if it be 
quadrupled, the Logarithm of its Biquadrate. And 
contrariwiſe, if the Logarithm of any Number be bi- 
ſected, we ſhall have the Logarithm of the Square Root 
thereof: Moreover, a third Part of the ſaid Loga- 
rithm will be the Logarithm of the Cube Root of the 
Number; and a fourth Part, the Logarithm of the Bi- 
quadrate Root of that Number. 

Hence, the Extractions of all Roots are eaſily per- 
formed, by dividing a Logarithm into as many Parts 
as there are Units in the Index of the Power. So if 
you want the Square Root of 5, the Half of 0,6989700 
muſt be taken, and then that Half 0,3494850 will be 
the Logarithm of the Square Root of 5, or the Lo- 
garithm ofy/5, to which the Number 2,2 36068 
nearly anſwers. 


CH AP II.. 


Of the Arithmetic of Logarithms, when the 
Numbers are Fractions. Fig. 3. 


HEN Fractions are to be worked by Loga- 

rithms, it is neceſtary, for avoiding the 

Trouble of adding one Part of a Logarithm, and 
ſubtracting the other, that Logarithms do not begin 
from an integral Unit, but from ſome Unit that is in the 
Fenth or Hundredth Place of Decimal Fractions : For 
Example, let PO be +33535t557 57 and from this 
let the Logarithm begin. Now this Fraction is 
ten times more diſtant from Unity to the Left-hand, 
than the Number 10 is diſtant therefrom to the Right; 
for there are 10 preportional Terms in the Ratio of 


10 to 1, from Unity to PO. And ſo, if AB be Dons 


.. 
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the Logarithm thereof, according to this Suppoſition, 
willl not be o, but OA=— 10.00-0000. Now the 
Diſtance of Ten from Unity is 1.0000000, whence 
the Diſtance of the Number 10 from PO will be 
11.0000000, Alſo the Diftance of the Number 
100 from PO, or its Logarithm, beginning from PO, 
ſhall be 12.0000000 ; and the Logarithm of 1000, or 
the Diſtance from PO, will be 1 3.0000000. And thus, 
the Indices of all Logarithms are augmented by the 
Number 10; and thoſe Fractions whoſe Indices are 
1, or—2, or— 3, &c. are now made 9. 8, or7, &c, 

But if Logarithms begin from the Place of a Frac- 
tion, whoſe Nes e is Unity, and Denominator 
Unity with 100 Cyphers added to it (which they muſt 
do when Fractions occur that are leſs than PO), then 
that Fraction will be 100 times more diſtant from 
Unity, than 10 is diſtant from it; and ſo the Loga- 
rithm of Unity will have 100 for the Index thereof. 
And the Logarithm of any Tens will have 101 for the 
Index, that of any Hundreds 102, and ſo on; all the 
Indices being augmented by the Number 100. 

The Logarithms of all Fractions that are greater 
than PO (whereat they begin) will he poſitive. And 
ſince the Numbers 10. 1, 58, 188, 1898, Sc. are in 
a continual Geometrical Progreſſion, they will be 
equally diſtant from each other ; and accordingly their 
Logarithms will be equidifferent: And fo, when the 
Logarithm of 10 is 11.0000000, and the Logarithm 
of Unity is 10.- 005000 ; then the Logarithm of the 
Fraction g will be 9.000c000, and the Logarithm 
of the Fraction 55g will be 8.0c0c000 ; and, in like 
manner, the Index of the Logarithm of 357 will 
be 7. Alſo, for the ſame Reaſon, if the Index of the 
r ira of Unity be 100, and of 10 be 101, then 
will the Index of the , ee of the Fraction d be 
99, and the Index of the Logarithm of +35 will be 98, 


and the Index of the Logarithm of the raCtion ; #5; 


ſhall be 97, &c. And theſe Indices ſhew in what Place 
from Unity the firſt Figure of the Fraction, not be- 
ing a Cypher, muſt be put. For Example, if the Index 
be 4, the Diſtance thereof from the de of Unity 
(which is 10), viz. 6, ſhews that the firſt ſignifica- 
tive Figure of the Decimal is in the ſixth Place from 
Unity; and therefore five Cyphers are to be perfixed 
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thereto towards the Left-hand. So, alſo, if the Index 
of Unity be 100, and the Index of the Fraction be 80, 
the firſt Figure thereof ſhall be in the 20th Place from 
Unity, and 19 Cyphers are to be prefixed thereto. 

Now, let it be required to multiply the Fraction 
GH by the Fraction DC. Becauſe Unity is to the 
Multiplier 2s the Multiplicand is to the Product ; the 
Diſtance between Unity and the Multiplier ſhall be 
equal to the Diſtance between the Multiplicand and 
the Product. Therefore, if there be taken GIS AC, 
the Product IK ſhall be at I. And, according]y, if 
from OG, the Logarithm of the Multiplicand, there 
be taken GI or AC, there will remain Ol, the Loga- 
rithm of the Product. But AC=OA—OC, which 
taken from OG, there will remain OG + OC — 
OA = OI; that is, if the Logarithm of the Multiplier 
and Multiplicand be added together, and from the 
Sum be taken the Logarithm of Unity (which is 
always expreſſed by 10 or 100 with Cyphers), the Lo- 
garithm of the Product will be had. For Example, 
Jet the Decimal Fraction o, 007 34 be to be Multiplied 
by the Fraction 0,000876. Set down 100 for the 
Index of the Logarithm of Unity, and then the Lo- 
garithms of the FraQtions will be as in the Margin 
which being added together, and the 
Logarithm of Unity being taken away 97,8656961 
from the Sum, the Remainder is the 96,9425541 
Logarithm of the Product, whoſe In- 94, 8082002 
dex 94 ſhews, that the firſt Figure of 
the Product is in the ſixth Place from Unity; and ſo 
there muſt be five Cyphers prefixed, and then the Pro- 
duct will be 0,00000042984. 

In Diviſion, the Diviſor is to Unity, as the Divi- 
dent is to the Quotient; and ſo the Diſtance between 
the Diviſor and Unity ſhall be equal to the Diſtance 


between the Dividend and Quotient. And fo, if 


the Fraction IK be to be divided by DC, you muſt 
take G = CA, and the Place of the Quotient ſhall 
be G. But CAS OA - OC, which being added 
to OI, we have OA+ OI OC = OG; that is, 
if the Logarithm of Unity be added to the Logarithm 
of the Dividend, and from the Sum be taken the Lo- 
garithm of the Diviſor, there will remain the Loga- 
rithm of the Quotient; ſa if the Number CD be s 
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be divided by I K, you muſt take the Diſtance CS 
IA, and then ST will be the Quotient, whoſe Loga 
rithm is OA + OC—OlI. Let CD = 0.347, K 
=0.00478. Then add the Logarithm 
of Unity to the Logarithm of CD; 19.5403295 
that is, put 1 or 10 before the Index #7.6794279 
thereof, and from that ſubtra the Lo- — — 
garithm of the Diviſor, and the Remain- 11. 8609016 
der will be the Logarithm of the Quo- 
tient, whoſe Index 11 ſhews, that the Quotient is be- 
tween the Numbers 10 and 100; and I ſeek the Num- 
ber anſwering the Logarithm, which I find to be 
2,594. It the Logarithm of a Vulgar Fraction, for 
— „ be required, the Logarithm 
of Unity muſt be added to the Loga- 10.8450980 
rithm of the Numerator 7; or, which 0©0.9032990 
is all one, you muſt put 10 or 100 be- — _ 
fore the Index thereof, and ſubduct from 9g.9420080 
it the Logarithm of the Denominator 
8; and there will remain the Logarithm of the Vul- 
gar Fraction 2, or the Decimal. 875. 

If the Powers of any Fraction DC be required, you 
muſt aſſume EC, EG, Gl, IL, each equal to AC; 
and then EF will-be the Square, GH the Cube, and 
IK the Biquadrate of the Number DC; for they are 
continually proportional from Unity. Beſides, AE= 
2AC=2 AQO—2 OC; whence OE= OA — AE 
=2OC—OA; that is, the Logarithm of the Square 
is the Double of the Logarithm of the Root, leſs the 
Logarithm of Unity. In like manner, fince AG = 
3AC= 73 OA— 3 OC, we ſhall have OGS OA — 
AG = 3OC — 2 OA= the Logarithm of the Cube, 
=triple the Logarithm of the Koot, — the Double 
of the Logarithm of Unity. For the ſame Reaſon, 
becauſe AI = 4 AC = 4 OA — 4 OC, we have O1 
= 4OC— 3 OA, which is the Logarithm of the Bi- 
quadrate. And, univerſally, it the Bones of a Frac- 
tion be u, and the Logarithm L, then ſhall the Loga- 
rithm of the Power n= L — nz OA + OA; that is, 
if the Logarithmof a Fraction be multiplied by n, and 
from the Product be taken the Logarithm of Unity, 
multiplied by z —1, the Lugarithm of the Power n of 

that Fraction will be had. 
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For Example, if it is required to find the 6th Power 
of the Fraftion % =,05, the Logar:thm of this Frac- 
tion 86989700, which, being multiplied by 6, gives 
the Number 52.1938200; and if from 5: the Num- 
ber 50, which is tne Index of the Logarithm of Unity 
drawn into 5, be taken away, the Remainder will be 
the Logarithm of the 6th Power, vi. 2.1938200, to 
which the Number ,00000-001 5625 anſwers. For 
the Index 2 ſhews, that 7 Cyphers muſt be put before 
the firſt Figure. 

If the 8th Power of the Fraction ,05 be required, 
by multiplying the ' Logarithm by 8, there will be 
produced 69.5917600 ; and fince 70, which is ſeven 
times the Index of the Logarithm of Unity, cat not be 
taken from 69, unleſs we run into negative Numbers, 
the Index of the Logarithm of Unity muſt be ſuppoſed 
100, and then the Index of the Logarithm of the 
Fraction will be 98. Now this Logar thm drawn into 
8, gives 789,5917000; and if 700, which 1s 7 times 
the Index of the Logarithm of Unity, be taken from 
789, there will remain 89.5917600, the Logarithm 
of the 8th Power of the Fraction , whoſe correſpond- 
ent Number is ,000000000039:2 62. For ſince the In. 
dex is 89, and the Difference thereof from 100 to 11; 
the firſt fignificative Figure of the FraQtion ſhall be in 
the 11th Place from Unity; and lo there mult be 10 
Cyphers placed before it. 

If the Roots of the Powers of Fractions be deſired, 
for Example, the Square Root of the Fraction EP; be- 
cauſe the Root is a mean Proportional between the 
Fraction and Unity, you muſt biſect AE in C, and 
then CD will be the e Root of the Fraction EF, 


But AC = 4 Am == and fo the Loga- 
OA+OE And 


L 


2 
if the Cube Root of the Fraction GH be ſought, this 
ſhall be the firſt of two mean Proportionals between 
Unity and GH; and fo, if AG be divided into three 
equal Parts, the firſt of which is AC, then CD ſhall 
be the Root ſought; And becauſe AC TAG 


, if this be taken from O A, there will 
remain 
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remain 22 = OC= Logarithm of the Cube 


Root of the f raction GH. So, likewiſe, the Biqua- 
drate Root of the Fraftion IK will be had, by di- 
viding Al into four equal Parts; for the Root is the 
firſt of three mean Proportionals between Unity 
and the Fraction; and, conſequently, if AC 4 
Al, then will CD be the Biquadrate Root of the Fraction 


IK. But AC = 1 AI — - and fo OC= 
30A+0T 


OA—AC= 


4 | 
And univerfally, if the Root of any Power u of the 
Fraction LM be required, the Logarithm of the Root 


thereof will be- - OE, that is, if the 
n 
Number -I be prefixed to the Index of the Loga- 


rithm, and the Logarithm thus augmented be divided . 


by n, the Quotient will give the Logarithm of the 
Root ſought. So if the Cube Root of the Frctaion or 
.5 be ſought, you mult place 2=>u—1 (ſince the Cube 
Root is required) before the Logarithm thereof, and 
there will be had 29.698970, a third Part of which is 
S5. which is equal to the Logarithm of the 
ube Root of the Fraction 4; and the Number „7937, 
anſwering to this Logarithm, is the Root ſought. 


CHEAT IV 


Of the Rule of Proporti on by Loga- 
| rithms. 


T's Rule of Proportion ſhews how, by having 


three Numbers given, a fourth Proportional to 


| them may be found; viz. if theſecond and third 
Terms be multiplied by one another; and the Product 


divided by the firſt Term, then will the Quotient be the 
fourth proportional Term ſought. But this fourth Term 


is much' eaſier found by Logarithms ; for if the Loga- 


rithm of the firſt Term be taken from the Sum of the 
Logarithms of the ſecond and third Term, the * 
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ber remaining will be the Logarithm of the fourth, 


ſought. 

Or this may be done ſomething eaſier yet, if inſtead 
of the Logarithm of the firſt Term be taken its Com- 
plement Arithmetical, or the Difference of that Lo- 
garithm, and the Number 10.0000000, which is 
done by ſetting down the Difference between each Fi- 
gure of the Logarithm, and the Figure 9; for then, if 
that Arithmetical Complement be added to the Sum 
of the other two Logarithms ; and if Unity, which is 
the fiiſt Figure to the Left-hand, be taken from the 
Sum, the Kemainder will be the Logarithm of the 
fourth Term, ſought; and fo, by this Way, the Loga- 
rithm of the fourth Term is found by only one Addition 
of three Numbers. The Reaſon of this will be manifeſt 
from hence: Let there be three Numbers A, B, C, 
the firſt of which is to be taken from the Sum of the 
ſecond and third. Now this may not only be done 


by the common Way, but, likewiſe, if there be an 


other Number E taken, and from this there be taken 
A, there will remain E A; and if the Numbers 
B, C, and E—A, be all added together, and from 
their Sum be taken E, there will remain B+-C—A, 
So, if the Number 15 be to be taken from 23, 
take the Complement of the Number 15 to 100 8x 
which is 85, and add this Number to 23, and 23 
the Sum will be 108, from which 100 being 108 
taken, there remains the Number 8. 

Here follow ſome Trigonometrical Examples of the 
Rule of Proportion ſolved by Logarithms, 

Let ABC be a Right-lined Triangle, wherein are 
oo the Angle A 36 Degrees 46', the Angle B 98 

egrees 32“, and the Side BC 3478; the Side AC is 
required. Say (by Caſe 1. of Plane Trig.), as the Sine 
of the Angle A is | 
to the Sine of the Arith. Comp. 8, A. 08220938 

5 


Angle B, fo is BC Log. Sin. B. 959951 
to AC. And be- Log. BC. 3,5413206 
cauſe the Loga- Log. AC. 13.7 593890 


rithm Sine of the N 
Angle A is the firſt Term of the Analogy I ſubſtitute 
its Complement Arithmetical for the ſame, and add 
the Logarithm of BC, the Logarithm of 8, B, and 
the ſaid Complement, all three together, and 15 
nl Yo 
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Unity, which is in the firſt Place to the Left-hand; 
and then the Logarithm of the Side AC will be given, 
and the Number anſwering thereto is 5745, 306, equal 
to the Side ſought AC. VE | 
Let there be a Spherical Triangle ABC, in which 
are given all the Sides, viz, B C= go Degrees, 
AB=24 Degrees 3', and AC= 42 Degrees 8'; the 
Angle B is required. -Let BA be produced to M, fo 
that BU=BC; then will AM, the Difference of the 
Sides BC, BA, be equal to 5 Degrees 57'. Now 
by Caſe 11. in oblique-angled Spherical Triangles) 


ſay, As the Rectangle under the Sines of the Legs is 


to the Square of Radius, ſo is the Rectangle under the 


7 0 „to the 

Square of the Sine of one half the Angle B. 
But — — 24 Degrees 2, and AC—AM 

2 

= 18 Degrees 6'; and becauſe the firſt Term of the 
Analogy is the Rectangle under the Sines of AB, BC, 
and the ſecond Term is the Square of Radius, the Sum 
of the Logarithm Sines of AB, BC, muſt be taken from 
double the Logarithm of Radius, and what remains 
mult he added to the Sum of the Logarithm 8, of 


ACTAM and 0 2 which is the ſame as if 


1 2 
the Logarithm Sines of each of the Arcs AB, BC, 


were ſub- a 

| Log. 8, BC Comp Arith. 0.3010299 
33 Log. 8, AB Comp. Arith. o. 3898364 
Radius; or if Log. 8, — 9.098803 
the Comple- 15 
ments Arith- Log. 8. AC—AM 
metical of 2 _9.4923083 
theſe Sines 2Log. Sz Angle B 1947939549 
be taken, and ; 


thoſe Complements and the ſaid Sines be all added to- 
gether, then ſhall the Sum be the Logarithm of the 
Square of the Sine of half the Angle B. And ſo the 
Half thereof, viz. the Logarithm 9.8965274, is the 
Logatithm Sine of half the Angle B=51Degrees 50 
56%, and the Double of this Hog {hall be 103 De- 
rees 59 52 B; which was ſought, | 

Wy nan. 
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Of the continual Increments of propor- 
tional Quantities, and how to find by 
Logarithms, any Term in a Series of 
Proportionals, either increaſing or de- 
creaſing. Fig. 3. | 


Curve, there be taken any Number of equal Parts 
SV, VY, YQ, Oe. and at the Points 8, V, V, 
Q, Ec. be raiſed the Perpendiculars ST, VX, YZ, 
Q, &c. then, from the Nature of the Curve, ſhall all 
theſe Perpendiculars be continually proportional; and 
therefore, alſo, the continual Increments Xx, Zz, IIx, 
ſhall be proportional to their Wholes. For fince ST; 
VX::VX:YZ::YZ:Q-::, it ſhall be (by Diviſion 
of Proportion) ST : Xx:: VX: : Zz: : YZ : Ilz; 
and (by Compoſition of Proportion) VX: Xx :: YZ: 
z :: QI: . Hence if Xx be any Part of any 
Right Line ST, then will Zz be the ſame Part of the 
Right Line VX, and alſo 117 the fame Part of the 
Right Line VZ. For Example, if Xx be the 2 
Part of ST, then will Zz= #7 VX, and IIa = g YZ; 
or, which comes to the ſame, we ſhall have VX 
STT ST, YZ=VX+ 2 VR, alſo, QI 
YZ+ 5YZ. 

Now make, as ST' is to VX, fo is Unity AB to 
NR; then ſhall AN SV; and fo each of the 
Right Lines SV, VV, YQ,, Sc. ſhall be equal to 
the Logarithm of RN; and AV, the Logarithm of 
the Term VN, ſhall be equal to AS+AN=Loga- 
rithm of ST + Logarithm of NR. Alſo AY, the 
Logarithm of the Term YZ, ſhall be equal to AS + 
2 AN = Logarithm ST + 2 Logarithm NR ; and 
AQ, the Logarithm of the Term , ſhall be equal to 
AS + 3 AN = Logarithm ST + 3 Logarithm NR, 
And univerſally, if the Logarithm of the Number NR 
be multiplied by a Number, expreſſing the Diftance 
of any Term from the firſt, and the Product be added 


to 


FT: any-where in the Axis of the Logarithmical 
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to the Logarithm of the firſt Term, then will the Lo- 
garithm of that Term be had: But if a Series of Pro- 
portionals be decreaſing, that is, if the Terms diminiſh 
in a continual Ratio; and Q [I be the firſt Term; 
then the Logarithm of any other will be had, by multi- 
plying the Logarithm of the Number NR, by a Num- 
ber that expreſſes the Diſtance of its Term from the 
firſt, and ſubtracting the Product from the Logarithm 
of the firſt. And if the ſaid Product be greater than 
the Logarithm of the firſt Term, then the Logaritams 
muſt begin from a Unit in ſome Place of Decimal 
Fractions, as from OP, and then the Logarithm of the 
Number Q will be O. | 

Now, let LM repretent any Money, or Sum of 
Money, put ot to Intereſt, ſo that the Intereſt there- 
of be accounted but at the End of every Year, and 
let K & be the Gain or Intereſt thereof at the End of 
the firſt Year ; then will IK be the Sum of the In- 
| tereſt and Principal. And again IK, becoming the 
Principal at the End of the firſt Year, H, which is 
proportional to IK, or in a conſtant Ratio, will be the 
Gain at the End of the ſecond Year; and fo HG, at 
the End of the ſecond Year, will become the Princi- 
pal; and at the End of the third Year F/, proportional 
to GH, will be the Gain. Now, let us ſuppoſe the 
Principal to be augmented every Year gg Part thereof, 
fo that IK =LM + LV, GH=IK+ 2 IK, 
EF = GH + 2s GH, and ſo on. And accordingly, 
the Terms LM, IK, GH, EF, &c. are continual Pro- 
portionals, and it is required to find the Amount of the 
Money at the End of any Number of Years, | 
Loet LM be a Farthing. Becauſe LM is to IK as 
I to 1 ＋ zr, or as 1 to 1,05, as AB is to NR, then 
will NR= 1.05, whoſe, Logarithm AN is 0.021 1893, 
or, more acurately, 0.021892991, it is required to 
find the Amount of a Farthing, put out at Compound 
Intereſt, at the End of 600 Years. Multiply AN by 
600, and the Product will be 12.7135794, and to this 
Product add the Logarithm of the Fraction 34, viz. 
97.0177288 (for a Farthing is 34g Part of a Pound), 


and the Sum 109.7 313082 ſhall be the Logarithm of 


the Number ſought ; and ſince the Index 109 exceeds 
the Index of Unity by 9, there ſhall be nine Places 
of Figures above Unity in the correſpondent Num- 

| ber; 
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ber; and that Number, being ſought in the Tables, 


will be found greater than 5 386500000, and leſs than 
52386600000. And therefore a Farthing put out, at 
Intereſt upon Intereſt, at 5 per Cent. per Annum, at the 
End of 600 Years will amount to above 5336500000 
Pounds ; which ſum could hardly be made up, by all 
the Gold and Silver that has been dug out of the Bowels 
of the Earth, from the Beginning of the World to thig 
Time. 

Let Q IT expound any Sum of Money due to ſome 
Perſon at the End of a full Year. Now it is certain, 
that if the Debtor ſhould pay down, at preſent, the 
whole Sum of Money, he would loſe the yearly Uſury 
or Intereſt that his Money would gain him; and fo a 
leſſer Sum, being put out to Intereſt, will, at the End 
of one Year, together with the Intereſt thereof, be equal 
to the Sum of Money Q 1, Now this preſent Sum of 
Money, which, together with the Intereſt thereof, is equal 
to the Sum of Money Qu, is called the preſent Worth 
of the Money Q. Let AN be the Logarithm of the 
Ratio which the Principal has to the Sum of the Princi- 
pal and Intereſt, that is, if the Principal be twenty times 
the yearly Intereſt, let AN be the Logarithm of the 
Number 1+ 2 or 1.05, and take QY equal to AN; 
then will AY be the Logarithm of the preſent Worth 
of the Money Qu. For it is manifeſt, that the Mo- 
ney YZ, put out to Intereſt, will, at the End of one 
Year, amount to the Money Qll; and fo, to have the 
Logarithm of the preſent Worth thereof, or YZ, 
the Logarithm AN muſt be taken from the Loga- 
rithm AQ, and there will remain the Logarithm AY 
of the preſent Worth, or YZ. But if the Sum Qu 
be not due till the End of two Years, then the Loga- 
rithm 2 AN muſt be ſubtracted from the Logarithm 
AQ, and there will remain AV, the Logarithm of 
the preſent Worth, or of the Sum that muſt be paid 
at preſent for the Money Q due at the End of 
two Years. For it is manifeſt, that the Money VX 
being put out to Intereſt, will, at the End of two 
Years amount to the Sum of Money Q!1. By the 
fame Reaſon, if the Sum Q li be not due until the 
End of three Years, the Logarithm3AN muſt be ſub- 
traced from the Logarithm of Q, and the Remainder 
AS ſhall be the Logarihm ot the Number oh, - 
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ST ſhall be the preſent Worth of the Sum Qu due 
at the three Years End. And aa to if the Lo- 
garithm AN be multiplied by the Number of Years, 
at the End of which the Sum Il is due, and the 
Number produced be taken from the Logarithm AQ , 
then will the Logarithm of the preſent Worth of the 
Sum Q [1 be had. And from hence it is manifeſt, if 

386500000 Pounds be due to ſome Society at the 
50 of 600 Vears, then would the preſent Worth of 
that vaſt Sum of Money be ſcarcely a Farthing. 

If the proportional Right Lines HG, EF, AB, CD, 
Fig. 4. are Ordinates to the Axis of the Logarithmical 
Curve, and if their Ends FH, DB, be joined by Right 
Lines, which, produced, meet the Axis in the Points 
P and K, then the gn Lines GP, AK, will be always 
equal. For ſince GH: EF : : AB: CD; it will be, as 
GH: Fs: : AB: DR, But becauſe of the equiangular 
Triangles PGH, H s F, as alſo KAB, BRD, we have 
PG: Hs:: (GH: FS:: AB: DR: :) KA: BR. 
And finte the Confequents H s, BR, are equal, the An- 
tecedents PG, KA, thall be alſo equal. W. W. D. 

If the Right Lines CD, EF, equally accede to AB, 
GH, ſo that the Point D at laſt may coincide with B, 
and the Point F with H, then the Right Lines DBK, 
FHP, which did cut the Curve before, will be changed 
into the Tangents BT, HV. And the Right Lines 
AT, GV, will be always equal to each other; that 
is, the Portion of the Axis AT, or GV, intercepted 
between the Ordinate and the Tangent, which is called 
the Subtangent, will every-where be of a conſtant 
and given Length. And this is one of the chief Pro- 


perties of the Logarithmical Curve; for the different 


Species or Forms of thoſe Curves are determined by 
the Subtangents. | 


The . or the Diſtances from Unity of 


the ſame Number, in two Logarithmical Curves of 
different Species, will be proportional to the Subtan- 


vents of their Curves. For let HB D, SNY, Fig. 4, 5. 


be Curves, whoſe Subtangents are AT, MX, and let 
AB = MN = Unity; alſo, DC = ; then ſhall 


AC, the Logarithm of the Number CD, in the Loga- 


rithmical Curve HD, be to MQ, the Logarithm of 
the Number Q (or of the ſaid CD), in the Curve 
SY, as the Subtangent AT is to the Subtapgent 
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MX. For let there be ſuppoſed an infinite Number 
of mean Proportional Terms between AB, CD, or 
MN, Q, in the Ratio of AB to a b, or MN to 
mn; and ſince AB = MN, then will a mn, ag 
alſo bc==no. And becauſe the Number of propor- 
tional Terms in each Figure are equal, they do divide 
the Lines, AC MQ, into equal Numbers of Parts, 
the firſt of which are A, M, and fo the ſaid Parts 
ſhall be proportional to their Wholes; that is, it will be 
as Aa:Mm:: AC: MQ. And becauſe the Trian- 
les TAB, Bcb6, are ſimilar (for the Part of the 

Cutve Bb nearly coincides with the Portion of the 
Tangent), as alſo the Triangles XMN, Nen, we 
have Aa, or BS: bc: : TA: AB. 

Alſo as no, or be : N:: MM, or AB: MX, 

Where (by Equality of Proportion) it will be, Be: 
No:: FA: MX:: Aa: Mm:: AC: MQ; whit 
was to be demonſtrated. If AT be called a, ſince 


AB: AT : l Bc: thaw wilt 8. 2. 


Hence, if the Logarithm of a Number extremely 
near Unity, or but a ſmall matter exceeding it, be 
ven, then will the Subtangent of the Logarithmical 
Wo be had. For the Excels bc is to the Logarithm 
Bc, as Unity AB is to the Subtangent AT, Or even 
if there are any two Numbers wy equal, their Dit- 
ference ſhall be to the Difference of the Logarithms, 
as one of the Numbers is to the Subtangent. For 
Example, if the Increment bc be ,00000 00000- 
©0001 02255 31945 60259, and Bcor Aa the Loga- 
rithm of the Number a6 be ,00000 00000 009c0- 
44408 92098 50062. Now if a fourth Proportional 
be tound to the faid two Numbers and Unity, viz. 
43429448 903251, this Number will give the Length 
of the Subtangent AT, which is the Subtangent of 
the Curve expreſſing Briggs's Logarithms. 

If a Sum of Money de put out to Intereſt on this 
Condition, that a proportional Part of the yearly Rate 
of Intereſt thereof be accounted every Moment of 
Time, viz. fo that at the End of the firſt Moment 
of Time, or indifinitely ſmall Particle of a Year, the 
Intereſt gotten thereby be proportional to that Time; 
which being added to the Principal, again begets In- 


tereſt at the End of the ſecond Moment of T7 
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— ——— Amount 
P 1. 
Senn at the Year's l ad. Let ate new the 
gy phy We, Then, if one 
Year, or i, gives the Intereſt a, the indefinitely 
article of A Year M m will give the I 
a, n accordingly, if 
ty be N MN, the firſt Increment 
* a This being 
a Logarithmical Curve be ſuppoſed to be d 
— the Points Nu, whoſe Axis is OM 
Then, in this Curve, if the Portion the Axis M © 
2 4 — 3 will 
the Money proportionally inere ev 
to that Time. For if there be token #4 tv = 
the Ordinates /p, &c. ſhall be a Series of EYED 
Proportionals in the Ratio of MN to un; that is, 
increaſe in the ſame Ratio as the Money doth. 
let the Right Line N X touch 2 
rithmical Curve in N, and the Subtangent thereof 
MX ſhall be conſtans and invariabl and the ſmall 
Triangle Non ſhall be ſimilar to the Triangle XMN, 
But it has been proved, that the Increment u Nn 
xa=Noxa; and ſono: NS:: NA: No:: a: 
1. But as u is to Na, fo ſhall MN be to M X. 
Wherefore it ſhall be, as @ is to 1, ſo is MN, or 1, 
to MX = = Subtangent, 


Now if the nearly Rate of Intereſt be 2s Part of the 
Principal, or if a= Fs = oz, then will MX = 3 
= 20, 

Becauſe in different Forms of Logarithms, the 
Logarithms of the ſame Number are proportional to 
the Subtangents of their Curves : If 'MQ ex 


the Time of a whole Year, or Unity, then ſhall QY 


be the Amount of the Money at the ear's End. 2 
to find Q, ſay, As MX, or 20, is to 0.4342 944 
— umber expounds the Sub of the 
Curve expreſſing 8288 ), 
ſo is one Year, or Unity, to a Briggian ho 
3 to the Number QY. This Logarithm 


o. 0217147, and the Number anſwering 
the ſame is 1.05127 * Q "Wn Increment 1 


Unity, 


36 
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Unity, or the Principal, exceeds the yearly Intereſt 


505 a ſmall Matter. And ſo if the yearly In- 
tereſt of 100 Pounds be 5 Pounds, the Proportional 
yearly Intereſt, which is added to the Principal 100 
at the End of each Particle of the Year, will amount 
only at the Year's End to 5 Pounds 2 Shillings and 6: 
ence. | | LIT A 
And if ſuch a Rate of Intereſt be required, that 
every Moment a Part of it continually proportional 


to the increaſin * be added to the Principal, 
8 


ſo that at the Year's End an Increment be produced 


that ſhall be any given Part of the Principal; for 


Example, the 26 Part; ſay, As the Logarithm of the 
Number 1.05 is to 1; that is, as o. oa 11893 is to 1; 
ſo is the Subtangent 0,4 342944 to , = 20.49, and 


then will 4 = —— = .0488, For if ſuch a Part of 
20.49 : 

the Rate of Intereſt .048$ be ſuppoſed, as anſwers to 
a Moment, that is, having the ſame Ratio to ,0488 as 
a Moment has to a Year, and it be made, as Unity is 
to that Part of the Rate of Intereſt, ſo is the Principal 
to the momentaneous Increment thereof; then will 
the Money, continually increaſing in that manner, be 
augmented, at the Year's End, the 20 Part thereof. 


C HAP. VL 


Of the Method by which My. Briggs con- 
puted his Logarithms, and the Demon- 
ftration therevf. 


| - Lthough Mr. rr has no - where deſcribed 
A the Logarithmical Curve, yet it is very certain, , 


that, from the Uſe and Contemplation thereof, 
the Manner and Reaſon of his Calculations will appear. 
In any Logarithmical Curve HB, let there be three 
Ordinates A B, 4b, 95, nearly equal to one another; 
that is, let their Differences have a very ſmall Ratio 
to the ſaid Ordinates; and then the Differences of 


their Logarithms will be proportional to the Differ- 


ences of the Ordinates. For ſince the Ordinates are 


nearly equal to one another, they will be very nigh 


to 
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tw each other; and ſo the Part of the Curve Bs, in- 
tercepted by them, will almoſt coincide with a ſtrait 
Line; for it is certain, that the ordinates may be ſo 
near to each other, that the Difference between the 
Part of the Curve, and the Right Line ſubtending it, 
may have to that Subtenſe a Ratio leſs than any 
given Ratio. Therefore the Triangles Beb, B r 5, 
may be taken for Right-lined, and will be eq u- 
lar. Wherefore, as sr : bc: Br: Be: : Ag: Aa; 
that is, the Exceſſes of the Ordinates, or Lines above 
the leaſt, ſhall be proportional to the Differences of 
their Logarithms. And from hence appears the Rea- 
ſon of the Correction of Numbers and Logarithms 
by Differences and proportional Parts. But if AB 
be Unity, the Logarithms of Numbers ſhall be pro- 
portional to the Differences of the Numbers. 

If a mean Proportional be found between 1 and io, 
or, which is the ſame thing, if the Square Root of 10 
be extracted, this Root or Number will be in the mid- 
dle Place between Unity and the Number 10, and the 
Logarithm thereof ſhall be 4 of the Logarithm of 10, 
and ſo will be given. If, again, between the Number 
before found, and Unity, there be found a mean Pro- 

ional, which may be done by extracting the Square 
of the ſaid Number, this Number, or Root, will 
he twice nearer to Unity than the former, and its Lo- 
garithm will be one half of the Logarithm of that, or 
one fourth of the Logarithm of 10. And if in this 
manner, the Square Root be continually extracted, and 
the Logarithms biſected, you will at laſt get a Num- 
ber, whoſe Diſtance from wa poo be leſs than the 
[5535552 55557o55 Part of the Logarithm of 10. And 
after Mr Briggs had made 54 Extractions of the Square 
Root, he found the Number 1. 00000 00000 00000- 
12781 91493 20032 3442 ; and its Logarithm was 
o. 00000 ©0000 00000 05551 I1I512 31257 82702. 
Suppoſe this Logarithm to be equal to Ag or Br, and 
let 9 5 be the Number found by extraQting the Square 
Root; then will the Exceſs of this Number above 
Unity, viz. r 5=, 00090 ©0000 00000 127581 91493- 
20032 3442. a f 
Now, by means of theſe Numbers, the Logarithms 
of all other Numbers may be found in the following 
manner: Between the given Number (whoſe Loga- 


Aaz? ' rithm 
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_ rithm is to be found) and Unity, find ſo many mean 
Proportionals (as above), till at laſt a Number be got- 
ten ſo little exceeding Unity, that there be 15 Cyphers 
next after it, and a like Number of ſignificative Fi ures 
after thoſe. Let this Number be à b, and let the — 
ficative Figures, withthe Cyphers prefixed before them, 
denote the Difference ic. Then ſay, As the Differ- 
ence 75 is ee e „ is Br a gwen 
Logarithm, to Be, or A a, the Logarithm of the Num- 
ber ab; which therefore is given. And if this Lo- 
garithm be continually doubled, the ſame Number of 
Times as there were Extractions of the Square Root, 
you will at laft have the Logarithm of the Number 
ſought. Alſo, by this Way may the Subtangent of 
the Logarithmical Curve be found, viz. by ſaying, As 
rs: Br: : AB, or Unity: AT, thè Subtangent, which 
therefore will de found to be 0.434294482903251; 
by which may be found the Logarithms of other Num- 
bers ; to wit, if any Number NM be given afterwards, 
as alſo its Logarithm, and the Logarithm of another 
Number, ſufficiently near to NM, be tought, ſay, As 
NM is to the Subtangent XM, ſo is o, the Diſtance 
of the Numbers, to No, the Diſtance of the Loga- 
rithms. Now, if NM be Unity = AB, the Logs- 
rithms will be had by multiplying the ſmall Differences 
bc by the conſtant Subtangent AT, 

By this way may be found the Logarithms of 2, 3, 
and 7; and by theſe the Logarithms of 4, 8, 16, 32, 
64, Cc. 9, 27, 81, 243, Sc. as alſo 7, 49, 343, 
c. And if from the ithm of 10 be taken the 
Logarithm of 2, there will remain the Logarithm of 
53; ſo there will be given the Logarithms of 25, 125, 
625, Cc. 

The Logarithms of Numbers compounded of the 
aforeſaid Numbers, viz. 6, 12, 14, 15, 18, 20, 21, 
24, 28, Sc. are eaſily had by adding together the Lo- 
garithms of the component Numbers. 

But fince it was very tedious and laborious to find 
the Logarithms of the prime Numbers, and not eaſy 
to compute Logarithms by Interpolation, by fit, 
ſecond, and third, &c, 7; oor te ; therefore the 

t Men, Sir Jſaac Newton, Mercator, Gregory, 
Wallis, and, laſtly, Dr, Halley, have publiſhed infinite 
converging Series, by which the Logarithms of 
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to any Number of Places may be had more 
4 and truer: Concerning which Series 

. Halley has written a learned Tract, in the Phileſo- 

cal Tranſactions; wherein he has demonſtrated thoſe 
Series after a new: Way, and ſhews how to compute 
the Logarithms by them. But I think it may be more 
proper here to add a new Series, by means of which 
may be found, eaſily and expeditiouſly, the Logarithms 
of large Numbers. 85 

Let z be an odd Number, whoſe Logarithm is 
fought; then ſhall the Numbers z— T7 and & - 1 be 
even, and accordingly their Logarithms, and the 
Difference of the Logarithms, will be had, which let 
be called y. Therefore, alſo, the of a 
Number, which is a Geometrical Mean between 
z—1 and z + 1, will be given, viz. equal to tlie 
Half Sum af the pea = mon the Series 

177 
* + 242 3 3602 + I5120z7 * 2520029 
&c. ſhall be equal to the Logarithm of the Ratio, which 
the Geometrical Mean between the Numbers z — I 
and z + 1 has to the Arithmetical Mean, viz. to the 
Number z. 

If the Number exceeds 1000, the firſt Term of the 


Series N is ſufficient for producing the Logarithm to 


2 
13 or 14 Places of Figures, and the ſecond Term 
will give the Logarithm to 20 Places of Figures. . 
But, if z be greater than 10000, the firſt Term will 
exhibit the Logarithm to 18 Places of Figures ; and 
ſo this Series is of great Uſe in filling up the Loga- 
rithms of the Chiliads omitted by Briggs. For Ex- 
ample, it is required to find the ithm of 20001. 
The Logarithm of 20000 is the ſame as the Loga- 
rithm of 2 with the Index 4 prefixed to it; and 
the Difference of the Logarithms of 20000 and 
20002 is the ſame as the Difference of the 
Logarithms of the Numbers 10000 and 10001, 
viz, 0.00004 34272 7687. And if this Differ- 


ence be divided by 42, or 80004, the Quotient - 
Aa 3 | ſhall 
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ſhall bee _ - *-0.00000/00005 42814 
And if the Logarithm of the 4:30105 17093 02416 


Geometrical Mean be added — OI 
n 
be the Logarithm of 20001. Wherefore it is mani - 
feſt, that to have the Logarithm to 14 Places of Fi- 
gures there is no Neceſſity of continuing out the Quo- 
tient beyond fix Places of Figures. But if you have a 
mind to have the Logarithm to 10 Places of Figures 
only, as they are in Flags Table, the two Eirſt Figures 
of the Quotient are enough. And if the Logarithms 
of the Numbers above 20000 are to be found by this 
Way, the Labour of doing them will moſtly conſiſt in 
ſetting down the Numbers. 


Note, This Serbe is eaſily deduced: from that found | 
out by Dr. Halley; and thoſe who have a mind 


to be informed more in this Matter, let them con- 
ſult his above · named Treatiſe. | 


THE 


7 Is needleſs here to write a prefatory Diſ- 


courſe, ſetting forth the Uſe and Invention 

of Logarithms, ſince the Author has ſup- 
plied that, in his Preface to the Treatiſe of the Nature 
and Arithmetic of Lagarithms annexed to theſe Ele- 
ments: *Tis enough to inform the Reader, that my 
chief Deſign in writing this Appendix was, to render 
their Conſtruction eaſy, by inveſting various Theo- 
rems for that Purpoſe,-and illuſtrating them by proper 
Examples; all which is performed in the actual Ope- 
ration of making the Logarithms of the firſt to Num- 
bers, and of the prime Number 101, which is mote than 
ſufficient to inform the meaneſt Capacity how to exa- 
mine or conſtruct the whole Table. I have alſo ſhewn 
how, from the Logarithm given, to find its coreſpond- 
ing Number; and the Inveſtigation of the. Series omit» 
ted by the Author in Page 357. for expeditiouſly find- 
ing the Logarithms of large Numbers. As to thoſe Se- 
ries exhibited by him in his Trigonometrical Treatiſe, 
gage 287. for making the Sines and Coſines; I muſt 
declare, that Ihave exceeded my firſt Intentions, which 
were to give their Inveſtigation only; but conſidering, 
that as they depended upon the Newfonjan Series with- 
out the Inveſtigation of which our Author's Serjes could 
never be thoroughly underſtood ; I thought it would 
therefore prove acceptable, if I ſhewed their Inveſtiga- 
tions too, from which thoſe of our Author eaſily flow, 
In order to which, and to keep the Reader no longer in 
Suſpenſe; let i be put for the Radius KE of the Circle 
ABCD; a for the Arc BE, whoſe * 7 is to be in- 
veſtigated ; and s equal to the Sine EG: Thea is 
FE=a, and IF =s. og 


Aa4 Then, 
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Then, the Tri KGE, KHL, are fimilar, be- 
H is to EG; the Triangles KLH, 

ilar, becauſe the An les KLH, FLE, are 

the Angles KHL, FEL, are both Right 
and the Triangles FLE, FEI, are ſimilar, 
the Angles FE L, FIE, are both Right 
Angles, and the Angle F is common : Therefore 
the Triangles FIE and KGE are fimilar, whence 


KG (ory/rr—ss) KE (or r) :: FI (or ): FE (or a); 
ub 


ia: Mas Bl he 
27 5 1575 © 1287” 
Fc. by extracting the Square Noot; 


And if rs be divided by that Series, the Quotient, 
TIL ry 51%, 3568 . 

Sth TRE ern 
Fluxion of the Arc; therefore the Fluent thereof, zix, 


#: iz $* — 39 
? 2. 327 2.4. 515 2.42. 7re 2. 4. 2. . 97 R ) 


$3 437 3.3.5. 55 3.5.5.7.75 
23 234572345677 


2-34 5.6775 2 3.5.0.7. 8 9 
| Sc. 
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He. will be equal to the Arc of a Circle whoſe Radius 
is 7, - Sine 5. nn ph qr Unity, then 


3 3 $3. 5 35: al. Ec. ill 
+3 +153,” En ns qe 


er the Leng of the Age | 
EXAMPLE. 


Let it be required to find the Length of the Arc of 


1 ty. 


Here 5 = 2, . whence the * 
may be as follows: 


RR 19 CT PIO MEM ring 
n 


s =,5000000 -þ| wn = 55000000 
53 2 „1250000 TS 206333 
+ 4 = 453 
35 = 312560 19 75 = 23437 

8 37 

s = 70125 124 = 3457 

5 13 
=. 19531 | i152 = 393 

635 .& of 
57.7 - ©4008 2610 =>" * 709 
: 23153 

FT = 1220 13312 * 
| 8 14 $*5 * 4 | 
6 2 305 | 10240 + 
3235984 


Hence the Length of the Are of 30 Degrees is 
„523598 ＋. No if this Arc be Multiplied by 6, we 
ſhall have the Length of the Arc of the Semicircle in 
_ ſuch Parts as he Radius is 1, ot of che whole Circumfer- 
ence in ſuch Parts as the Diameter is 1, viz. 3, 14159 7. 
— is no Series ſo eaſy * 20 retained in the 
Memory, and ſo readily put in Practice, for obtaining 
the Ratio of the Diane the Circle to its Circum- 
ference, as that which is derived from the Tangent. 
For if ? be put equal to the Tangent of any Are, then 
4281. +3, Sc. 
Now 
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Now the, Radius being Unity the Sine of 30 De- 
grees 2, and conſequently the Coſine V; and 
becauſe the Cofine is to the Right Sine, as the Radius 
to the Tangent; it will be, , 1: Vn the 
Tangent of 30* 00” r t, whence ft = 4. Whetefore, 
if the Root of 4 be dividgd continually by 3, and the 
ſeveral Quotients by the dd Numbers ſucceſſively, 
viz. the firſt by 3, the ſecond by 5, &c. the Sum of the 
affirmative Quotients made leſs by all the negative ones, 
will be the Arc of 30 Degrees. 

And becauſe the Arc of 30 Degrees is Part of the 
Semicircumference, if inſtead ofy/ ; be taken 6 


Vz, we ſhall have the Semicircumference ini fuch 


Parts as the Radius is Unity; or the whole Circumfer- 


ence, the Diameter being Unity,  _. -- 
The OrtgxarTion ſtands thus: 
123, 464102 J43,464102 
3) 1,1547010 enn —,38490⁰ 
5) »384goo( + 76980 
7 51283000 „ me WO 22g 
9 427670 ＋ 4752 
11) 142560 — 1296 
13) 47520 5 
15) 15840 2 — 106 
17 5280 . 
19) 8 et PS 
+3:540231—,404040 


Whence 3,546231 — ,404640 = 3, 141591 theſame 
as before. The Impoſſibility of expreſſing the exact 


Proportion of the Diameter of a Circle to its Circum- 


ference, by any received Way of Notation, has put the 
moſt celebrated Men, in all Ages, upon approximating 
the Truth as near as poſſible; there being a Neceſſity of 
a near Quadrature, inaſmuch asitisthe Baſis upon which 
the moſt uſeful Branches of the Mathematics are built. 
And after the famous Van Ceulen, who carried it to 3b 
Places of Decimals (which he order'd to be engraven on 
his T-omb-ſtone, thinking he had ſet Bounds to far- 
ther Improvements), t that attempted it with 
Succeſs was the moſt indefatigable Mr. Abraham Sharp, 
who, by a double Computation, viz. from the Sine of 
6 Degrees one way, and from the Sine and n of 

12 De- 
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12 Degrees another way, carried it to twice the Num- 
ber of Places that Van Gulen had done, via. 72. 
And ſince that time Mr. Machin, late Profeſſor of 
Aſtronomy in Greſbam Collage, and Secretary to the 


Royal Society, by a different Method of Computation, 
has carried it to 100 Places, almoſt triple the Num- 


ber that Van Cculen had done, which not only con- 
rms Mr. Sharp's Quadrature; but ſhews us, that, 
if the Diameter be 1,00006, &c. the Circumference 
will be 3, 14 159. 26535: 89793. 23946. 26433. 8 3279. 
50288. 41971. 69399. 37510. 38209. 74944 59230. 
78164. 06286. 20899. 86280. 34825. 34211. 79680. 
-+ of the ſame Parts. VVV 
Which is a Degree of Exa&neſs far ſurpaſſing all 
Imagination; being, by Eſtimation, more than ſuſſicient 
to calculate the Number of Grains of Sand that may be 
comprehended within the Sphere of the Fixed Stars. 
The late Mr. Cunn's Series for determining the Pe- 
riphery of an Ellipfis (who 41 » my Predeceſſor in the 
Mathematical School; erected by Frederic Sigre, M. D. 
and eſtabliſhed by a Decree of the High Court of 
Chancery for qualifying Boys for the Sea - Service) 
being new and curious, this tunity is taken of 
making it public. 1 + 424-22 nul P 
Let A be equal to a Quadrant of the Circle circum- 
ſeribing theElliptis,whoſePeriphery is requir d. Then 
= 4 1 Lo il. L. 3. SLL 
2.2 2.4.8 4.4. 0.10 2.4.6. 8.128 


1-3-5-79-7 0 1.3.5.7. 9.11.21 "2, Ee is 


2.4.0.8. 1 256 2.4. 0 8.10. 12. 1024 | 
the Periphery of a Quadrant of the Ellipſis, where 
— 75 Ost being the Semi- tranſverſe Diameter, 
and c the Semi- conjugats. | 

| Whenthis Series came to hand, it was imperfeR, in- 
aſmuch as there were only the firſt five Terms without 
the Law of Continuation: But, being deſirous of ren- 
dering it complete, after ſome Conſideration, I found the 
Law to be as follows: It is plain by Inſpection, that 
the Numerators and Denominators of each Ferm are 
compos'dof Numbers that run in arithmetical Progreſ- 
hon, except the laſt in each Term, viz. 4. J, {> irs 
&c. and thoſe being found by the continual Multiplica- 
| b tion 


4 
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tion of theſe Fractions, 4X 4X #X INN een, E. 
the Law of continuing the whole Series as above, 5 


evident. Whence, by a well known Method of ſub- 
fituting Capital Letters for each Term reſpectivciy, the 


* viz. Wer — 42 = eB 


— c-# Da 25K 2 
„ 3 ph fince 
each Capital Letter is equal to ita precedent Term, 
viz. B = 4 ce, E=L3 2%, S.. and without doubt 


4.4 

in Practice is preferable ts the former Series: But the 
In of that, on which this laſt depends, is 
omĩ Eon account of its being lornttn to the 


ſent S 
vu the Len - 


But to return; if the Series: 
the Arc, vis. fo 5 53 4357, Ce. be reverſed, 
Ny nA Tit i ten Goh | 

uently a direct Method for finding the Sine of 
| Arc fromm its Length: giv "Thus, 5 
Vf a= 5+ $8 4-45 e. 
tang” 4 r 


7 
Or — 2 — 
8 2.3 Þ+ z7 2777 75 2455.7 
For put s AA + BA + C, &c. 
22 2A ＋ A*Ba, Ec. 7 
And . 35 A', Sc. 
2 equently Ag=as « whence A ==1 * 
y + 35 A* =o; or B=(—4A*= — 
in chips A=; or C=—tA*B—#; A*; 
Thats G1. — Xx = $— rs =) rav. 
Wherefore A = I, = — 33 = te, Sc. and 


conſequently, 5 = 4 — = - + , Et. From 
which three Terms the Law of „ is 
eaſily diſcovered : Therefore 5 = & — = + 


5 7 9 
3 4 . 


2345 © eee, , en 
L 


* 
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br ery Ray 9 


1 
1.2.3. 1.2. I's "Te 2-3. 3 — 
Se. 15 the Newtonian Series 34 $67 EEE, 15 Au- 
thor's Form, for che Sine of an any e, its Length 
being given. E 

Again, the Square ofthe Radius made lefs . 
b . equal to the e of the 3 


ſine, by the ſecond Propoſition of our Author's Ele- 
ments of Plane de Kaden 22 ; it follows, that if from 
the Square of the Radius I be taken the Square of 
the Sine = a + a . i. Ee. the Square Root 
rip patron 45 ob een 1; + 
* 4 — 11 45, Or. Thus, = 
* * N - -" "wt 
$=4 — 40 + 1 &c. 
4 Tree, S. | 
— % 4%, Ce. N 
f T Se. 
77 =8 r Tc. Which, being 
taken from the Square ode I, leaves I—aa+ 
2 re &c. the Square Root of which wow be the 


— 4a ＋, 1 
uud. E . 


2-—3aa) — 44 
5 = 2 
2— , Oc.) ;} ra uw —zxts &c. 
130 — 224%, Sc. 
 2——aa, &c,) —zz34", &c. 
— „Ec. 


7. 72 


2  Ta345078 
the Author's Form. Q. E. I. 

But becauſe thoſe Series, as our Author . 
8 Forverge very _ eſpecially when the Arc is _ 


FM bz 2 bu" — bz” 


1.2. 3.4.5.6. 7 
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equal to thè Radius; he therefore deviſed (Page 278.) 
other Series, whoſe Inveſtigation may be as follows: 
Let the Arc, whoſe Sine is ſought, be the Sum or 
Difference of two Ates, viz. A-+z, or A—z; and let 
the Sine of the Arc A be called a, and the Coline ö. 
Now, if the Arc DF = DE, Prop. 5th of the Ele- 
ments of Trigenometry, be called 2, then its Sine FO 
3 


will, by the Newtonian Series, be = — $— + 


1.2.3 
— .. and its Coſine CO 
1.2.35 B e He 
= 1 — + an » Wc. and be» 


1.2 1.2.3.4 1.2. 3.4.5.6 
cauſe CD: DK:: CO: OP; therefore OP 2 


„„ 8 
3.2 7 143.4 i 1 
Again, becauſe the Triangles CDK, FOM, are ſi- 


milar, it will be, as CD: CK : : FO: FM; whence 


1 143 12345 T239567 0 
But OP + FM + IF, the Sine of the Arc BF, 

viz, A z; conſequently the Sum of thoſe Series, 
z bz ax* ' ba* az bz 

be IS WO X 1 Tz” 1.2.3.4 1.2.3.4. 225 

is the Sine of the Arc A + z. And becauſe FM = 


CY „ 
MG, therefore their Difference a — 1 — 1 + 2 
„ 
＋ 231 rr 2 BR 
A—z, viz. EL. | | | 
And again, becauſe CD : CK : : CO: CP; 


buy*  bu* bzs 
Oy * 152 + I 234 1. 2. 3 


12 . and by reaſon of the ſimilar Tri- 
angles CDR, FMO, it will be, as CD: DK:: FO: 


MO. Whence MO=—=az — 2 + 9 — 1 a 
| I.2.3 L-2+3:4+5 * 


az? 


6c 


oy: But 
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— + F 
7 1. 1.2.3" 1.2.3.4 1.2.3.4-5 8 1.2.3 4-5.0 
Se. r N 0 


And becauſe MO PL, therefore CP MO = 


CL, and conſequently the Cofine of the Arc A—z= 
az __ bz* IT | OD 5 T 
7 1.2 1-23 « 1:2-3-4 W 1.2. 3.4.5 
&c. Q. E. I. | — b | | 
Now the Arc A is an Arithmetical Mean between 
the Arcs A—z and Az, andthe Difference of their 


Sines . 22 | _ bu 


1 1.2 1.2.3 144 1.3, % 


az* bus a8; bz3 az* 
1.2:3-4.5.60 Ac 1 + 1.2. 1.2.3 © 1.2.34 + 
bz* © az*® 


+ EF | . 
1.431775 LZ za Whence the Difference of 


the Diſſerenees, or ſecond Difference, is = — == 
* 1 


242 2? 2+ wr”. 
122 5.6 Ce. er TA 3-4 T 1.2.3.4.5.0 


&c. Which Series is equal to double the Sine of the 
mean Arc, drawn into the verſed Sine of the Arc z, 
and converges very ſoon ; fo that if z be the Arc of 
the firſt Minute of the Quadrant, our Author ſays the 
firſt T'erm of the Series gives the ſecond Difference to 15 
Places of Figures, and the ſecond Term to 25 Places, 


Whence the following Rule is derived for finding 


the Sine of the Arc A+z, or A—z. w 
RULE: 


From double the Sine of the mean or middle Are, 
ſubtract the ſecond Difference found by the Theorem, 
and from the Remainder ſubtract the Sine of the given 

Extreme, whether it be the greater or leaſt; and the 
Remainder will be the Sine of the other Extreme. 


EXAMPLE. 


Let it be required to find the Sine of 30 O17; the 
Sines of 30® 00/, and 29 30, being both given. 
5 5 8 Here 
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Here 30 oo' is the mean Arc, whoſe Sine is 
,$00000-00090, and the Sine of 29® 59' the given 

xtreme, is „49974806220, and the Length of the 
Arc x, viz. one Minute, is ,000290888208 ; which 
ſquared and multiplied by the Sine of the mean Arc 
5©000, Cc. according to the Direction of the Theo- 
rem, the Product will be the ſecond Difference, equal 
to ,000000042307 3; which ſubtracted from double 
the Sine of the mean Arc, equal to 1, the Remainger 
will be ,999999957693%; from which ſubtract the 
Sine of the given Extreme (which in this Caſe is the 
leaft), and there will remain ,50025189543 for the 
Sine of 30? o1', the greater Extreme. 

This Method of making the Sines, however it may 
appear at firſt Sight, is ſo far from being tedious or 
troubleſome, that I look upon it to be the moſt eligi- 
ble of any other whatſoever: For the Square of z being 
once determined, and the ſeveral Multiples of it by the 
nine Digits made, and ſet down in a Table orderly, al! 
the Sines may be made by Addition and Subtraction 
only; as indeed our Author hints they may by the Me- 
thod demonſtrated in the tenth Propoſition of the Ele- 


ments of Trigonometry; but this is evidently prefer- 


able to that, tho' a good Method too; and by which 
all the Sines of the Quadrant, I preſume, were wont to 
be made, at leaſt as far as 30, or 60 Degrees; for af- 
ter the dines as far as 60 Degrees are obtained, all the 
others may be had by Addition only; and notwith- 
ſtanding there are other excellent Theorems, which 
contribute very much towards finiſhing and confirm- 


ing the Truth of the whole Canon; yet this deduced 


from our Author's Series, I deem the moſt elegant and 
fit for Practice, becauſe the Difference of the Differ- 
ences of the Sines being what is always required to be 
found, there will be ſeven Cyphers, at leaſt, before the 
fignificant Figures of the ſaid Difference; which is the 
Product made by the Square of z, into the Sine of the 
mean Arc: So that to have the Sine true to ten Places, 
there will not be occaſion to find above four or five 
Figures in the Product, which, according to the com- 
mon Method of contracted Multiplication, may be ob- 
tained with very few Figures. "Thus, for Inſtance, the 
Sineof 30 02” may be had to ten Places by a wonder, 
full eaſy Operation; the Sines of 30 01” and 3o? 00 
being both given, "il E X- 
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EXAMPLE, 


The Sine of 30 01 is „50025189543 | 
The Square of 2 inverted 26480000000. 


— _—— 


— 

2001 

300 

280 
N 
Whence the Product is ,000000042331 true to eleven 
Places atleaſt. Wherefore if, according to the Rule, from 
double the Sine of the middle Are = 1, ooo 50379086 
we ſubtract the ſaid Product, 400009004233 


he 


* 


id 3 
And from the Remainder 1, 00503748 53 
the Sine of 30° oof the given Extreme 450000000000 


be ſubtracted „50090374853 


There will remain, 50050374853 for the Sine of 300 
o/ the other Extreme; than which, nothing of this 
Nature can be deſired more eaſy. 


SCHOLIUM. 


Becauſe the Difference of the Differences of the 
Sines, or ſecond Difference, has always 7 Cyphers be- 
fore the ſignificant Figures ; it follows, that the whole 
Canon, where the Sines conſiſt but of 6 Places, which 
is as far as our Tables for common Practice need ex- 
tend, may be perform'd chiefly by Addition and Sub- 
traction only, without forming Multiples of the Square 
of z by the nine Digits; tho perhaps it may be ne- 
ceſſary to uſe the Method of contracted Multiplication + 
every 5th Minute, to confirm the Truth, leſt, in con- 
tinual doubling and er an Error ſhould ariſe 
in the Right-hand Figure: However, as it may be 
ſafely uſed for 5 Minutes 9 and ſometimes 
more, it will render the Whole very eaſy. 
| Note, The Square of z in this Caſe, viz. the Arc 
of 5 Minutes, is II 155. 


Thus 


250 
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Thus having inveſtigated the Newtonian and our 
Author's Series, and exemplified the latter, by making 
the Sines of 3001“ and 30 o, and withal ſhewn 
how, from the Sine of the Arc given, to find the Length 
of that Arc, and conſequently the Circumference of 
the whole Circle; I ſhall beg Leave, before I treat of 
the Conſtruction of Logarithms, to ſhew how, from the 
known Ratio of the Diameter to the Circumference, 
or any other Ratio whatſoever, that a Set of integral 
Nutt may be found, whoſe Ratios ſhall be the 
neareſt poſſible to the Ratio given; for which I hope 
to be excuſed, and the rather, becauſe I believe this 
Method of determining them was never before pub- 


liſhed. 
RULE. 


Divide the Conſequent by the Antecedent, and the 
Diviſor by the Remainder, and the laſt Diviſor by the 
laſt Remainder, and ſo on till nothing remains. 

Then for the Terms of the firſt Ratio, Unity will 
always be the Antecedent, and the firſt Quotient the 


firſt Conſequent. 


F or the TERM s of the ſecond RArTTO. 


Multiply the laſt] 2 womens a by the 2d Quotient; 


and to the Product add Do zs F and ſo will te 


Antecedent. 


Reſult be the ſecond | Conſequent. 


For all the following RaT10s: 


Multiply the laſt | ee vy we next Quotient, 
Antecedent 


and to the Product add the laſt f Conſequent J but one; 


indo lth Sum beth pron} Cee 
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EXAMPLE. 


Let it be required to find a Rank of Ratios, whoſe 
Terms are integral, and the neareſt poſſible to the fol- 
lowing Ratio, viz. of 10000 to 31416, which expreſſes 
nearly the Proportion of the Diameter of the Circle to 
its Circumference. | 

But becauſe the terms of the Ratio are not prime 


to each other, they muſt therefore be reduced to their 
leaſt Terms, ; 


Whence 7 = and then 3927 divided 
141 , 
by 1250, and 1250 by the Remainder, &c. will be as 
follows: 


1250) 3927 (3 | 
* . 277 )] 2230 (7 


So the firſt Antecedent is 1, and the firſt Conſequent 3. 
( Anteced, 1 * ; 9 3: f 7+0= 7 the ſecond Antec, 
4 } Conſeq. 3 * a 2114 | 21i+1=22 the ſecond Conſeq · 
Which 7 and 22 is Archimedes's Proportion. 

2 ; Anteced. 7 t | ; 112 3 5 1124. t=113 the 3d Antec. 
= * 15 S 

» { Conſeq» 22 352) < 352 3==35 5 the 3dConſeq, 

Which Terms 113 and 355 is Metius's Proportion. 


| x © dro 113 * ns 5 2 f 1243 4 7 = 1250 

© Conſeq. 355 3905 1 3905 22 = 2927 
Producing the ſame Antecedent and Conſequent as at 
firſt; which, as it is ever the Property of the Rule ſo 


to do, proves, at the ſame time; that no Error has been 
committed thro” the whole Operation. 


| 1:3 ) For the (17 w 
Wiegee,91250:3977: 7:22 Fern 0 8. 
| 113:3553 of the C39 9 

But it muſt be obſerved, that 1 to 3 does not expreſs the 
Ratio ſo near as 7 to N 7 to 22 ſo near as 113 
1 2 to 


— — 
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to 355; that is, the larger the Terms of the Ratio are 


the nearer they approach the Ratio given. 

Mr. Molyneux, in his Treatiſe of Dioptrics, informs 
us, that when Sir Jſaac Newton ſet about, by Experi- 
ments, to determine the Ratio of the Angle of Inci- 
dence, to the refracted Angle, by the means of their 
reſ ective Sines; he found it to be, from Air to Glaſs, as 
300 to 193, or, in the leaſt round Numbers, as 14 to . 
Now, if it be as 300 is to 193, it will readily appear, 
by the Rule, whether they are ſuch integral Numbers, 
whoſe Ratio is the neareſt poſſible to the given Ratio. 


193) 300 ( 1 
107 ) 193 (1 


For, dividing the great Number by the leſs, and 
the leſs by the remainder, Sc. the Operation will 
ſhew that the Numbers 193 and 300 are prime to each 


other; and that the firſt Antecedent is 1, as alſo the 
firſt Conſequent. 


{ f 1 f 1 + o=! the ſecond Antec. 
* I=24 And 
1 % 1 ÞFi=2 the ſecond Conſeg. 


1 f ; * i= ' AnaF 1 +1=2 the third Antec. 
oor 8 1 +:=3 the third Conſeq, 


a 1 8 41 g the fourth Antec. 
ns | * r= 12 * j is EINE fourth Conſe, 
Hence, the fourth Antecedent and Confequent make 
the Ratio to be as g to 14, or, inverſly, as 14 to q; which 
not only agrees with Mr. Molyneux, but at the ſame 
time > Wen that they are nearer to the given Ratio, 
than any other integral Numbers leſs than 92 and 1433 
which are the neareſt of all to the given Ratio, as will 
appear by repeating the Procels, according to the Di- 
rection of the Rule. | 5 

Sir Iſade Newton himſelf determines the Ratio out 
of Air into Glaſs to be as 17 to 11; but then he ſpeaks 


of the red Light, For that great Philoſopher, in his 
Diſſec- 


Whence f 


. 
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Diſſertations concerning Light and Colours, publiſhed 
in the Philoſophical 8 has at large demon- 
ſtrated, as alſo in his Optics, that the Rays of Light 
are not all homogeneous, or of the ſame Sort, but of 
different Forms and Figures, ſo that ſome are more re- 
fracted than others, tho” they have the ſame or equal 
Inclinations on the Glaſs: Whence there can be no 
conſtant Proportion ſettled between the Sines of the 
Angles of Incidence, and of the refracted Angles. 

But the Proportion that comes neareſt Truth, for the 
middle or green-making Rays of Light, it ſeems, isnearly 
as 300 to 193, or 14 to 9. In Light of other Colours 
the Sines have other Proportions. But the Difference 
is ſo little, that it need ſeldom to be regarded, and either 
of thoſe mentioned for the moſt part is ſufficient for 
Practice. However, I muſt obſerve, that the Notice 
here taken either of the one or the other, is more to 
illuſtrate the Rule, and ſhew, as Occaſion requires, 
how to expreſs any given Ratio in ſmaller Terms, and 
the neareſt poſſible, with more Eaſe and Certainty, than 
any Deſign in the leaſt of teuching upon Optics. 

Wherefore, leſt this ſmall Digreſſion from the Sub- 
ject in hand, and indeed even from my firſt Intentions, 
ſhould tire the Reader's Patience, I ſhall not preſume 


more, but immediately proceed to the Conſtruction of 
Logarithms. 


Of the Conſtruction of Logarithms. 


HE Nature of which, tho' our Author has ſuf- 

ficiently explained in the Deſcription of the Lo- 

arithmical Curve ; yet, before we attempt their Con- 
Kruction, it will be neceſſary to premiſe: 

That the Logarithm of any Number is the Expo- 
nent or Value of the Ratio of Unity to that Number; 
wherein we conſider Ratio, quite different from that 
laid down in the fifth Definition of the 5th Book of 
theſe Elements; for, beginning with the Ratio of Equa- 
lity, we ſay 1to 1 = 0; whereas, according to the ſaid 
Definition, the Ratio of 1 to i=1; and conſequently 
the Ratio here mentioned is of a peculiar Nature, 
being affirmative when increaſing, as of Unity to a 
greater Number; but negative when decreaſing. And 
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373 


374 


The APPENDIX. 


as the Value of the Ratio of Unity to any Number 13 
the Logarithm of the Ratio of Unity to that Number, 
ſo each Ratio is ſuppoſed to be meaſured by the Num- 
ber of equal Ratiunculæ contained between the two 
Terms thereof : Whence, if in a continued Scale of 
mean Proportionals, infinite in Number, there be aſ- 
ſumed an infinite Number of ſuch Ratiunculæ, be- 
tween any two Terms in the ſame Scale ; then that in- 
finite Number of Ratiunculæ is to another infinite 
Number of the like and equal Ratiunculæ between 
any other two Terms, 2s the Logarithm of the one 
Ratio is to the Logarithm of the other, 

But if, inſtead of ſuppoſing the Logarithms com- 
poſed of a Number of equal Ratiunculz proportionable 
to each Ratio, we ſhall take the Ratio of Unity to any 
Number to conſiſt always of the ſame infinite 8 
of Ratiunculæ, their Magnitudes in this Caſe will be 
as their Number in the former, Wherefore, if between 
Unity, and any two Numbers propoſed, there be taken 
any Infinity of mean Propertionals, the infinitely little 
Augments or Decrements of the firſt of thoſe Means 
in each from Unity will be Ratiunculæ; that is, they 
will be the Fluxions of the Ratio of Unity to the faid 
Numbers; and becauſe the Number of Ratiunculz in 
both are equal, their reſpective Sums, or whole Ratios, 
will be to cach other as their Moments or Fluxions; 
that is, the Logarithm of each Ratio will be as the 
Fluxion thereof. Conſequently, if the Root of any in- 
finite Power be extracted out of any Number, the Dif- 
terence of the ſaid Root from Unity ſhall be as the Lo- 
garithm of that Number. So that Logarithms, thus 
produced, may be of as many Forms as we pleaſe to 
aſſume infinite Indices of the Power whoſe Root we 
ſeek. As, if the Index be ſuppoſed to0000, &c. we 
ſhall have the Logarithms invented by Neper ; but if 
the ſaid Index be 230258, &c. thole of Mr. Briggs 
will be produced, 2 

Wherefore, if 1x be any Number whatſoever, and 

I 8 


— 


u infinite, then its Logarithm will be as 1+x — 1 = 


3 
** 242 _ I nt &c, For the inh- 
u 2 a 4 | 
nite Root of 1-þx without its Unciæ or prefix'd 1 
es. 


— 
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bers, is 14-x+-xx4-xxx + xxxx, c. and the celebrated 
binomial Theorem invented by Sir Iſaac Newton for 


I I 1 ©: 
determining them is 1 * 4 8 * .- Ar 8 Sc. or 
3 3 4 
in thi . : 
in this Caſe rather I X—X - * * * 5 6c. for - 


being an Infiniteſimal, is rejected; whence the infinite 
I 


ay 2 a3 * 
Root of I = 1+E——+ . 2, Ec. and the 


Zu 4n 
: „„ 
Exceſs thereof above Unity, viz. — 2 + 3 


Sc. is the Augment of the firſt of the mean Propor- 
tionals between Unity and I, which therefore will 


be as the Logarithm of the Ratio of I to 1 +x, or as the 
| 1 | 


Logarithm of ITX. But as 1+x — 1 is a Ratiun- 
cula, it muſt be multiplied by 10000, &c. infinitely, 
which will reduce it to Terms fit for Practice, make- 
ing the Logarithm of the Ratio of 1 to 1 + x = 


1000;Sc.- 7 „„ a x 
; — — w_—_ — —— Q — Sc. j 
ro 3 on | whence if the 
Index n be taken 1000, &c. as in Neper's Form, the 


Logarithms will be ſimpl A "nal 
gari | ply - + ; 7 + - : 


Sc. But as n may be taken at Pleaſure, the ſeveral Scales 
looo, &c. 


of Logarithms to ſuch Indices will be as , Or 


reciprocally as their Indices. 
Again, if the Logarithm of a decreaſing Ratio be 
4 


ſought, the infinite Root of 1 —x= 1 will be 
* 


ſound by the like Method to be 6 
| T.-. 28." - 38. 
A „Sc. which ſubtract from Unity, and the Decre- 
n 


4 
ment of the firſt of the infinite Number of Propor- 
a l „„ 

tionals will appear to be N * 7727 &c. 
Bb 4 which 
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which expreſſes the Logarithm of the Ratio of 1 ta 
1=x, or the Logarithm of ix, according to Neper's 
Form, if the Index n be put Z; 10000, Cc. as before. 
And to find the Logarithm of the Ratio of any twa 
Terms, a the leſſer, and & the greater, it will be, as a: þ 


- of hs 
:: 1; 1+x; whence d = —_ or) 


the Difference divided by the leſſer Term when 'tis an 


increaſing Ratio, and ＋ when 'tis decreaſing. 


: Wherefore, putting d= Difference between the twa 
Terms à and b, the Logarithms of the ſame Ratia 
may be doubly exprelled, and accordingly is eithep 


— 


1 0 3 
— — — — 1 
* * 9 —— Ta c. or 


ng” x e 
7 X y — 277 +3 - * Sc. both pro- 
ducing the ſame Thing. 
But if the Ratio ot @ to h be ſuppoſed to be divided 


into two Parts, viz. into the Ratio of à to the arith- 
metical Mean between the two Terms. and the Ratio 


of the ſaid arithmetical Mean to the other Term 6, 


then will the Sum of the Logarithms of thoſe two Ra- 
tios be the Logarithm of the Ratio of @ to b. Where- ' 
fore ſubſtituing 4 5 for f a 4b, and it will be, 15: 


16 — 4 — 
4: : 1: 1—x; whence &= = 7 =(: ==) d 


_y 
0 $ 5 


and again, as 45: 6::1:1+x; 3 — = 


( : 2 4. Therefore ſubſtituting, for x, we 
5 5 


8 
ſhall have the Logarithms of thoſe Ratios; viz. 
Tl a* 45 8 


FEB ann * 1 o8* 
The Sum of which two Logarithms, viz* 
T F 


— 


1 4 
„ NTT] 
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is the Logarithm of the Ratio of @ to h, whoſe Differ- 


ence is d, and Sums 5; which Series, without the In- 
dex u, is, 'by-the- - bye, the Fluent of the Fluxion of the 


Logarichm of 125, aſſuming 4, to be the flowing 
Quantity, for the Fluxion of the Logarithm of 2 


d 
. 25d d 4 £8 ad ded 
 — is 1 7 3 — +» ee. whoſe 
. 


Fluent 2 * + — = + = 4- Ti Sc. is Neper's 
Logarithm of = and the ſame as aboye, abating 


the Index n. This Series, either way obtained, con- 
verges twice as ſwift as the former, and conſequently 
is more proper for the Practice of making Logarithms 
Thus put a=1, and þ any Number at Pleaſure ; then 
a _b—1 15 


72 » Which aſſume Se, and then 5 = 


and becauſe 4 Se, therefore we have for 


12 > 


THEOREM 1. 
The Log, of L )EXeFFOFF Oe 


To illuſtrate this Theorem: Let it be required to 
find the Logarithm. of 2 true to 7 Places, 


Note, That the Index muſt be aſſumed of a Fi- 


gure or two more than the intended Logarithm 
1s to have, 


EXAMPLE. 


Here (i=) —=2 therefore; Ie (I 2=) 


bags 3 and 3 — (2— 1 ; whence e, and 
. 


The 
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e = 3703704 ff = 123450 

* in 1 e = ' 82305 

#7.=n.-. .. 46725 þ. 87. = 6532 

993 2 5081 3.6 = 565 

6 565 | a. 51 

7 = 3 5 
34657359 

2 

Whence Neper's Logarithm of 248 „69314718 


But, 69314718, multiplied by 3, will give 2, 07944154 
for the Logarithm of 8, inaſmuch as 8 is the Cube or 
third Power of 2; and the Logarithm of 8 + Log. of 
14 is equal to the Logarithm of 10, becauſe 8X14=10; 
wherefore to find the Logarithm of 1; we have 6 = 
14e. 


— = 1; =; whence eg, and ec r 
L—F 


The Or ERATION ſtands thus: 


5 Se =,IITIITNI e 51111111 
* 137174 3 #7 ==x 45725 

0 = 1693 7 OO = 339 
* 21 E 3 
511157178 

2 


Whence Neper's Logarithm of 15 is »22314 356 
To which add the Logarithm of 8, 2,079441 54 
The Sum, vix. 2, 30258; 10 
is Neper's Logarithm of 10. But if the Logarithm of 


10 be made 1,000C00, Fc. as it js for Conveniency 


; 2302585 
done in moſt of the Tables extant, then — 


7 
1, oo, &c. Whence 2 = 2302585, c. is the Index 
for Briggs's Scale of Logarithms; and, if the above 
Work had been carried on to Places ſufficient, the Index 
1 would have been 2,30258, 50929, 94045, 68401, 


79914 
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79914, Cc. and its Reciprocal, viz. = 0,4 3429, 


44819, 03251, 82765, 11289, He. which, by the way, 
is the Subtangent of the Curve expreſſing Brigg'ss Lo- 
arithms; from the Double of which the ſaid Loga- 
rithms may be had directly. 
For, becauſe „4302944, 28,868 588 
7 


9638, &c. which put m, and then the Logarithm of 


EXAMPLE 
Let it be required to find Briggs's Logarithm of 2. 


I +e 
Here 5 + =2 *,* 215 and ee = 
1 


The OPERATION ſtands thus: 


qm ==,868588963 

me ==, 289 2965 5 me 2 289529655 
me = 32169962 1 me* = 1072332 
me* =. 3574440 1 „ = 714888 
me? = 397 160 „ "jm 56738 
me? = 44129 5 me = 4903 
me" = 4903 1 ne = 446 
6 545 14 ne = 42 


Whence Briggs's Logarithm of 2 is o, 301029993 


AGAIN: 


Let-it be required to find Briggs's Logarithm of 3. 
Now becauſe the Logarithm of 3 is equal to the Loga- 
rithm of 2 plus the Logarithm of 14% (for 2 & 14 = 
3), therefore find the Logarithm of 12, and add it to 
the Logarithm of 2 already found, the Sum will be the 
Logarithm of 3, which is better than finding the Lo- 
garithm of 3 by the Theorem directly, inaſmuch as 

it will not converge ſo faſt as the Logarithm of 14; for 


the ſmaller the Fraction repreſented by e, which is 
| deduced 


378 


— 
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The OPERATION ſtands thus: 
z=0e = 33333333 e £333333333 
e = 3703704 | 7 © == 1234506 
8 = " 411523 | 1 e = 382305 
87 un 45725 370 = 6532 
. 5081 3.6? = 565 
Fas” 565 | re = 51 
9. 63 | 2 — 4 
34057359 
2 
Whence Neper's Logarithm of 2s „69314718 


But, 69314718, multiplied by 3, will give 2,7944154 
for the Logarithm of 8, inaſmuch as 8 is the Cube or 
third Power of 2; and the Logarithm of 8 + Log. of 
14 is equal to the Logarithm of 10, becauſe 8$X14=10; 
wherefore to find the Logarithm of 1; we have 6 = 


14e. 


— = 14 =; whence e 3, and ec == Ur 
I—e | 


The OrERATION ſtands thus: 


ze =, 511111111 
ef = 137174 3 Oz 45725 
* 1693 1742 339 
#7 mw 21 | 2 = 3 

511157178 
2 


Whence Neper's Logarithm of 15 is 22314356 
To which add the Logarithm of 8, 2, 07944154 
The Sum, viz. 25302585 10 
is Neper's Logarithm of 10. But if the Logarithm of 


10 be made 1, o, Cc. as it is for Conveniency 


2302585 

5 

1, ooo, Sc. Whence = 2302585, &c. is the Index 
for Briggs's Scale of Logarithms; and, if the above 
Work had been carried on to Places ſufficient, the Index 
1 would have been 2,302 58, 50929, 94045, 68401, 
79914» 


done in moſt of the Tables extant, then 
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79914, &c. and its Reciprocal, VIZ, — = 0, 43429, 


44819, 03251, 82765, 11289, Cc. which, by the way, 
is the Subtangent of the Curve expreſſing Brigg'ss Lo- 

arithms ; from the Double of which the faid Loga- 
rithms may be had directly, 


For, becauſe —=0,4342944)E&. 25868 588 
n 
9638, &c. which put m, and then the Logarithm of 


Ie me me me? me 
=z— =Mme+ — — — — . Ec. 
1— F 


EXAMPLE 
Let it be required to find Briggs's Logarithm of 2. 


Ie 
Here b= + =2.*.* 6=5, and ee; 
1— 


The Or ERATION ſtands thus: 


mM 2 „868588963 

me , 289 2965 5 me 25289529655 
me = 32169962 + me* = 10723321 
me* = 3574440}. + me = 714888 
me? = 397 160 j mw" ge 56738 
me? = 44129 + me? = 4903 
me"! = 4903 11 ne = 446 
me"? = 545 + n = 42 


Whence Briggs's Logarithm of 2 is o, 301029993 


. 


Let ait be required to find Briggs's Logarithm of 3. 
Now becauſe the Logarithm of 3 is equal to the Loga- 
rithm of 2 plus the Logarithm of 1+ (for 2 X13 = 
3), therefore find the Logarithm of 12, and add it to 
the Logarithm of 2 already found, the Sum will be the 
Logarithm of 3, which is better than finding the Lo- 
garithm of 3 by the Theorem directly, inaſmuch as 
nn will not —_— ſo faſt as the Logarithm of 14; for 


the ſmaller the Fraction repreſented by e, which is 
deduced 
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deduced from the Number whoſe Logarithm is ſought, 
the ſwifter does the Series converge. 

Here . . 2 . 334 ., 
and ee 77+ 


* 


The OPERATION is as follows: 


m 2868888962 
me „173717792 me , 173717792 
me = 6948712 143123 
mes = 277948 | + me = 55590 
me? = 11118 y me! = 1588 
me? = 445 js m9 = 50 
me" = 18 , = 2. 
Briggs's Logarithm of 14+ —= Fx „176091259 


To which add the Logarithm of 222 „3010 9993 


The Sum is the Logarithm of 3 — 0, 477121752 


Again, to find the Logarithm of 4, becauſe 22, 
therefore the Logarithm of 2 added to itſelf, or multi- 
plied by 2, the Product o, 602059980 is the Loga- 
rithm of 4. 

To find the Logarithm of 5, becauſe *2 =5, 
therefore from the Logarithm of 10 1,02c000000 _ 
ſubtract the Logarithm of 2 . 301079993 


There remains the Logarithm of 5 = ,6489700-7 
And becauſe 2X 3 = 6; therefore. | 


To find the Logarithm of 6, 
To the Logarithm of 3 1477121252 
Add the Logarithm of 2 4301029993 


The Sum will be the Logarithm of 6 ="77815 245 


Which being known, the Logarithm of 7, the next 
prime Number, may be eaſily found by the Theorem; 
for becauſe 6X 2 = 7, therefore to the Logarithm of 


6 add the Logarithm of Z, and the Sum will be the 


Logarithm of 7. 
EXAMPLE. 


re | 
Here b = N imp and „ = vir» 


"M5 
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m = ,868588963 | | 

me = 0668 14530 me = 0668 14835 

me* = 395352 J me* =, 131794 

mes = 2339 lt 46 

me? = 14 „ 2 
Briggs's Logarithm of 3 066946789 
To which add the Log. of 6 $7781 51245 
The Sum is the Log. of 7 = 5845098034 

Again, becauſe 4X 2 = 8; therefore 
To the Logarithm of 4 ,60205998 
Add the Logarithm of 2 „30102999 
The Sum is the Logarithm of 8 499308997 
And becauſe 3X 3 =9; therefore ff 

To the Logarithm of 3 547712125 
Add the Logarithm of 3 547712125 
The Sum is the Logarithm of 9 = 5954242 50 


And the Logarithm of 10 having been determined to 
be 1,00000200, we have therefore obtained the Loga- 
rithms of the firſt ten Numbers. b 

After the ſame manner the whole Table may be 
conſtructed; and as the prime Numbers increaſe, ſo 
fewer Terms of the Theorem are required to form their 
Logarithms; for in the common Tables, which extend 
but to ſeven Places, the firſt Term is ſufficient to pro- 
duce the Logarithm of 101, which is compoſed of the 
Sum of the Logarithms of 100 and 483, becauſe 100 


Ire 10 


x 132 = 101, in which Caſe b=—— K MY 


257; whence, in making of Logarithms according to 
the preceding Method, it may be obſerved, that the Sum 
and Difference of the Numerator and Denominator of 
the Fraction whoſe Logarithm is ſought, is ever equal 
to the Numerator and Denominator of the Fraction re- 
preſented by e; that is, the Sum is the Denominator, 
and the Difference, which is always Unity, is the Nu- 
merator; conſequently, the Logarithm of any prime 
Number may be readily had by the Theorem, having 
the Logarithm either next above or below given. 

Tho', 


2 „ th. As. — 
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the Series will ſtand thus, Z 4 
| J 
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Tho' if the Logarithms next above and below that 
Prime are both given, then its Logarithm will be ob- 
tained ſomewhat eaſter. For Half the Difference of 
the Ratios which-conſtitutes the firſt Theorem, viz, 

F a® : 
mX— + = + #3 + a &c. is the Logarithm 
of the Ratio of the arithmetical Mean to the geome- 
taicr] Mean, which being added to the Half Sum of the 


Logarithms, next above and below the Prime ſought, 


will give the Logarithm of that prime Number, which, 
for Diſtinction- ſake, may be called Theorem the ſecond, 
and is of good Diſpatch, as will appear hereafter by an 
Example. 

But the beſt for this Purpoſe is the following one, 
whichis likewiſe derived from the ſame Ratios as I heo- 
rem the firſt, For the Difference of the Terms be- 
twen ab and +55, or A α ＋ FAL , is aq 
— tab + bb = 24 — 4 = 4dd = 1, and the Sum 
of the Terms ab and + ss being put y, therefore 
(fince y in this Caſe s, and 4= 1) it follows, that 

1 2 2 2 2 2 
7 * 7 + — + = + 5 is the Loga- 


rithm of the Ratio of ab to +55: Whence 


I I I I I 
— * * = + —» &c. is the Loga- 


rithm ot the Ratio of / ab to , which converges 
exceeding quick, and is of excellent Uſe for finding the 
Logarithms of prime Numbers, having the Logarithms 
of the Numbers next above and below given, as in 


Theorem the ſecond. 


EXAMPLE. 


Let it be required to find the Logarithm of the Prime 
Number 101; then a== 100, and & = 102 ; whence 
J=20401 3 put— =mM=,4342944819, Cc. Then 
| „ W HEY 
n 
TY 5y? * Til 


3 And 


y 
c 
f 
| 
I 
{ 
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And m= ,43429, &c. divided by »0000212179017 


=20401, quotes 


Therefore to the half Sum of the } 
Logarithms of 100 and 102= F 2,0043000858810 
Add the ſaid Quote | _0,0000212879017 


And the Sum, viz. 2,004 321 37 37827 
is the Logarithm of 101 true to 12 Places of Figures, 
and obtained by the firſt Term of the Series only; 
whence it is eaſy to perceive what a vaſt Advantage the 
ſecond Term would have, were it put in Practice, fince 
m is to be divided by 3 multiplied into the Cube of 
20401. | | 

This Theorem, which we'll call Theorem the third, 
was firſt found out by Dr. Halley, and anotable Inſtance 
of its Uſe given by him in the Philoſophical Tranſattions 
for making the Logarithm of 23 to 32 Places, by five 
Diviſions performed with ſmall Diviſors; which could 
not be obtained according to the Methods firſt made 
uſe of, without indefatigable Pains and Labour, if at 
all ; on account of the great Difficulty that would at- 
tend the managing ſuch large Numbers. 

Our Author's Series for this Purpoſe is (Page 357) 


I I 7 1 8 
2 35025 Sc. the en of which 
as he was pleaſed to conceal, induced me to inquire 
into it, as well to know the Truth of the Series, as to 
know whether this or that had the Advantage; becauſe 
Dr. Halley informs us, when his was firſt publiſhed, that 
it converged quicker than any Theorem then made pub- 
lic, and in all Probability does fo ſtill. However that 
be, tis certain our Author's converges no faſter than 
the ſecond Theorem, as I found by the Inveſtigation 
thereof, which may be as follows : 

From the foregoing Doctrine, the Difference of the 
Eogarithms of z— 1 and z+ 1 is 


5 2 2 2 2 
* — EH = + 53 Sc. which put equal 
to y, and the Logarithm of the Ratio of the Arithme- 
tical Mean z, to the Geometrical Mean y/ zz—1 is 
I 1 1 1 *% 
lem 


—— — 
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rem the ſecond; for z=& 5s; whence > 3 
15 1 | 255 222 


Let A and Bbethe Logarithms of 2 — 1 and 2+1 re. 


r e e 1 FE 

ſpectively; then — Sd-mY — 7 8. E.. 

the Logarithm of z ; and if the latter Part of the Se- 

ries expreſſing the ſaid Logarithm of z be divided by 

the Series repreſenting the Difference of the Loga. 

rithms of z—1 and z+1, the Quotient will exhibit 

: 1 I 7 
the Series required, V1z, = + _ + Tow? Sc. 
| as appears by the following Operation: 
2 2 2 I by 1 1 

ve) Et itn Et ttc 


= 32 F. 35⁰²f 
— N . uh - „Er. 
22 | 62+ | 102® 


I I 25 
— — 7 Co 
1 — 1 15² 
1 1 Ti 
5 * 
122 ＋ 30 
1802 Ge. 


Now, becauſe the Dividend is ever equal to the Divi- 
ſor drawn into the Quotient of the Diviſion; it follows, 


that yx n 
a * 242) © Top c is equal to 


2 „ 28 = T 62+ 
is the Logarithm of z; wherefore 


2 * 2 75 95 24 ＋ J * 5 


Logarithm of z. Q. EI. 
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Note, I make the Author's 5th Term to 
a 25200 


2268000 TT 
To illuſtrate this Theorem by an Example: 
Let it be required to find the Logarithm of ror. 
To the Half Sum of the Logarithms of 100 and 102 


| 2. oo43oo0O859 
Add the Difference of the ſaid Loga- 
rithms divided by 4z equal to O,COOOZI 2876 
And the Sum viz. — — — 2,0043213735 
is the Logarithm of 101 true to 9 Places of Figures: 
Whence it appears, that our Author's Series falls ſhort 
of Dr. Halley's, in finding the Logarithm of the prime 
Number zor, three Places of Figures, by uſing only the 
firſt Terms of the Series ; whereas, if two , A in 
each were uſed, perhaps the Difference would have 
been conſiderably greater. n 
Note, This Series of our Author, deduced from The- 
orem the ſecond, is in Effect Dr. Halley's too, but diſ- 
guis'd by being throw into a different Form; which, 
however, has its Uſe, as being very ready in Practice. 


Having thus inveſtigated ſeveral Theorems, whereby 
Tables of Logarithms, of any Form, may be con- 
ſtructed; it remains to ſhew how, from the Logarithm 
given, to find what Ratio it expreſſes. - 5 

The Logarithm of the Ratio of 1 to 14-x has been 

L 5 


proved to be as IT ==, 

Sc. n being any infinite Index whatſoever ; whence, if 
TR | n 

L be put for the ſaid Series, then i —1==L; con- 


| 4 


1 ITX IL, and 1 = 1+L'= 

I+nL+jf L*+3 LD + go, nt Ld, Cc. 

AGAIN: 

The Logarithm of the Ratio of 1 to 1 — x has 
— Da 4 


likewiſe been proved to be as 1 — 1i— «& = 
-X x + 443 +3 , Sc. L; wherefore 


Cc 1— 
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2 | 
1 D =L;andI—=z=TI—-L =1—nL 
+ ILIE] Lν L, &c. | 

Whence 1+z=1 +nL+4nf L* + ZW L, &c, 
is a general I heorem for finding the Number from 
the Logarithm given of any Species or Form what- 
ſoever; but in the Application of it to Practice we 
labour under a great Inconvenience, eſpecially if the 
Numbers are large; that is to ſay, it converges ſo very 
flow, that it were much to be wiſhed it could be con- 
tracted. ; 

However, if L be the Logarithm of the Ratio of a 
the leſſer Term, to 6 the greater, and either of them 
are given; then the other will be eaſily had, and expe- 
ditiouſly enough too: 


For — or = + nL+ifL* +3 L5, Oe. 
2 — 


Wherefore it follows, by the Help of a Table of Lo- 
garithms, that the correſponding Number to any Lo- 
garithm may be found, to as many Places of Figures 
as thoſe Logarithms conſiſt of: For, putting d equal 
to the Difference between the given ithm and 
the next leſs in the Table, then will the Number 


ſought, viz. N=aX 1Þnd in TZ, Cc. 
But if 4 be put equal to the Difference between 
the given Logarithm, and the next greater, then 
N=bx1—nd+4if d- d, Cc. both which 
Series converge faſter, as d is ſmaller. _ 

But the firſt three Terms in each may be contracted 
into two, which is very uſeful, inaſmuch as it ſaves 
the trouble of raiſing n and d in the third Term to 
the ſecond Power : F or letting the firſt Term remain 
as it is, the other two are reduced to one, thus; make 
the ſecond Term the Numerator of a Fraction, and 
Unity minus the third Term divided by the ſecond is 
the Denominator. _ | 

Whence N =aXi+nd+4imnd* 

a 

— 2 


And N=bXi—nnd+t ra 


becomes N = b — bd 
| 5 11. 


a 


becomes N = 4 + 


3 
 where- 
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wherefore a + —, or — T7 will be the 


m —4 
Number anſwering to the given Logarithm; which, 
thoꝰ it differs a little from the Truth, is ſufficient to find 
the Numbers, exact to as many Places as Briggs's Lo- 
garithms conſiſt of, viz; 14, which are the largeſt Ta- 


0 


bles extant. Much after the ſame Method may the . 


whole Series be contracted; by which Means each al- 
ternate Power of d will be exterminated; ar; which is 
the ſame Thing, every two Terms in the Series will be 
reduced to one, making the Whole ſhorter by half. 


To illuſtrate theſe Conſtructions by an Example: 

Let it be required to find the Number anſwering to 
the Logarithm 7,5713740282 in Briggs's Form. 
From the given Logarithm +7,5713740282 
Subtract the Log. of 372710000 the ; 

next neareſt — =  $ 23113719453 
The Remainder is equal to d = ,0000029829 


And becauſe the Number 372710000 is leſs than 
the Number ſought, call it a, which, multiplied by 
,00000298 29, and the Product 1, 111756659, &c. di- 
vided by n- d = ,4342929, &c. quotes 2559,92 ; 
which, added to 3727 10000, gives 372712559,92 for 
the Number ſought. 

Thus, I preſume, the Doctrine of Logarithms has 
been ſufficiently exemplified, whether we conſider the 
Conſtruction of them for any given Numbers; or, on 
the contrary, the finding of the Numbers from the Lo- 
garithms given. : 7 | 

But, before I conclude, I ſhall give an Inftance or 
two of the great Uſe of Logarithms in Arithmetical 
Calculations, and firſt in the purchaſing of Annuities. 

If a be put for any Annuity, p for the preſent Va- 
lue, r the Amount of One Pound for One Year at any 
Rate of Intereſt, and f for the Time or Number of 

op | a 


Years the Annuity is to continue; then þ Z - 
1—1 
the Value of the Annuity. . 


'3 


n "v4 Ax, 
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EXAMPLE. 


Let it be required to find the preſent Value of an 
Annuity of 6o/. per Aunum, to continue 75 Years, at 
the Rate of 4 per Cent. per Annum, 

Here a=bo, t=75, and r=1,04. Now, in order 
to obtain the Anſwer, we muſt find the feventy-fifth 
Power of r, or of 1.04.; that is, we muſt multiply 1,04. 
ſeventy-five times into itſelf, which is A e 
ous by the common way, as any one may judge; but by 
the Logarithms 'tis done with the greateſt Eaſe; for if 
0,0170333.the Logarithm of 1,04 be multiplied by 7 5, 
the Product 1,2774975 will be the Logarithm of the 
feventy-fifth Power of 1,04; which being ſubtracted 
from 1,77815 12, the Logarithm of a equal to 60, will 
leave 0,50065 37 the Logarithm of 3, 167041, which 
being ſubtracted from 60, and the Remainder divided 
by r—1==,04 will give 1420,824.== 14201. 16s. 5 34. 
for the. Value of the Annuity ; and if 1420,824 be di- 
vided by 60, the Quotient will exhibit the Number of 
Years Purchaſe requiſite to be given for any Annuity to 
continue 5%; Years upon a good Security free of all In- 
cumbrances, thePurchaſe being made at 4 per Cent. 

Hence we ſee the Reaſon why the long Annuities 


purchaſed in the Year 1708, having about 75 Years 


to come, are valued in C:/taim's Bill of Exchanges at 
24.5 0r 25 Years. Purchaſe : For, tho? according to this 
Calculation, they are worth but a little more than 23 
Years and a half ; yet, becaufe in the public Funds 4 
per Cent. is ſcarcely ever made of Money, and the 
Contingencies it is there ſubject to, which thoſe Annui- 
ties, and other Government Securities, are not, makes 
them very juſtly worth 244 or 25 Years Purchaſe. 
Likewiſe Queſtions relating to Annuities upon 
Lives, whether for one, two, or three, &c. are almoſt 
as eaſily eſtimated. For Inſtance, it may readily be 
found by. Logarithms, that an. Annuity for a Man of 
Thirty, to continue during his Life, is worth 1 x,61 
Years Purchafe, Intereſt 6 per Cent. but at 4 per 


Cent. 14,68. And as the Probabilities of Life's Con- 


tinuance, and the Value thereof, are determined by 
an algebraical Proceſs grounded upon the Rudimenis 
of the Doctrine of Chances, and five Years Obſer- 
vations upon the Bills of Mortality of Bre/law, tne 
Capital of Silgſia; ſo there feſults that T 8 and 

quity 
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Equity from the Operations, as ought to preſide in all 
Contracts of this Nature. Whence it follows, that all 
other Methods, whoſe Refolution differs from this 
(eſpecially if the Difference be much), may juſtly be 
deemed erroneous, and conſequently prejudicial to one 
of the Parties concerned. Wherefore, to prevent Im- 
poſitions,thro* Ignorance, great Care ſhould be taken; 
which Precaution, however unneceſſary it may appear, 
tis preſumed, it will be regarded, inaſmuch as no one is 
willing to pay more Years Purchaſe than he has Chances 
for living, as, on the contrary, the Seller to receive leſs 
than his Due; which may poſſibly be by following the 
common Methods (where, ſor the moſt part, Regard 
is had neither to Age nor Intereſt) founded upon Ca- 
price, Humour, or, if you pleaſe, Cuſtom, the Contract 
being made, as they can agree, right or wrong; which 
Method of Procedure ought to be exploded, ſince ſo 
liable to Error, and the Conſequences drawn there- 
from ſo often wide of the Truth. 

The other Inſtance which I ſhall give of the great 
Uſe of Logarithms is in the Caſe of Sz//a, as related 
by Dr. Wallis in his Opus Arithmeticum from Alſephad 
(an Arabian Writer), in his Commentaries upon To- 
graius's Verſes; namely, that one Sefſa, an Indian, 
having firſt found out the Game at Cheſſe, and ſhewed 
it to is Prince Shebram, the King, who was highly 
pleafed with it, bid him aſk what he would for the Re- 
ward of his Invention ; whereuporthe aſked, That for 
the firſt little Square of the Cie Board, he might have 
one Grain of Wheat given, for the ſecond two, and ſo 
on, doubling continually, according to the Number of 
the Squares in the Cheſſe Board, which was 64. And 
when the King, who intended to give a very noble 
Reward, was much diſpleaſed, that he had aſked fo tri- 
fling an one, Sęſſa declared, that he would be contented 
with this ſmall one. So the Reward he had fixed upon 
was ordered to be given him. But the King was quickly 
aſtoniſh'd, when he found, that this would riſe to ſo vaſt 
a Quantity, that the whole Earth itſelf could not fur- 
niſh out ſo much Wheat. But how great the Number 
of theſe Grains is, may be found by doubling one con- 
tinually 63 times, ſo that we may get the Number that 
comes in the laſt Place, and then one time more to have 


the Sum of all; for the Double of the laſt Term leis 
Cc 3 by 


390 
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by one is the Sum of all. Now this will be moſt ex- 
peditiouſly done by Logarithms, and accurately enough 
too for this Purpoſe: For if to the Logarithm of 1, 
which is 0, we add the Logarithm of 2 (which is 
0,3010300) multiplied by 64, that is, 19,2659200, the 
abſolute Number agreeing to this will be greater than 
18446, 00000, 00000, 00000, and leſs thap 18447, 


_ 00000, ooOOO, OOOOO, - 


As I have had the reviſing of theſe Sheets, ſo it may 
be expected that I ſhould give my Opinion concerning 
Mr Cunn and our Author, in regardeto Spherical Tri- 

onometry; wherein the former accuſes the latter, and 
3 other eminent Authors, of having committed 
many Faults, and, in ſome Caſes, of being miſtaken, 
eſpecially in the Solution of the 12th Caſe of Oblique 
Spherics; in which Mr. Cunn has intirely miſtaken the 
Author's Meaning, as plainly appears by his Remark, 
where he conſtitutes a Triangle whoſe Sides are equal 
to the given Angles; whereas the Author means, that 
each Angleſhould firſt be changed into its Supplement, 
and then with the ſaid Supplements another Triangle 
conſtituted, whoſe Angles, by the very Text of the 
14th Propoſition of his own Spherical Trigonometry, 
will be the Supplements of the Sides ſought in the given 


Triangle; to which Propoſition I refer the Reader. 


That this is the Senſe of the Author, is very evident, if 
impartially attended to, and which I think could poſ- 
ſibly have no other Meaning; and accordingly aver 
what is here advanced to be univerſally true ; but, be- 
cauſe I would not be miſunderſtood, ſhall illuſtrate the 
Truth thereof by a numerical Operation ; which, to 
thoſe who care not to trouble themſelves with the De- 
monſtration, may be ſufficient ; and, to others, ſome 
Satisfaction. 


EXAMPLE. 


Suppoſe, in the Oblique-angled Spherical Triangle 
ADE, there are given the Angles A, D, E, as per fi. 


gure, and the Side DE required. 


Note, Write down the Supplements of the two 
Angles next the Side required firſt; and then the Ope- 
ration may ſtand thus: 


The 
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D 
The Supple- (E = 50*Sine Co. Ar. , 115746 
ment of they D =150 Sine Co. Ar. 0, 301030 
Angle. A =140 Sine 220? - - 9.937530 
Sum =340 Sine 20 = 9,534052 
2 — — 
x Sum =170 19,888 358 
Sum, minus F E=120 7 oy 
the Supple- — 

ment of the] D= 20h 9.944179 

Angle. — J 


Which laſt Figures 9,9441 79 give the Side of 61 

and the Double thereof, viz. 123508“, — 

180 Degrees, leaves for the Supplement 56* 52/, waneh 
is the Side of DE required. : 

The Rule which Mr. Cunn ſubſtitutes i in the _ 
of our Author's, is alſo univerſal (but not new) ; and 
conſequently, when he ſays, Change one of the Angles 
adjacent to the Side ſought in to its Supplement, it is 
very juſt; tho', by the way, I affirm, it is equally 
true, if the Angle oppolite 2 the Side ſought were 
changed into its Supplement (which perhaps is what 
has not yet been taken Notice of); W Your inſtead 
of having the Side ſought directly, we ſhould have its 
Complement to 180 Degrees, as in the preceding Ex- 
ample; but there is a Neceſſity of changing either one 
or all the Angles into their Supplements, tho” it is 
beſt to change only one, which let be either of thoſe 
next the Side ſought, no matter which; and the Side 
will be had directly without any Subduction, as will 
appear wh the ſubſequent Operation. 


EXAMPLE. 


Let the et e E be changed into its Supplement, 


and the Side DE ſought; A __ Supplement, and the 
4 other 
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other Angle adjacent to the Side ſought, being written 
down firſt, the Operation may be as follows : 


Sup. of the Angle E50 Sine Co. Ar.—0, 115746 

The D 30 Sine Co. Ar.—0,301030 

Angle & Ag 40 Sine 10˙ 9, 239670 

Sum 120 Sine 30 9.698970 

—— — — 

Sum 60 Sum 19, 355416 

_ C Sup. Angle E=10 25 7 

2 ] —ömUͤ—U— — Sum 9, 677708 
Angle D==30 


Which Half Sum 9,6777 c 8 gives the Sine of 287 26, 
and the Double thereof 56 52/ is the Side DE fought, 
the ſame as before, when all the Angles were changed 
into their Supplements. Et | 
Whence it is abundently maniſeſt, that thoſe two 
Methods of Operation, notwithſtanding their Manner 
is ſo different, agree preciſely in Practice; and, conſe- 
quently, we may conclude our Author's Rule to be 
right. Wherefore I wonder Mr. Cunn did not attend 
better to the Words of our Author's Rule, before he 
ventured to attack the Characters of ſo many famous 
Trigonometrical Writers. But to remove the Impu- 
tation of the Charge againſt thoſe Authors who have 
deſerved ſo well of the Mathematics, and to juſtify 
them to the World (for Juſtice ought to have Place), 
it is, that I have ventured to give my Opinion, and 
point out where Mr. Cunn was miſtaken: The Reaſon 
of which is not eaſily aſſigned, fince, to give him his 
Due, it could not be for want of Knowlege, tho', in 
this Caſe, I can't think it intirely owing to Inadvert- 
ence, inaſmuch as it was a premeditated. Thing; and 
am loth to impute it to any contentious Inclinations 
of his, in diſputing the Veracity of 'our Author's 
Rule, becauſe it did not appear with all that Plainneſs 
requiſite to prevent carping by the Litigious: Where- 
fore, as I am in Suſpence how to determine, I ſhall leave 


the Deciſion thereof to better Judgments. | 


Indeed, Mr. Heynes's Rule, which directs with the 
three Angles given to projet a Triangle, as if they 
were Sides, is deficient, were it only on that ver 
Account: For with the given Angles, in the cn 
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Example, it will be impoſſible to conſtruct a Triangle, 
becauſe” tis requiſite; that two Sides together, however 
taken, be greater than the third; 'wheteag, in this Caſe, 
they will be leſs: But the Rule is not only deficient 
in that reſpect, but really wrong: For tho” what Mr. 
Heynes aſſerts is juſt, via. that the greateſt Side in the 
ſupplemental hay, = is the Supplement of the greateſt 
Angle in the other Triangle; yet, * - that, 
the Conſequence drawn therefrom is falſe, and ſo the 
Solution only imaginary: For, with Submiſſion, neither 
the Sides, nor their Supplements, in Mr. Heynes's ſup- 
plemental Triangle, are the Meaſures of the Sides 
ſought. *Tis true, when one of the Angles is 2 Right 
one, and the others both acute, then the ſaid ſup 
mental Triangle is that wanted to be conſtructed, ay 
containing all the given Angle; and, con/equently, the 
Sides appertaining thereto are the very Sides required: 
But then this is only one Inſtance out of the infinite 
Number of other Triangles that may be conſtructed, 
and which is not ſolved directly by the Triangle firſt 
rojected neither; for the greateſt Angle thereof muſt 
be changed into its Supplement, when the Side oppo- 
lite to the Right Angle is requir d; and if the Right An- 
gle ſtill remains, and either 'one or both of the other 
given Angles are obtuſe, the Solution is render'd more 
perplex d: Wherefore there can be no 9 | 
given to any bor by conſtituting a T riangle whoſe 
Sides are equal to the given gy, except to that part- 
cularone which Mr. Cunn takes Notice of in his Remark, 
where each given Angle is the Meaſure of its oppoſite 
Side ſought, and which therefore needs no Opetatitn: ak 
This 1 thought myſelf obliged to obſerve, in Juſtice 
to Mr. Cunn, who, we ſee, is not intirely to blame; 
as having juſt Reaſon to object againſt the Veracity of 
Mr. Heynes's Rule, tho' not againſt the Rules of the 
other Authors by him nominated. * OD-Þ 


And here I can't but take Notice of ſome Gentle - 
men, who are ſo very fond of finding Fault, that, ra- 


ther than you ſhall not be in the Wrong, they will wreſt 


our own Meaning from you, and will not ſuffer an 


ror, tho” ever ſo minute, to paſs, without proclaimi ng 


it to the Public, under Pretence of preventing their 


being impos'd upon; whereas, if the Truth wefEknown, 
Lear it would appear to be the Vanity of their Hearts, 
teien ER | , el an 


% 
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an Over - fondneſs of being thought wiſer and more 
knowing than the reſt of Mankind; nay, I think, it 
l ſo, by their oppoſing the Works of Men 
greater than themſelves: But if, inſtead of comparing 
how far their finite Knowlege extend, or exceeded 
another Perſon's, they conſidered how much there was 
they knew nothing of; as it would conduce to make 
them humble, ſo, I am of Opinion, it would contribute 
very much toward their nana. off that manner of Wri- 
ting. Beſides, as I take it, the Bulineſs of Writing is not 
ſomuch to diſcover who has committed the moſt Faults, 
as to avoid them, and make greater Improvements. 

But, what is the moſt to be wonder'd at, thoſe who 
are ſo very ready in finding fault, not without great 
Suſpicion, receive the beſt Part of their Knowlege 
from the Works of thoſe very Authors againſt whom 
they exclaim. The Reaſon that induces me to think ſo 
is this: Whilſt they are ſtudying an Author, in order to 
underſtand him, then it is, perhaps, they diſcover ſome 
thing which he was pleaſed to omit, or thought fit to 
conceal, for which tis more than probable they take 
care nat to omit paying a profound Reſpect to their 
vainly-imagined ſuperior Geniuſes: And if, by Acci- 
dent, an Error ſhould creep in (which is very poſſible, 
none being infallible), then, to be ſure, he muſt be 
egregiouſly miſtaken, and not underſtand what he was 
about: But, I ſay, this Diſquiſition into the Demerits 
of an Author would never have been made, had they 
underſtood the Subje beforehand ; for, if otherwiſe, 
they muſt be of a ſad Cynical Temper, as well as 
have little elſe to do, to make it their Buſineſs to diſ- 
cover Faults, and at the ſame time acknowlege not 
one ſingle Beauty; a very ingrateful Return for the 
Advantage they receive in the Perufal. 

Nor do they do the Public that Service they pretend 
to: Forthoſe that are capable, and will be at the Trou- 
ble, of reading a Treatiſe upon a Subject without a 
Maſter, are as well able as themſelves to rectify what 
is amiſs; and as for thoſe who will not be at that 
Trouble, there is no Danger of their being led aſtray; 
ſince it is the ſame thing, to them, whether there be 
any Miſtakes, or not, | | 

owever, if, after all, there ſhould be a Neceſſity for 


an Admonition, why can't it be done with Candour and 
5 Humanity ? 
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Humanity? And then, without doubt, an Author, out of 
Regard to Truth, which of all things ought to be pre- 
ferred, would be thankful: And to reprove otherwiſe, 
is to be ungenerous; becauſe, whenever thoſe Miſ- 
takes happen, as they are for the moſt part owing 
more to Inadvertency, than Want of Knowlege ;. ſo 
they ſhould therefore be attributed to the Frailty of 
human Nature (to which we are all more or leſs ſub- 
ject), nothing being more common amongſt all Pro- 
feſſions, than the writing of one Thing for another. 
If any think, by my interfering between our Author 
and Mr. Cunn, that I have run into the ſame Error, 
of which I accuſe others in general of being guilty, let 
them pleaſe to conſider that I have only writ in the 
Vindication of Gentlemen, who were firſt wrongfully 
accus'd, and in one Particular, juſtify'd Mr. Cunn: For 
ſuch an Occaſion as this offering, W the Dif- 
ference between them lay upon me to decide, leſt I 
ſhould be taxed with Partiality for not Ra 
or with Ignorance in not determining an Affair which 
held ſome in Suſpenſe to know who was in the right 
or wrong; for there could be no Poſſibility of making a 
Merit in adjuſting a Thing of ſo eaſy a Nature; tho”, 
perhaps,toconceive thoroughly the Reaſon of all the dif- 
ferent Methods of Solution, may not be ſo eaſy neither. 
But, to proceed: As for the Omiſſions our Author 
has made in not determining accurately when ſome of 
the Caſes are ambiguous, and when not, I ſhall not 
quarrel with thoſe who think him to blame; but, if I 
may be allowed to give my Opinion, I think they are 
determin'd for the moſt part, as well, or, at leaſt, with 
more Eaſe, from the Conſtruction of the Triangles, be- 
cauſe it fixes an Idea of what one is about, by exhibit- 
ing a kind of an ocular Demonſtration ; and, conſe- 
quently, prevents the laying of that Streſs upon the 
ee as all thoſe are obliged to who depend intirely 
upon Mr. Cunn's Rules, which to Beginners is not very 
agreeable: Hence, who knows but that what our Author 
wrote relating to the ambiguous Caſes, he thought ſuffi- 
cient? That ĩs, that the Reader would not ſtop, for want 
of farther Explications, but with more Eaſe ſupply him- 
ſelf with what was wanting when he came to the Prac- 
tice thereof, I mean the Conſtruction of Triangles (for, 
after all, without the Knowlege of that, a Perfon wo 
| ave 
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have but a mean Notion of this uſeful Branch of the 
Mathematics) ; and, if ſo, he ought in ſome meaſure 
to be excuſed, eſpecially if to this we join the following 
Conſideration, viz. that few or none ever learn Sphe- 
rical Trigonometry, purely for the Sake of calculating 
Sides and Angles, to determine their Ambiguities ; 
beſides, what is ambiguous in Trigonometry, is very 
often not ſo in Geography and Aſtronomy, &c. for 
which the other is chiefly learnt. 

For Inſtance; If we know the Latitude of London, 
and the Diſtance and Difference of Longitude between 
the ſaid Place and Rome, notwithſtanding there are two 
Sides, and the Angle oppolite to one of them, given, 
the Caſe is not doubtful when we undertake to find the 
Latitude of Rome; unleſs it be not known whether it 
lies to the Northward or Southward of London; which 
however could not be determined by any Principles of 
Trigonometry. Likewiſe, in Aſtronomy, if the Lati- 
tude of the Place, the Sun's Declination and Azimuth, 
were given, the Quæſitum is not doubtful neither, un- 
leſs the Sun's Declination exceeds the Latitude of the 
Place, and both are of the ſame Denomination, that is, 
both North or both South; in which Caſes, becauſe it is 
poſſible for the Sun to be upon the ſame Azimuth Cir- 
cle, twice in the Forenoon, and upon another Azi- 
muth Circle, twice in the Afternoon ; it is doubtful, if 
by Circumſtances, during the Obſervation, we can't diſ- 
cover which of the Times, whether the firſt, or laſt ; 
but if thoſe Times fall near each other, it will be quite 
impoſſible to diſtinguiſh which, and therefore ambi- 

ous. Other Inſtances might be produced, but I be- 
Feve theſe are ſufficient to evince, that thoſe nice Diſ- 
tinctions are not ſo neceſſary in Practice: If there be 
thoſe who think otherwiſe, I ſhall not diſpute it, but 
leave them to their Opinion without Interruption. 

However, what with Mr. Cunn's Rules for deter- 
mining the ambiguous Caſes (which are judiciouſly 
drawn up, as including all the Varieties poſſible), and 
the Corrections now made by reſtoring what was loſt 
and corrupted, our Author's Treatiſe of Trigonome- 
ty, in reſpect to Theory, may perhaps appear com- 
plete, even to the moſt ſcrupulous. And, 

Here I thought to conclude; but, for the Sake of 
Novelty, and to illuſtrate the various Methods for ſolv- 


Ing 
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ing the 12th Caſe of Oblique Spherics, where the three 
Angles are given to find either of the Sides, I ſhall 
Leave to give one Inſtance more, in order to ſhew how 
it may be-perforn'd after a new manner, by the Help 
of the natural and logarithmical verſed Sines ; which, 
if not intirely new, is not ſo publickly known as the 

receding Methods; at leaſt, I never ſaw any-where 
the Method of Operation, and therefore ſhall deliver a 
Rule for that Purpoſe, in the following Words: 


RULE. 


Having, aceording to the former Directions, chang'd 
one of the Angles next the Side ſought into its Supple- 
ment; take the natural verſed Sine of the Difference 
of the ſaid Supplement and the other adjacent Angle, 
and ſubtra& it from the natural verſed Sine of the An- 
zle oppoſite to the Side ſought, and to the Logarithm 
cf the Remainder add the Square of the Radius; then 
from the Sum ſubtract the logarithmical Sines of the 
above Supplement, and the ſame adjacent Angle ; and 
the Remainder is the Logarithm of a Number, which 
will be the verſed Sine of the Side fought. 


EXAMPLE. 

Supplement E= 50˙ 

Angle D =30_ 

Natural Diff. =20==,06030 

V. Sine 1 A= 40 =, 23305 
The Log. of whi 1 Di 47385 | 

. of whic 5 | 
with'the” Square of Radius, f. $29-239674 
Sine of the Sup. of the L E 50*%= 9,884254 
Add the Sine of the LD 3o = 9,698970 
Sum ſubtract 19,583224 


Remains 9,0564.59 
„656450 gives the Logarithm 


Which Remainder 


verſed Sine of DE 56* 52/, agreeing exactly with the 
former Computations. 

Note, If the ſaid Remainder exceeds 10,000000, it 
impliesthat the Side ſought is greater than a Quadrant; 
wherefore cancelling the Characteriſtic 10, look out 
for the Number anſwering the remaining Logarithm, 


from 
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from which cut off the Leſt-hand Figure, or, which 
is the ſame thing, abate the Radius (viz. Unity); 
and the Remainder will be the natural Sine of the 
Exceſs of the Side ſought above a Quadrant. 

. As the natural and logarithmical verſed Sines are not 
ſo frequently met with in Books as the artificial Sines, 
tis poſſible, on that Account, this Rule may meet with 
ſome Objection; for which Reaſon, and not knowing 
whether it may be thought preferable to the foregoin 
Methods (tho undoubtedly very eaſy in Practice), I 
have omitted its Demonſtration ; but have publiſhed 
the Rule, with ſome View of introducing the Uſe of 
the former Sines, which ſometimes are preferable to 
the latter: For by the Help of the ſaid verſed Sines, 
and the Re-foning uſed in obtaining this Rule, we ne- 
ceſſarily come to the Knowlege of ſolving that Pro- 
blem, where two Sides and the contained Angle are 
given, and the third Side required, at one Operation, 
very uſeful in Aſtronomy and Geography, eſpecially in 
the latter; when the Latitudes and Longitudes of two 
Places are given to find their Diſtance aſunder: But 
the Rule for performing it, and the Demonſtration 
thereof, is alſo omitted for the ſake of Brevity. 

However, 'tis eaſy to perceive, ſince Angles may be 
turned into Sides, that the preſent Rule includes the 
Solution of that uſeful Problem in Aſtronomy for 
finding the Sun's Azimuth, having the Latitude of the 
Place, the Sun's Altitude and Diſtance from the ele- 
vated Pole given; by which means the Variation of 
the Compaſs, of ſuch Importance to Navigators, may 
be readily determined in any Part of the World. 

An Example of which, comprehending the latter 
Part of the Rule (viz. when the Remainder exceeds 
Io, oooooo) is exhibited. 


EXAMPLE. 


Suppoſe on June the 3oth 1732. at London, in the 
Latitude of 51* 52 N. it were required to find the 
Sun's true Azimuth, when his Altitude was 50* oO, 
in the Afternoon. Firſt, 


From 
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From the Com. of the Altitude - 40 00 
Sub. the Com. of the Latitude - 38 28 
Natural F of the Difference - - 1 32 400035 
V. Sue oftheSun'sDiſt.fromthePole67 54 562377 


— 


E. ; | * — 
The Log. of which Difference „62342 1 L oY 
with the Square of the Radius, is ; 997947 - 


Latitude 51* 32' « =. 979 831 
Altitude 50 00 = = 0.808 


Sum ſubtract 19,601898 


Coſine of the 


Remains 10, 192882 


Here the Remainder exceeds 10, oooooo; wherefore 
cancel the Characteriſtic 10, and the Number anſwer- 
ing the remaining Logarithm is 1,5591; the Exceſs of 
which above Unity, viz. ,5591, gives the natural Sine 
of 34* 00'; whence the Sun's true Azimuth is North 
124* oo Weſt: At which Time, if the Sun's Mag- 
. netical Azimuth were North 110 30' Weſt, the Varia- 
tion of the Compaſs would be 13* 30' Wet, as appears 
by the following Subtraction. 

rue Azimuth North, 124* oo! Weſt 
Mag. Azimuth North, 110 30 Weſt 


Variation 13 30 Weſt 


VN. B. If the Sun's Declination had been South, | 


then the verſed Sine of the Sun's Diſtance from the 
elevated Pole would have been equal to Unity plus the. 
natural Sine bf the Sun's Declination; which in Prac- 
tice creates no more Trouble than when the Decli- 
nation is North, if ſo much; ſince it is at leaſt as eaſy 
to take the natural Sine of an Arc, as to take the 
verſed Sine of its Complement to go Degrees; which 
Sines, and others, with their reſpective Logarithms, 


Sc. may readily be had out of Sherwin's Mathema- 


tical Tables. 
. 
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- FTUCLID's ELemenTs, Vol. II. Containing the 

- Seventh, Eighth, Ninth, Tenth, Thirteenth, 
Fourteenth, and Fifteenth, Books; with the DaTa: 
Being the remaining Part of that Work, which were 
not publiſhed by the late Dr Keill, now firſt tranſlated 
from Dr. Gregory's Edition. To which is prefix'd, 
An Atcount of the Life and Writings of Euctip; 
with a Defence of his Elements againſt the modern 


Objections. By Edmund Stone, FP. R. 8. 
An Appendix to the Eng!i/> Franſlation of Com- 


mondine s EUCL1D; wherein the Eleventh and Twelfth 
Books of the Elements are made eaſy to the meaneſt 
Capacity, by exhibiting the Solids themſelves to the 
Eye, inſtead of their ſeveral Pictures or Projections 
laid down by the ſeveral Writers of Elements of Geo- 
metry, A Trad - uſeful and neceſſary for Painters, 
Builders, Gardeners, and all Perſons who would in- 
form themſelves demonſtratively in Perſpective, Men- 
ſuration, Spherics, &c. or qualify themſelves to read 
the Works of thoſe who have written farther on ſolid 
Geometry. With an IntroduQtion explaining the 
Projection uſed by the Antients, and ſhewing its Ex- 
er to any other for this Purpoſe. By Samuel 
- Cans. 


